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We theoretically discuss the Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction between semiconductor quantum dots
(QDs). When each QD having a local spin is coupled to the conduction electrons in semiconductors, an indirect exchange
interaction, i.e., the RKKY interaction, is induced between two local spins. The RKKY interaction between QDs, which is
mediated by the Fermi sea in semiconductors, is modulated by changing the Fermi energy, and the magnitude or even the sign
of the exchange interaction can be tuned, which leads to a tunable magnetic transition in QD devices. We estimate the
magnitude of the RKKY interaction in QDs as a function of the electron density and the inter-dot distance.
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Conventional magnetic devices are produced from mag-
netic materials. Since these magnetic materials usually
include magnetic metals such as iron and manganese, the
devices have to be formed separately from electric compo-
nents, such as transistors, which are formed on the semi-
conductor LSI chip. With further integration or downsizing
of the semiconductor chip, it will become desirable to make
magnetic devices only from non-magnetic semiconducting
materials and to integrate them on the same LSI chip. One
possible way to achieve this goal is to form a lattice of
quantum dots (QDs) on periodic patterns. The kagome dot-
lattice is one such artificial crystal which has a flat subband
in the energy diagram and exhibits ferromagnetism.1,2)

Recently, a two-dimensional kagome wire network has
actually been fabricated using the selective area growth
technique of GaAs or InAs.3,4)

When magnetic impurities are diluted in metal, the
conduction electrons are scattered by local spins, leading
to the Kondo effect at low temperatures.5) When a QD
confines electrons which have nonzero total spin, it behaves
like a local magnetic impurity which scatters the conduction
electrons around it. The Kondo effect in QDs6,7) has been
widely observed in QD devices.8–10) When two neighboring
QDs having a local spin are coupled to the conduction
electrons in semiconductors, the Ruderman-Kittel-Kasuya-
Yosida (RKKY) interaction is expected to take effect
between the two local spins. The RKKY interaction is
known as an indirect exchange interaction between local
magnetic impurities mediated by the Fermi sea of metals.
The RKKY interaction in semiconductor QDs has several
interesting features:11) The Fermi wavelength �F is typically
several ten nanometers, which is very long, and it is possible
to make neighboring dots that are within �F, where the
RKKY interaction is ferromagnetic and its magnitude is
quite large. Moreover, the RKKY interaction between QDs
can be controlled by changing the electron density with gate
electrodes, which leads to a tunable magnetic transition in
QD devices.

In this Letter, we theoretically propose an exchange
interaction mechanism based on the Ruderman-Kittel-Ka-
suya-Yosida (RKKY) interaction between semiconductor
QDs. We demonstrate that one can tune the magnitude or

even the sign of the exchange interaction. We estimate the
magnitude of the RKKY interaction in QDs and discuss its
observability in real QDs.

We assume QDs having a local spin Sn (S ¼ 1=2, n ¼
1; 2; � � �) are coupled to the Fermi sea, where the interaction
can be described by the Kondo Hamiltonian with s-d
exchange interaction Hex given by

Hex ¼
X

nkk0��0

Jnðk; k0Þcyk0�0��0�ck� � Sn; ð1Þ

where Jnðk; k0Þ ¼ �V�
n ðk

0ÞVnðkÞUn=fðUn þ �nÞ�ng, VnðkÞ is
the coupling strength between conduction electrons and a
quantum dot n having a single-level energy �n and a
charging energy Un. Here, we assume that the coupling
strength is given by VnðkÞ ¼ Vne

�ik�rn . This means that the
coupling is short-ranged and represented by a �-function
VnðrÞ ¼ Vn�ðr� rnÞ. Later, we will modify this assumption
and show the effect of finite-range coupling is small. The
indirect RKKY exchange interaction between two local
spins is obtained from the second order perturbation for the
ground state of conduction electrons at zero temperature as

HRKKY ¼
X

�

h0jHexj�ij j2

E0 � E�
¼ �JRKKYðS1 � S2Þ; ð2Þ

JRKKY ¼
8mJ1J2

h�
2�2

X

jk1j<kF
jk2j>kF

cosfðk1 � k2Þ �Rg
k22 � k21

; ð3Þ

where j�i ¼ cyk2�ck1�j0i and Jn ¼ �jVnj2Un=fðUn þ �nÞ�ng,
m is the effective mass of an electron in the Fermi sea, R ¼
r2 � r1, and � is the volume of the conduction electron
system. Then, the RKKY interaction is obtained for three
(d ¼ 3),12) two (d ¼ 2),13,14) and one (d ¼ 1)15,16) dimen-
sions as

JRKKYðRÞ ¼ 16�EF
~JJ1 ~JJ2Fdð2kFRÞ; ð4Þ

where EF is the Fermi energy of the conduction electrons.
The dimensionless Kondo parameter ~JJn ¼ ��nUn=½4�ðUn þ
�nÞ�n� (�n ¼ ��jVnj2 is the elastic broadening of the energy
level in dot n due to tunneling and � is the density of states at
EF), and the range functions are given by F3ðxÞ ¼
ð�x cos xþ sin xÞ=4x4, F2ðxÞ ¼ �½J0ðx=2ÞN0ðx=2Þ þ J1ðx=2Þ
N1ðx=2Þ� (Jn;Nn: the n-th Bessel function of the first and
second kind), F1ðxÞ ¼ �siðxÞ (siðxÞ ¼ �

R1
x
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sine-integral function).
For simplicity, we assume that all dots have the same

Kondo parameter ~JJn ¼ ~JJ. The elastic broadening � sensi-
tively depends on the details of tunneling. Here, we take the
Kondo parameter ~JJ ¼ �=�U at � ¼ �U=2, and choose a
value ~JJ ¼ �=�U ¼ 0:15, estimated from a typical Kondo
device.17) Then, the expression of the RKKY interaction
given in eq. (4) only depends on the Fermi energy EF and the
distance R between two dots. We estimate the magnitude of
the RKKY interaction in eq. (4) assuming GaAs for the
conduction region with the effective mass m ¼ 0:067me. For
other materials, such as Si, we just replace the corresponding
effective mass m in the Fermi energy EF ¼ h�

2k2F=2m.
Figures 1 and 2 show the electron-density dependence of

the magnitude of the RKKY interaction in three and two
dimensions. For the typical electron densities in Figs. 1 and
2, two regions, R > 1=kF � 5 nm and R < 5 nm, have
different electron-density dependence. This is due to the
different asymptotic behaviors of the range function in the

RKKY interaction; F3ðxÞ � 1=12x (x � 1) and � � cos x=
4x3 (x � 1), F2ðxÞ � ln x (x � 1) and sin x=�x2 (x � 1), and
F1ðxÞ � �=2� x (x � 1) and � � cos x=x (x � 1). In three-
dimensional conduction electrons with a density region
1017 cm�3 < n < 1018 cm�3, J3DRKKY decays as cosð2kFRÞ=
kFR

3 for R � 5 nm and increases as kF for R � 5 nm with
the electron density n, where kF ¼ ð3�2nÞ1=3. In two-dimen-
sional conduction electrons with a density region
1011 cm�2 < n < 1012 cm�2, J2DRKKY oscillates as sinð2kFRÞ=
R2 for R � 5 nm and increases as k2F logðkFRÞ for R � 5 nm
with the electron density n, where kF ¼ ð2�nÞ1=2. It is
interesting to note that, in the case of R � 5 nm in two
dimensions, the oscillation amplitude of J2DRKKY / sinð2kFRÞ
does not decay with electron density n.

A real quantum dot is defined by a confinement potential
and usually has a finite extent. To examine the effect of finite
range coupling, we consider a model of potential in one
dimension represented by VnðxÞ ¼ v for jx� xnj < d=2 and 0
for jx� xnj > d=2. This potential approaches V�ðx� xnÞ for
d ! 0 by keeping vd ¼ V constant. The Fourier component
of this coupling potential is simply given by VnðkÞ ¼
Ve�ikxn sinðkd=2Þ=ðkd=2Þ. Figure 3 shows the calculated
result for the RKKY interaction in one dimension for kFd ¼
0:5. Although the range of each dot d ¼ ð2kFÞ�1 ¼ �F=4� is
considerably large, the magnitude of the RKKY interaction
is only slightly reduced at kFR ’ 0. In the oscillating region
kFR > 1, the difference is quite small.

The effect of finite temperature T can be taken into

account by replacing the summation to
P

k1;k2
f ð�k1 Þ½1�

f ð�k2Þ� in eq. (3), where f ð�Þ ¼ 1=½1þ eð��EFÞ=T � is the
Fermi-Dirac distribution function. The calculated RKKY
interaction for T ¼ 0:5EF is shown in Fig. 3. In the small-
distance region kFR < 1, the difference is quite small,
whereas, in the oscillating region kFR > 1, the RKKY
interaction is rapidly suppressed. This behavior can be
understood from eq. (3). At finite temperature, electron-hole
pairs with different wavenumbers k1 and k2 away from kF
contribute to the interaction. When the distance R ¼ r1 � r2
is small, the oscillatory term cos½ðk1 � k2Þ � R� varies
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Fig. 1. The magnitude of the RKKY interaction between spins in QDs

coupled to three dimensional GaAs as a function of the conduction-

electron density and the inter-dot distance.
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Fig. 2. The magnitude of the RKKY interaction between spins in QDs

coupled to two dimensional GaAs as a function of the conduction-

electron density and the inter-dot distance.
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Fig. 3. Effect of a finite extent d of dot and temperature T on the RKKY

interaction in one dimension. The RKKY interaction is normalized by the

value for R ¼ d ¼ T ¼ 0.
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slowly, whereas, for large R, the rapidly oscillating term
cancels the large contribution from excitations near kF and
the RKKY interaction is significantly suppressed.18)

Here, we should remark that the temperature should not
exceed the charging energy U in order to keep local spins
well-defined in each dot. This requirement is implicitly
assumed in eq. (1). However, the charging energy U is
typically very large in small QDs. We can estimate U for a
spherical QD with a diameter L as U ¼ e2=2��L, where � is
the dielectric constant. For GaAs or Si materials (� � 13),
U � 220 (meV)=L (nm).

Quantum dots of GaAs,19) Si20,21) and Ge22) with a
diameter of 3–10 nm have already been fabricated. Dot
density ranges from 1012 to 1013 cm�2 and can be controlled
by changing growth conditions.21,22) If quantum dot arrays of
very small size and high density can be grown on a quantum
well separated by a thin tunnel barrier, we can expect that
the RKKY interaction in the arrays could be detected at very
high temperatures. For example, dot arrays with a dot
density of 1013 cm�2 (or inter-dot distance of 3 nm), grown
on a thin barrier layer on top of a three-dimensional quantum
well of Si or GaAs, have JRKKY � 470K for GaAs and
157K for Si quantum well. The charging energy is U �
850K for L ¼ 3 nm and EF ¼ 825K (GaAs) or 272K (Si)
for the conduction-electron density of n3D ¼ 1018 cm�3. The
mean level spacing � � EF=N, where N � 1 is the number
of electrons in the dot, is also large and elastic cotunneling
dominates inelastic processes at T <

ffiffiffiffiffiffiffiffi
U�

p
.23) Therefore,

using present technology, it would be already possible to
measure the effect of the RKKY interaction at room
temperature. In an array of QDs with different diameters, a
certain portion of dots have zero spin. These non-magnetic
dots just act as normal impurities and can be ignored, if the
dot density is enough high.

The most straightforward way to detect the effect of the
RKKY interaction in dot arrays is to measure the weak-
localization effect in the conductivity of conduction elec-
trons. When the electron density is modulated, the electron
relaxation rates estimated from the weak-localization effect
will change, depending on the spin state of QDs.24,25) When
the dot density is low and the inter-dot distance is much
larger than the Fermi wavelength, the sign of the RKKY
interaction between a pair of dots can be either positive or
negative. It is known that the long-range nature of the
RKKY interaction with a random sign induces a spin-glass
phase. It would also be interesting to study the spin-glass
transition in dot-array systems by tuning the density of
conduction electrons, which can be detected by measuring
the magneto-transport. Another way to detect the effect of
the RKKY interaction is to observe the Kondo effect in a
quantum wire coupled with double QDs.26) It has been
shown that, when a triplet spin state is formed by the RKKY
interaction, one can also tune the behavior of the Kondo

screening by modulating magnetic fields.
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Note added: After completion of this work, we noticed
that the RKKY interaction in QDs embedded in an
Aharonov-Bohm ring is discussed by Y. Utsumi et al.27)

Very recently, we were aware of a paper by N. J. Craig et
al.28) who claim the RKKY interaction has been experimen-
tally detected in a coupled dot system.
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