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Abstract

Lossy coding problems are investigated for some communication sys-
tems in the presense of cascading and/or feedback information channels
from decoders so as to refine reproduction messages. This framework
provides different types of refinement structures from so-called successive
refinement. Three different types of communication systems are consid-
ered, i.e. refinement systems in the presense of a cascading channel, a
feedback channel, and both channels. Outer and inner bounds of achiev-
able rate-distortion regions for those problems are obtained.
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1 Introduction

We consider some coding problems for correlated information sources. The
situations we investigate here involve cascading and feedback transmission from
decoders. Three types of communication systems are investigated.

Figure 1 shows a block diagram of the first coding problem. There are
two encoders, both of which observe a message from a source X and deliver
the message to corresponding decoders. These two decoders has access to side
information Y. A cascading channel is placed from one decoder to the other,
and some amount of information is sent via the channel to refine a reproducted
message.
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Figure 1: Cascading refinement system (cascading channel is placed)

Figure 2 shows a block diagram of the second coding problem, which is quite
a similar to the first one except a channel from the first decoder. The channel
delivers feedback information from the first decoder to the second encoder.

Figure 3 shows a block diagram of the third coding problem, which involves
cascading and feedback channels. This communication system models a certain
type of information retrieval with index structures. We will show the detail in
another technical report [1].

In this setting, we consider rate-distortion problems and clarify outer bounds
and inner bounds of the achievable rate-distortion regions. These bounds coin-
cide for some special cases.

1.1 Preliminaries

Let X and Y be finite sets, |X| be the cardinality of X and Zp; = {1,2,--- , M}.
A member of X™ is written as 2" = (x1,x2, -, 2,), and substrings of 2™ are
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Figure 2: Cascading refinement system (feedback channel is placed)

written as xz = (2, Tig1,- -+ ,x;) for i < j. When the dimension is clear from
the content, vectors will be denoted by boldface letters, i.e., x € X™. M(X)
denotes the set of all probability distributions on X. Also, M(X|Py) denotes
the set of all probability distributions on X given a distribution Py € M(}),
namely each member of M(X|Py) is characterized by Pxy € M(X x )) as
Pxy = Px|yPy. A discrete memoryless source (X, Px) is an infinite sequence
X = {X,;}32, of independent copies of a random variable X taking values in X
with a generic distribution Px € M(X), namely

Pxn(a") = []Px(@) (1)
i=1

We will denote a source (X, Px) by referring to its generic distribution Px or
random variable X. For a correlated source (X,Y), H(X|Y) denotes a con-
ditional entropy of X given Y. Similarly, for a correlated source (X,Y,Z2),
I(X;Y|Z) denotes a conditional mutual information between X and Y given
Z. A similar convention is used for other random variables and vectors. In the
following, all bases of exponentials and logarithms are set at e (the base of the
natural logarithm). We are interested in coding the source X. Let X stand
for a reconstruction alphabet, and let A : X X X — [0,00) be a single-letter
distortion function. The vector distortion function is defined in the usual way,
ie.

A% (x,x) =

> Ax(ak, B). (2)
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Figure 3: Cascading refinement system (both cascading and feedback channels
are placed)

2 Refinement with cascading channels

2.1 Problem formulation

Definition 1. (CR (Cascading Refinement) code)
A set (30?0), 30?1), @?2), @?1), @7(12)) of encoders and decoders is a CR code

(n, M,SO), M,(Zl), M,(ZQ), pﬁﬂ), p,(I ) for the source (X,Y) if and only if

ey o AT = Ly
90?0) : y” X IM7(l1) — IMy(lO)
P o XTIy

@7(11) : IMﬁgll) X y” — )?n’

(/’57(12) : ZM(O) x T (2) xy”—w‘?",

where

oD =E[anxm R, o2 = B [an(xm, X))
A = opy >(X”) AR = oo (A, Y™), AR = o) (X,
X(l) = @(1)(14 Y"), X(z) = 2)(A 0) A(2 Y™

n n

Definition 2. (CR-achievable rate triad)
(Ro, R1, Rs) is a CR-achievable rate triad of the source (X,Y) for a given



distortion pair (D, D2) if and only if there exists a sequence of CR codes
{(n, M™, MY, M1(12)7p511)7 pg))}%o:l for the source (X,Y’) such that

1 .
limsup = log M) < R;, (i =0,1,2)

n—oo N

limsup p) < D;. (j=1,2)

Definition 3. (CR-achievable rate region)

Re(X,Y|Dq, D2)
= {(Ro, R1,R2) : (Ro, R1, Rs) is a CR-achievable rate triad of (X,Y) for (D1, D)} .

2.2 Statement of results

First, we state the main theorem.
Theorem 1. (Coding theorem of CR code)
Re(X,Y|D1,D2) C {(Ro,R1,Ry) :
Ry > I(X;UV]Y),
Ry = I(X; VYY),
Ry > I(X;W|VY)}  (outer bound)

where the random wvariables U, V and W whose alphabets are U, V and W,

respectively, are selected such that
e the alphabet sizes are bounded as
ol < |x[+1,
W < |UxX|+1,
V| < UXWXxXxY|+3,

o The following Markov chains are satisfied:

U—-X->Y,

3

W —-UVX =Y,
e there exist functions ¢(1y : U X Y — X and by VXWXY — X which
safisfy
D,
Dy

E[AX, 60 (U, V)],

>

An inner bound is obtained with the same functional forms, while the Markov
chain is replaced as

UV — X —-Y,
W—-VX —-UY.



Remark . The Markov condition W — VX — UY is tight compared with the
condition W — UVX — Y because IW;Y|UVX) < I(W;UY|VX).

Remark . The Markov conditions U — X — Y and W — UVX — Y are
equivalent to the condition that the joint distribution Pyyvwxy satisfies

Pyyvwxy (u,v,w, z,y)

= Pxy(x,y)Pyx (u|z) Pyiuxy (v|u, 2, y) Pw vy x (wl|u, v, z).

In a similar manner, the Markov conditions UV — X —Y and W —- VX —
UY are equivalent to the condition that the joint distribution Pyyvwxy satisfies

Pyvwxy (u, v, w, z,y)

= Pxy(z,y)Pyx (ulz) Pviuy (v|u, y) Pwvx (wlv, x).

From Theorem 1, we can obtain the following properties.

Corollary 1. (Compatibility with a known result)
If side information Y is not available at both of two decoders, the outer bound
indicated in Theorem 1 coincides with the inner bound, i.e.

Re(X|D1, D2) = {(Ro, R1, R2) :
Ry > I(X; X(yV),
Ry > I(X; V),
Ry > I(X; X(»)|V)}

where the random variable V taking a value in V is selected such that |V| <
|X| + 2. This rate region coincides with the one indicated by Yamamoto [2].

In the above discussions, we have considered only two-stage refinement.
However, they can be easily extended to communication systems with multi-
stage refinement. Let us consider N pairs {¢(;), §(;) }iezy of encoders and de-
coders, and (N — 1) cascading encoders {¢(;)}jezy_,- Let D = {D;}iezy
be a set of distortion criteria, each of which corresponds to the decoder @;.
We define the CR-achievable rate region R.(X,Y|D) of the source (X,Y") for
given distortion criteria D in the same way as for the two-stage refinement sys-
tem, where R; (i € Zy) corresponds to the rate of the encoder ¢(;, and Ry,
(j € In—1) corresponds to the rate of the cascading encoder ;. Let U@
(i € In') be an auxiliary random variable that takes a value in a finite set U(*),
and V) (3,5 € Ty_1) be an auxiliary random variable that takes values in a
finite set V(7). For some S C Iy and 77,75 C Zn_1, let us define

U® = {U®.iecs},
U = U™,
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Figure 4: Diagram of 4-stage CR code (without side information for simplicity)

vET) — {V(i’j):je’fg},
v =y e yOT) e T},
vV — V(k,IN_l—Ik,l),
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€S
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Corollary 2. (Coding theorem of CR code with multi-stage cascading)
Re(X,Y|D) C {(Roj, Ri)iczn jezn_: :
R; > I(X; U(i)V(i,IN—l—Ii—l)|V(Ii—1>IN—1—Ii—2)Y),
Ry; > I(X; v ZIn-1=Zi-1)|y)}  (outer bound)

where the random variables U and V' whose alphabets are U TV) and Hk?eINfl YEIN-1-Tk-1)
respectively, are selected such that

e the alphabet sizes are bounded as
]

i—1
< [ TLvem B s x| 1o,
k=1



(i < IN)
|V(i7j)|

1—1
< ’u(i) X H {V(k>IN—1—Ik—1)} X V(i,IN—1—Ij)
k=1

XX X y‘ +(35+2), (4,5 € In1)

e The following Markov chain is satisfied:
U(i) N V(Ii—17IN—1—Ii—2)X N U(Ii_l)Y
e there exist functions {¢) : UD x Y TimtIn1=Tiz2) 5 POIN-1=Tim1) 5 Y
')?}iEIN which safisfy
D; > B[AX,¢0 U,
V(Ii—17IN—1—Ii—2) V(i,IN—l—Ii—l) Y))]

An inner bound is obtained with the same functional forms, while the Markov
chains are replaced as

U(i)V(i;IN—I*Ii—l) N V(Ii—17IN—1*Ii—2)X N U(Ii—l)Y

3 Refinement with feedback channels

Next, a feedback refinement system is considered, which indicates the refine-
ment system with a feedback channel from the first decoder back to the second
decoder.

3.1 Problem formulation

Definition 4. (FR (Feedback Refinement) code)
A set (cp?o), go?l), @?2), @?1), @?2)) of encoders and decoders is an FR code

(n, M,SO), M,(Zl), M,(ZQ), pﬁﬂ), p,(f)) for the source (X,Y) if and only if

Py AT = Ty

(o) Zym XY " - Zyo
oy T X X =T
26 Ly x V" — X,
By + Ty XY - AT,

where

o) = B [an(xm X)], (=12)



n

Definition 5. (FR-achievable rate triad)
(Ro, R1, R2) is an FR-achievable rate triad of the source (X,Y) for a given
distortion pair (D7, D2) if and only if there exists a sequence of FR codes {(n,

M,(lo), Mr(Ll), Mr(f), p,(ll), pf)) e, for the source (X,Y) such that

n=1

1 )
limsup —log M) < R;, (i=0,1,2)

n—oo N
limsup p) < D;. (j=1,2)
Definition 6. (FR-achievable rate region)
Ry (X,Y|Dy, D2) = {(Ro, Ry, R2) : (Ro, R1, R) is
an FR-achievable rate triad of (X,Y") for (Dy, D2)}.

3.2 Statement of results
First, we state the main theorem.
Theorem 2. (Coding theorem of FR, code)
R#(X,Y|D1, Da) C {(Ro, R1, Ra) :
Ry > I(X;U|Y),
Ro > I(Y; VUX),
Ry > I(X;W|VY)}  (outer bound)

where the random wvariables U, V and W whose alphabets are U, V and W,
respectively, are selected such that

e the alphabet sizes are bounded as

U < 1x+2,
VI < UxY|+1,
Wl < UxVXxX|+1,

o the following Markov chains are satisfied:

U— XY,
V -UY - X,
W —-VX ->UY,



o there exist functions ¢y : U XY — X and ) WXY — X which safisfy

D,
D,

E [A(X, oy (U, Y))] )

>
> E[AX,do (W, Y))].

An inner bound is obtained in the same functional forms, while the Markov
chains are replaced as

U—- XY,
V-Y->UX,
W —-VX —-UY.

Remark . The Markov condition V. — 'Y — UX 1is tight compared with the
condition V.— UY — X because I(V; X|UY) < I(V;UX|Y).

Remark . The Markov conditions U — X — Y,V - UY — X and W —
VX — UY are equivalent to the condition that the joint distribution Pyyvwxy
satisfies

Pyvwxy (u, v, w, 2,y)
= Pxy(x,y) Py x (ulz) Pviuy (v|u, y) Pwvx (wlv, ).

In a similar manner, the Markov conditions U — X — Y,V - Y —- UX
and W — VX — UY are equivalent to the condition that the joint distribution

PUVWXY satisﬁes

Pyyvwxy (u,v,w, z,y)
= Pxy(z,y)Pyx (ulz)Pyy (v|y) Pw v x (wlv, x).

Theorem 2 indicates that feedback information contributes to refining repro-
duction messages, in contrast to the result for a lossless configuration reported
by Yang et al. [3].

From Theorem 2, we can obtain the following properties.

Corollary 3. (Coding theorem for some special cases)
If side information Y is not available at both of two decoders, the outer bound
indicated in Theorem 2 coincides with the inner bound, i.e.

Ry (X|D1,D2) = {(Ro, R1, Ry) :
Ry > I(X; X))

This shows that feedback information is of no use for refining in the absence of
side information.

10



The above discussions can be easily extended to communication systems with
multi-stage refinement. Let us consider N pairs {¢(;), @(;) }iczy of encoders and
decoders, and N — 1 feedback encoders {¢(;)}jezy_,- Let D = {D;}iezy
be a set of distortion criteria, each of which corresponds to the decoder @;.
We define the FR-achievable rate region Ry (X,Y|D) of the source (X,Y") for
given distortion criteria D in the same way as for the two-stage refinement
system, where R; (i € In) corresponds to the rate of the encoder ¢(;), and
Ryjy (j € Zy—1) corresponds to the rate of the feedback encoder ¢ ;). Let U@
(i € Iy) and VU) (j € Iy_1) be auxiliary random variables that take values in
finite sets U and V), respectively. For some S C Iy and 7 C Tn_1, let us
define

U® = (U9 :ies},
U = U,
v = (v jeTy,
Vv = v
UIN) = Hu(i)7
i€IN
p@n-1) — H Y.
JEIN -1

Corollary 4. (Coding theorem of FR code with multi-stage feedback)
Ry(X,Y|D) C {(Roj, Ri)iczyn jezn_1 :
Ro; > I(Y; VO UWX),
R; > I(X; UD|VE=DY)}  (outer bound)

where the random variables U and V' whose alphabets are UTN) and VEIN-1)
respectively, are selected such that

e the alphabet sizes are bounded as

|u(L‘—1) X V(Ii—l) X X| + 2, (Z S ZN)

U™

<
Vo <

o the following Markov chains are satisfied:

U Sy x L g0y @iy, (e Iy)
v Ly - U(Ii—l)V(Ii—l)X7 (i €In_1),

e there exist functions {¢ : UD xy — )?}ieIN which safisfy

D > E[AX, 60U, v)].

11



An inner bound is obtained with the same functional forms, while the Markov
chains are replaced as

U L yi-x L gpTi-oy@i-2)y, (i € In)
ve Ly U(Ii)V(Ii*I)X, (l c INfl)

4 Refinement with cascading and feedback chan-
nels

Lastly, a cascading and feedback refinement system is considered, which denotes

a refinement system with a cascading channel from the first decoder to the

second decoder and a feedback channel from the first decoder to the second
decoder.

4.1 Problem formulation

Definition 7. (CFR (Cascading and Feedback Refinement) code)

A set (90?01), @?02), cp?l), @?2), cﬁ?l), @?2)) of encoders and decoders is a CFR
code (n, M,(lm), M?(102)’ Mr(Ll), M,(f), (1), p,(f)) for the source (X,Y) if and only
if

cp?l) : X”—»ZMS)

90?01) : IM7(11) X y” — IMflOl)
@?02) : IMT(LU X y” — IMT(LOQ)

cp?z) : IMT(LOI) X X" — ZM,SQ)

(70\?1) : IM(I) X y” — .)?n,

By 1 Tpgon X Ty x Y — X7,

where
P =E [A"(X”,)A((’;))} . (i=1,2)
AD = oy (X™), ADY = oy (AP, Y™),
AL = oo (AN, Y™), A = o) (ADY, X™),
Xy =3y (AL, Y™), Xy = 3y (APD, AP v™).

Definition 8. (CFR-achievable rate quadruplet)

(Ro1, Roz2, R1, Ro) is a CFR-achievable rate quadruplet of the source (X,Y) for
a given distortion pair (D;, D2) if and only if there exists a sequence of CFR
codes {(n, DY S VAtV ALY AP SO ov )};’ZO_ for the source (X,Y) such
that

lim sup — logM () < R, (i=101,02,1,2)

n—oo T

12



limsup p{) < D;. (j=1,2)

Definition 9. (CFR-achievable rate region)
Ref(X, YD1, D2) = {(Ro1, Ro2, R1, R) :

(Ro1, Ro2, R1, Rg) is a CFR-achievable rate
quadruplet of (X,Y) for (D1, D2)}.

4.2 Statement of results

First, we state the main theorem.

Theorem 3. (Coding theorem of CFR code)

Res(X,Y|D1, D2) C {(Ro1, Roz, R1, R2) :
Ry > I(X;UVE)Y),
Roy > I(V; VO [UV@X),
Rop > I(X; VAy),
Ry > I(X; WIVIVEY)} (outer bound)

where the random variables U, V), V) and W whose alphabets are U, VOV,
V) and W, respectively, are selected such that

e the alphabet sizes are bounded as

il < |x1+2,

VO < U x X x Y| +4,

VO < UxV x Y| +1,

Wl < Ux VD x V@ x x| +1,

o the following Markov chains are satisfied:

U—-X->Y,
v L ov®y - X,
w—-vOyR@x -y,

e there exist functions ¢y : U XY — X and G2y : WX V2 xy — X which
safisfy
Dl > E [A(Xv ¢(1)(U) Y))} )

Dy E |:A(X7 ¢(2)(Wa V(Q)vy)):| :

Y

13



An inner bound is obtained in the same functional forms, while the Markov
chains are replaced as

uv® o X -,
v L v@y L UX,
W —-vOyvAx LUy

Remark . The Markov conditions

U—-X->Y,

vl L ov@y - X,
W —-vOyR@x - Uy,

are equivalent to the condition that the joint distribution Py )y @ wxy satisfies
PUV(UV(2)WXY(U7 U(l)v U(Q)a w,x, y)
= PXY(xay)PUIX(u|x)PV<2)\UXY(U(2)|ua z,y)
PV<1>|Uv<2>Y(U(1) |u, v, Y)
PW|V<1)V<2>X(U’|U(1),U(Q)aﬂf)-
Also, the Markov conditions

U—-X->Y,
v L v@y LUK,
W —-vOy@x L uy

are equivalent to the condition that the joint distribution Pyyvayy @ wxy satisfies

PUV(1>V(2)WXY(uvU(l)vv(2)a w, T,Y)
= Pxv(2,9)Pyx (ulz) Py pxy (0P |u,z,y)
Pyayjy@y (Do y)

PW|V(1)V(2>X(w|U(1)aU(2)a33)

5 Proofs of theorems

5.1 Theorem 1: converse

Proof.

Let a sequence {(np?o), Pl1)> Plays @?1), @?2))};30:1 of CR codes be given to satisfy
the conditions of Definitions 1 and 2. From Definition 2, for § > 0 there exists
an integer n; = n1(d), and then for all n > n(d), we can obtain

l1ogJ\4,<j> < Ri+4. (i=0,1,2) (3)
n

14



Let us remind you that AP = (X", AL = ©{0) (A%l),Y") and AP =
Po)(X"™). First, we evaluate Eq. (3) for i = 1. We obtain

n(Ry +9)

> log MY (4)

> H(AY) (5)

> H(ADY™) (6)

= I(X"M AP (A = op) (X)) (7)

= I(X"AVADY™) (AP = ol (A, YY) (8)

= H(X"Y")— HX"ADAOY™) (9)

= Y {HEM) - HX AP AL Xy ) (10)
k=1

= D I(X AVAD XY R V) (11)

b
I
—

Let us define the random variables Uy, = A Xk=1YF=1y and Vi, = ALY Xk-1yh-lyp .
With these definitions, we have the Markov structure U, — X3 — Y} because

I(Yy; U | Xk)
I(Yi; AV X Ry R=lyn Xy

(12)

< I(Yk;AS)X’“’lX&lY’“’lYk’LIXk) (13)
= IV XPIX7 YR X)) (o AR = o (X)) (14)
< (XY XX YR (15)
: (16)

I
=

Substituting Uy and Vi into (11), we obtain

n(Rl + 5) > Z I(Xk; Uka|Yk)
=1
Here, let J be a random variable, independent of X and Y, and uniformly
distributed over the set Z,. Define the random variables U = (J,Uy) and
V = (J,Vy). The Markov condition U — X — Y still holds, and we have

Ri+46
1 n
- .
> =) I(X UrVel1h) (17)
k=1
1 n
= EZ{H(Xklyk) — H(XyYy|Up Vi) + H(Yi|Up Vi) } (18)
k=1

15



1 n
H(X[Y)+ S {-H(X,Y,|U; Vs, J = k) + HY,|U;Vy, T =k)}

k=1

H(X|Y) - HXY|JU,;V;) + H(Y|JU;V))
H(X|Y) - HXY|UV) + HY|UV)
I(X;UV|Y).

Since § > 0 is arbitrary, we obtain

R > I(X;UV|Y).

Next, we evaluate Eq. (3) for i = 0. We obtain
n(Ro +6)

AVARAVARLY,

log M7(10)

H(AY)

H(AD Y™

IX™ADY™) (AP = o) (9 (X™), Y™)

H(X™Y"™) — HX"|ADy™m)

n

> {HXY) — H(X A X5y |
k=1

> I(Xp AP XY Ry )

k=1

I( X5 Vie|Ya)

NE

~
Il

1

In the same way as the above discussion, we have

Ry > I(X;V|Y).

Lastly, we evaluate Eq. (3) for i = 2. We obtain

H(APIAPY™)
= I(X"ADADY™) (AP = (X))

DXk AP AP X YT
k=1

(19)
(20)
(21)

~ o~ o~
W W w W
w N = O
= — T

(34)

Let us define the random variable W, = A?) X k=lyk=lypn |. With these defi-

nitions, we have the Markov structure Wy — U Vi X — Y because

I(Y3; Wi | Uk Vie X)

16



= I(Vi; AP [ADAQ xky =Ly ) (35)
< IV AP X] | AD AL xky Rty (36)
= IV Xp [ADAD X YR ) (A = (X)) (37)
< I(ADY; XP AP XRY Rty (38)
= I(Yk7Xk+1|A(1 XFyhs 1Yk+1) (. A1(’LO) = @?o)(ASzl)aXn)) (39)
< IV AP XP | XRYEYR ) (40)
= I(YlmX1c+1|XleC 1Yn+1) (. Agzl):@?l)(Xn)) (41)
= I(X Y Xk+1Yk+1) (42)

0. (43)

The bound (34) becomes
Ry > > T(Xi; Wil ViYs)
k=1
In the same way as the above discussion, we have
Ry, > I(X;W|VY).

We next show the existence of functions ¢(;) and ¢,y that satisfy the con-
ditions of Theorem 1. From Definition 2, for any v > 0 there exists an integer
ng = na(7y), and for all n > ny(y), we have

Di+vy > E[A”(X",X@))}:%iE[A(Xk, K]

Dy+~vy > FE [An(X",)?&))} = %ZH:E [A(Xk, (2)1@)}

T(1yk Sk (®),y),
Ton = P@r(@o) (0l (®),y), ¢l (), y).

We note that UY}, contains AS)Y”, and V,W,Y) contains A%O)A%Q)Y”. There-
fore we choose the functions ¢(;) and ¢(3) as follows:

def. n o
b1k (U, Yi) = P (AD, Y™ = X1y, (44)
def. n o
b2y (Vie, Wi, Yi) = Peo(AD, AP Y™ = X oy, (45)
def.
d)(U,Y) = bys(Us,Y), (46)
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def.
b (V,W,Y) ), (Vs Wi, Y). (47)

This implies that

Di+~y > %Z E [A(Xk, )?(1)1@)] (48)
k=1
= 3B [ A B (AP, ) (49)
k=1
= % Z E [A(Xk, 1)k (Uk, Ya))] (50)
k=1
= > BAX 6 (U, V) = 4 Gy
k=1
= E[AX,¢0)(U,Y))], (52)
Dyt > E[AX, ¢ (V,WY))]. (53)
Since v > 0 is arbitrary, we get
Dy > E[A(X,¢@)(V,W,Y))]. (55)

It remains to establish that the bounds on Y|, |V| and |W)| specified in
Theorem 1 does not affect the region R.(X,Y|D;, D2). Namely, the proposition
that have to be proved follows:

Proposition 1. Let us define a set P C MU xV x W x X x )) of generic
distributions satisfying the conditions defined in Theorem 1. Given a_distribu-
tion Pyvwxy € P, there exist aumiliary random variables U V and W taking
values in U C U, VCVand WC W, respectively, and a corresponding joint

distribution PUVWXY e P.

To do this, we introduce the support lemma [4, Lemma 3.3.4]. We first
reduce the alphabet size of U. Define the following functional forms of a generic
distribution Q € M(X):

Q) = Q), (z€ZIm,1) (56)
am.(Q) = H(XI[Y)

Z Q@) Pyy x (v, ylz')

— Y Q@) Pyyix(v,ylr)log T2

(v,z,y) EVXX XY

Q(z)Pyy|x (v, y|x)

m.+1(Q) = Z Q(z)Pyy|x (v, ylz) Az, ¢y (u,v,y)) (58)

(v,2,y) EVXX XY
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for a given u € U, (59)
(60)

where m, = |X | From the support lemma, we can find a random variable U
taking values in U C U with a generic distribution Py € MU ) and distributions

Qu € M(X) (u € U) such that || < m, + 1 and the following equations are
simultaneously satisfied:

Z Ps(u)q:(Qu) = Px(z) (x€Zn, 1), (61)
Z Ps(u)gm, (Qu) = I(X;UV]Y), (62)

ueld

uGZ/l
Here, let us define a joint distribution Py, . (u,v,w,z,y) € MUXV W x
X xY) as

P~ ( def- p_ P P 64
UVWXY U,U,w,x,y) - U(U)Q'U(x) Y‘X(y|x) VWIXY(U)w|$)y)( )
From the definition of PUVWXY(u,v,w,amy)7 the distribution of (V,W, X,Y")

has been preserved since

Z Ty xy (4 0 W, ,Y)
uell
= Pyixlz)Pywxy (v, w|z,y) ZP u)Qu(x)
uell
= Pyix(lz)Pyw|xy (v, wlz,y)Px (z) (. Eq.(61))
= Pywxy(v,w,x,y).

Also, we obtain

Py g wlu, )

Y. Prvwxywv,ws,y)
def. (v,w)EVXW

(65)
Z PGVWXY(U’ VW, T, Y)
(v,w,y) EVXWXY
Ps(u)Qu () Py x (y|z)
= Pyix(ylo), (67)

which indicates that the Markov chain U — X — Y still remains.
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Having found such a random variable U, we can reduce the alphabet size of
W. In this time, we have |{ x X'| — 1 constraints to preserve the distribution

def.
Pox = Z Poryw xy (W 0,0, 2,9) (68)

(v,w,y) EVXWXY

just defined, and two more constraints for preserving I(X; W|VY') and E[A(X, ¢y (V, W, Y))].

Therefore, we can find a random variable W taking a value in W C W with a

generic distribution Py, € M(W) and distributions Q. € M(Zm ) (w e W)

such that |17\7| < U x X| + 1. A joint distribution P~

. K UVI’/‘{/XY(u7 /U7 w) a:?y) iS
defined as the following equation.

PEVWXY(U,U,w,x,y) = Pﬁ/(w)Qw(ua x)PV‘EX(’Uluaw)Py‘EVX(yluava@g)
From the definition of PGVVT/XY(U’U’w’x’y)’ the distribution of ((7, V,X,Y)
has been preserved since

> P xy v, w,2,y) (70)
wGVTJ
= PV|ij(v|u7w)Py|ijX(y|u7U7$) Z Pﬁ/(w)Qw(ua {E) (71)
wEVA\}
= Pv|5x(v|u7$)Py|ﬁvx(y|u7Uax)Pfﬁx(uviv) (72)
= Py yy(wv,2,9). (73)

This implies that the Markov chain U — X — Y still remains. Also, we can
show that the Markov chain W — UV X — Y still remains.

In a similar manner, we can reduce the alphabet size of V. In this time,
we have U x W x X| x Y — 1 constraints to preserve the distribution Pyw xy
just defined, and 4 more constraints for preserving I(X;UVY), I(X;V]Y),
I(X;WIVY), and E[A(X, () (V, W, Y))].

This completes the proof of the converse part. O

5.2 Theorem 1: direct part

We begin by setting up some notation and mentioning a few of basic facts that
will be used hereafter.

Definition 10. (Set of typical sequences)
For y € Y™ and § > 0, define the set of typical sequences as

T%(0) =

{sr: exX™: ‘%N(xkc) — Px(x)

§5V336X}. (74)

T3(8) = {w c A
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LN yle.y) — LNl Py (el)| < 0 W) € X x V). (7

A similar convention is used for other random variables. When the dimension
is clear from the content, the superscript n will be omitted, e.g. Tx ().

Lemma 1. (Csiszar-Korner [4])

Pr{X" e Tx(0)} > 1—€1(5), (76)
Pr{X" € Txy(6)} > 1—¢€2(6,8) VyeTy(5), (77)

where 657,1)((5), 657,2)((5, 6') =0 (n — 0).

Lemma 2. (Csiszar-Korner[4, Lemma 1.2.10])
For any 6,6" > 0,

xr € Tx(51) and (TS Ty|m(52) = (sr:,y) S Txy(51 + 52), (78)
(iIZ, y) € Txy((ﬁ) = & c Tx(51|y|), (79)
(:B,y) S Txy((sl) and x € Tx(ég) = Yy E Ty‘w((sl + 52) (80)

Remark . Although Eq.(80) of Lemma 2 is not shown in [4], we can easily
obtain the property in the same way as the others.

Lemma 3. (Csiszar-Korner [4, Lemma 1.2.13])
1
s Tx(@)] - HX)| < e, 1)
1
S los Ty (8]~ HXIV)| < @ e Tr(®), (52)

where €1 = €1(0), €2 = €2(0,¢") and €1,e2 — 0 (4,6’ — 0).

Lemma 4.
‘—%logPX(sc)—H(X)‘ < e VxeTx(d), (83)

where € = €(d) and e — 0 (6 — 0).
Lemma 5. (Steinberg-Merhav[5])
exp{—n(I(X;U) + e1)} < Y. Pulu) <exp{-n(I(X;U) —e)} (84)
u: (U, r)eTyx (8')

for any x € Tx(5) and &' > §, where €1 = €1(0,0"), €2 = €2(0,0"), and €1,e3 — 0
(6,6" —0)

Remark . Steinberg and Merhav [5] utilized Lemma 5 as a result of Csiszar
and Korner [{] without any proofs. However, the lemma has not been shown in

[4]-
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Proof. First, we show the right inequality.

Z Py(u)

w:(U,T)eTy x (8")

= > Py(u)

U:(U,T)eTux (8'),UeTy (6’| X])

< Z exp{-—n(H(U) —€})} (. Lemma 4)
U(U,T)eTrx (8),UeTy (8| X])

= Z exp{—n(H(U) —¢€;)} (. Lemma 2 Eq.(79))

wu:(w,2)eTyx (8')

IN

UETy 2 (5 +6)

exp{—n(I(X;U) — e2)}

(.- Lemma 2 Eq.(79))

Z exp{—n(H(U) —¢€;)} (. Lemma 2 Eq.(80))

exp{n(H(U|X) + &)} exp{~n(H(U) — ¢;)} (. Lemma 3)
exp{—n(I(X:U) = (¢; + )}

Next, we show the left inequality. Noting that from Lemma 2 for §' > § > 0

u € TU|;B(5' — 8 and x € Tx(§) = (u,x) € Tyx (&),

we obtain

> Py(u)

u:(u,w)ETux((s,)

= > Py(u)

U:(U,T)eTyx (8"),UeTy (8| X))

(" Lemma 2 Eq.(79))

> Z exp{-—n(H(U) +¢€})} (. Lemma 4)
U:(U,T) €Ty x (5'),WETy (5| X])
= Z exp{—n(H(U) +¢€])} (.-Lemma 2 Eq.(79))

U:(U,)eTyx (6)

Y

'U/GTU‘w((S’fts)

= exp{-—n(I(X;U)+e)}

Lemma 6. (Steinberg-Merhav[5])

exp{—n(I(X;V|U)+€1)}
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Y. exp{-n(HU)+€)} (- Eq.(92))

exp{n(H(U|X) — e3)} exp{—n(H(U) +€¢;)} (. Lemma 3)
exp{—n(I(X;U) + (¢ +€3))}

(92)



< Y. Prplu) < exp{-n(I(X;V|U) —e)}  (100)
'v:(u,v,w)ETuvx((s/)

for any (u,z) € Tyx(0) and &' > §, where e1 = €1(6,0"), €2 = €2(0,¢), and
€1,62 — 0 (6,0’ —0)

Remark . Steinberg and Merhav [5] also utilized Lemma 6 without any proofs.
We can prove the lemma in a similar manner to Lemma 5.

Lemma 7. (Markov lemma [6, Lemma 14.8.1])
Let (X,Y,Z) form a Markov chain X — 'Y — Z. If X™ is emitted from
[Ti_1 Pxy gwen (y,z) € Tyz(0), then

PI‘{(Xn,y, Z) S Txyz(5)} > 1-9 (101)

for a sufficiently large n and § > 0.

Here, we proceed the proof of the achievability part of Theorem 1.

Proof.
Let a distortion pair (D1, D2) be given, and let U, V., W and Pyywxy satisfy
the conditions that define R.(X,Y|D1, Ds). Fix arbitrary v, > 0.

Codeword selection: el

(1) Randomly generate My independent codewords Ay = {vl}f\i‘{, v; € V",
each of length n, according to the distribution Py .

(2) For each v € Ay, randomly generate My independent codewords Ay (v) =
{wi(v)}MY, u;(v) € U", each of length n, according to the distribution Pyy.
(3) Divide the codebook Ay into Ny bins, each containing Ly = My /Ny
members of Ay. Let Ay (j) denote the set of elements v € Ay assigned to bin
J (.] € INV)'

(4) Divide the codebook Ay (v) into Ny bins, each containing Ly = My /Ny
members of Ay (v). Let Ay (v, j) denote the set of elements u € Ay (v) assigned
tobin j (j € Iny)-

Codeword selection: cp?o)

Unnecessary (Ay will be used as the codeword set).

Codeword selection: cp?z)

(1) For each v € Ay, randomly generate My, independent codewords Aw (v) =
{w;(v) MW w;(v) € W", each of length n, according to the distribution Py
(2) Divide the codebook Ay (v) into Ny bins, each containing Ly = My /Ny
members of Aw (v). Let Aw(v,j) denote the set of elements w € Aw(v)
assigned to bin j (j € Zny, ).

Encoding: cp?l)

(1) For a given & € X™, the encoder first seeks a vector v; € Ay such that
(vi,z) € Tyx(k10), k1 > 0. If there is more than one such vector in Ay, the
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first one is chosen. If there is no such vector in Ay, a default vector is chosen,
say v1, and an error is declared. Denote the selected vector by v(x).

(2) The encoder next seeks a vector u; € Ay(v) such that v = v(x) and
(ui,v,x) € Tyyx (ked), ko > 0. If there is more than one such vector in Ay (v),
the first one is chosen. If there is no such vector in Ay (v), a default vector is
chosen, and an error is declared. Denote the selected vector by u(v,x).

(3) The value assigned to the encoder ©(1)(+) is the pair of the bin numbers to

which v(z) and u(v(x), ) belong, that is,

en(@) = JoMu + ju, (102)
v(z) € Av(jy), u(v(x),z) € Ay(v(x),ju)- (103)

Encoding: cp?o)

The value assigned to the encoder ©(0y(+) is the index j, received from ¢f}).
Encoding: @?2)

(1) For a given ¢ € X™ and v = v(x), the encoder seeks a vector w; € Ay (v)
such that (v,w;,x) € Tywx(ksd), ks > 0. If there is more than one such
vector in Ay (v), the first one is chosen. If there is no such vector in Ay (v),
a default vector is chosen, and an error is declared. Denote the selected vector
by w(v, x).

(2) The value assigned to the encoder @?2)(-) is the bin number to which
w(v(x), ) belong, that is,

(@) = Ju, wv(®@),z) e Aw(v(), ju)- (104)

Decoding: @’(11)

(1) The decoder has access to the index j,, j, and the vector y € V™.

(2) It first seeks a unique vector v € Ay (j,) such that (v,y) € Tyy (k40),
ks > 0. Denote this vector v(y). If there is no or more than one such vectors
v € Ay (j,), an arbitrary v is chosen, and an error is declared.

(3) It next seeks a unique vector v € Ay (v(y),j.) such that (u,v(y),y) €
Tuvy (ks59), ks > 0. Denote this vector u(v(y),y). If there is no or more than
one such vectors u € Ay (v(y),ju), an arbitrary @ is chosen, and an error is
declared.

(4) The reconstruction vector Z(1y = (Z(1)1, Z(1)2, - , T(1)n) is given by

Tk = o) ((®y),y),ue) (k€ ZLn). (105)

Decoding: @?2)
(1) The decoder has access to the index j,, j, and the vector y € Y.
(2) It first seeks a unique vector v € Ay (j,) in the same way as ()

(3) It then seeks a unique vector w € Aw (9(y), jw) such that (v(y),w,y) €
Tywy (ksd), k¢ > 0. Denote this vector w(v(y),y). If there is no or more than
one such vectors w € Aw (V(y), jw), an arbitrary w is chosen, and an error is
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declared.
(4) The reconstruction vector Z 2y = (Z(2)1, Z(2)2, - , T(2)n) is given by

Tonw = 0@ 0k(y), 0(©(Y),y),uk) (k€Iy). (106)

Distortion evaluation: ‘2?1)

(1) For the distortion, we obtain

A”(:B, (1))

Sl ®

A(zk, Tayr) (107)
k=1

Az, ¢y (Uk(v(y), y), 0k (Y), Yk)) (108)

b
Il
—_

I
Sl—= 3=
(]

Z N(u,x,ym(fv\(’y),y),m,y)A(x,gb(l)(u,y))
(u,z,y) EUX X XY

(109)

If no error occurs in the encoding/decoding processes and (u(v(x),x),x,y) €
Tuxy (k70), then the following inequalities satisfy:

A"(:B, i(l))

< S (Puxy (us2,y) + ke6) A, dy (. ) (110)
(u,z,y) EUXX XY
("." Definition 10)
< E[A(z,da)(u,y))] + krdAU x X x V) (111)
< Dy +krSAU x X x Y, (112)
where
& © o A@®) <. (113)
(2,2)EX XX
Let us define
def.
Er = {(u(v(z),z),v(x),z,y) ¢ Tuvxy (k) }, (114)

and let us denote error probabilities in the encoding/decoding processes as P.".
Then, the average distortion can be bounded as

Ban(xm, X))
< (1= P" —Pr{E})(D1 + k:6AIU x X x Y|) + (P + Pr{E })A,
(115)
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Since 0 > 0 can be arbitrarily small for a sufficiently large n. Therefore, if P
and Pr{E;} vanish as n — oo, then we can obtain

lim sup E [A} (X", )?")} < Dy (116)

n—oo

Distortion evaluation: @?2)

In a similar manner as @?1), we can obtain

lim sup E [A”(X", )?("2))} < D (117)

n—oo

Error evaluation: cp?l)

(1) If there is no v; € Ay such that (v, &) € Tyx(k16), an encoding error
occurs. This event is denoted as

My
def.
B, E ({wiz) ¢ Tyx(k16)}. (118)
=1
Here, let us define

Ey dgf. {(w,y) S Txy(koé)}, ko > 0. (119)

From Lemma 1, Pr{E§} — 0 as n — co. Also, we note that (x,y) € Txy (kod)
= & € Tx(kod|Y|) from Lemma 3. Then, we have

Pr{E,} < Pr{ESUE,} (120)
= Pr{E{} +Pr{EyN E>} (121)
PI’{EO N E2}
My
< > PX(fB)Pl“{ () {(Vi", @) & Tvx (k10)} fﬂ} (122)
TEeTx (kod|Y]) i=1
My
= >, Px(m)Pr { NV z) ¢ Tvx(k15)}} (123)
TEeTx (kod|Y]) i=1
(" v; is selected independently of )
< Z Px () [1 — exp {—n(I(X;V) 4 e,) " (124)
TeTx (kod|Y|)
(. Lemma 5)
< > Px(x)exp[-Myexp {-n(I(X;V) +€,)}] (125)
TeTx (kod|Y|)
(- (1—a)" <exp(—an) for 0 <a<1)
< exp[-Myexp{—n(I(X;V)+e,)}]. (126)
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By setting My, ko and k1 as
My > exp{n(I(X;V)+mi7)}, m1 >0, (127)

m1y > €, = €,(kod|Y|, k16) and ko|Y| < k1, we have lim,,_,oo Pr{F2} = 0.
(2) If there is no u; € Ay(v(x)) such that (u;,v(x),z) € Tyvx(k2), an
encoding error occurs. This event is denoted as

def. ¥
By E () {(uiv(zx), ) ¢ Tyvx (k0)} - (128)
i=1
Here, we have
Pr{Es} < Pr{E,UEs} (129)
= Pr{E,} + Pr{ESN E3}. (130)

Since (v(x),x) € Ty x(k16) if E2 does not occur, then we have
Pr{ES N By}

My
< > PVX(v,cc)Pr{ (AU v,2) ¢ Tuvx (k20)} v,m}

(V. L)eTy x (k16) =1
V=V(@)

My
= > PVX(v,cc)Pr{ (AU v,2) ¢ Tuvx (k20)} v} (132)

(V. L)eTy x (k16) =1
V=V(@)

(" u; is selected independently of x)

< Z Pyx(v,z) [1 —exp{—n(I(X;U|V)+eu|v)}]MU
(U, L)eTy x (k16)
V=@
(- Lemma 6) (133)
< Z Pyx(v,x)exp [~My exp {—n(I(X;U|V) + €y),) }[134)
(V. L)eTy x (k16)
V-V(@)
(- (1 —a)" < exp(—an))
< exp [-Myexp {—n(I(X;U[V) + €,0) }] - (135)

By setting My, k1 and ko as
My > exp{n(I(X;U|V) + may)}, ma >0, (136)

Moy > €yjy = €ujy(k10, k2d) and ki < ky, we have lim, o, Pr{E3} = 0.

Error evaluation: gp?o)

Any encoding errors do not occur because the encoder does not generate any
codewords.
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Error evaluation: go’é)

(2) If there is no w; € Aw(v(x)) such that (v(x),w;, ) € Tywx(ksd), an
encoding error occurs. In almost the same way as gp?l), the probability such
that this event occurs vanishes as n — oo by setting My as

Mw > exp{n(I(X; WI|V) +msv)}, ms > 0. (137)

Error evaluation: ‘2?1)

(1) If there is no or more than one v; € Ay (j,) such that np?l)(m) = joMy + ju
and (v;,y) € Tyy(k4d), an decoding error is declared. This event is classified
into two cases.

(1-1) The first case: (v(x),y) ¢ Tyy (k4d). From Lemma 3, this event is in-
cluded in

By S (@), 2, y) ¢ Tvxy (140/|V))} (138)

Here, we have

Pr{E;} < Pr{E,UE,} (139)
Pr{Ey} + Pr{ES N Ey}. (140)

We note that (v(x),x) € Tyx(k1d) if Fo does not occur and V. — X — Y
forms a Markov chain. Therefore, from Lemma 7, we have

Pr{ESN Ey}

< > Pyx(v,z)Pr{(v,z,Y™) ¢ Tyxy (ks0/|V])|v, £}(141)
(V,L)eTy x (k16)
V=V ()
— 0 (n—o0). (142)

(1-2) The second case: There exists v/ € Ay (j,) such that v/ # v(x) and
(v',y) € Tyy (k4d). This event is denoted as

def.
E5 = U {(’U, y) € TVY(k46)} ’ (143)
VEAY (j»),V£V(T)

Let i,(j, k) be the index i of k-th v;, which belongs to Ay (j). Since (x,y) €
Txy (kod) = y € Ty (kod|X|) from Lemma 3, we have

Pr{Es} < Pr{ESUEs} (144)
= Pr{ES} + Pr{EyN Es} (145)

PI‘{E() N E5}
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|AV (]v)'

< Y Y PP {(Vig ey €T (kd)}  (146)
k=1 YETy (kod|X|)
(" v; is selected independently of y)

< Av()lexsp{-n(I(V;V) — &)} (147)
(" Lemma 5)

= Lyexp{—n(I(Y;V)—e2)} (148)

By setting Ly, ko and k4 as
Ly <exp{n(I(Y;V)—-1~v)}, 1 >0, (149)

l1y > €2 = ea(kod|X|, ka0) and ko|X| < k4, we have Pr{F5} — 0 (n — o).

(2) If there is no or more than one u; € Ay(v(x),ju) such that ¢, (®) =
JoMy + ju and (u;,0(y),y) € Tuvy (ks59), an decoding error is declared. This
event is classified into two cases.

(2-1) The first case: (u(v(zx),z),v(z),y) ¢ Tuvy (ksd). From Lemma 3, this
event is included in

By Y {(u(@).2), v(@). 2. y) ¢ Tovxy (ks3/|V)} - (150)

Here, we have
Pr{Eg} < PI“{E3 @] Eg} (151)
= Pr{E;} +Pr{ESN Es}. (152)

We note that (u(v(x), z),v(z), z) € Ty x (k20) if E3 does not occur and UV —
X — Y forms a Markov chain. Therefore, from Lemma 7 we have
Pr{E5N Es}
< > Puvx(u,v,2) Pri(u,v,@,Y") ¢ Tuyxy (ks0/|Y))|u, v, @}

(U V,L)eTyy x (kad),
V=V(@),U=UV,T)

(153)
— 0 (n— ). (154)
Furthermore, lim,,_,o, Pr{F1} = 0 by setting ky and ks as k7 < k5/|YV|.

(2-2) The second case: There exists u' € Ay (v(x), ju), v’ # u(v(x),z) such
that (u/,v(x),y) € Tuvy (ks50). This event is denoted as

def.
Er = U {(u,v(x),y) € Tovy(ksd)} p , (155)
UecAy (V(),ju),
UAU(V(X),X)

Let i,(j, k) be the index ¢ of k-th w;, which belongs to Ay (v(x),j). Here, we
have

PI‘{E7} S PI‘{E4 U E7} (156)
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= Pr{E4} +Pr{E{N E7}. (157)

Noting that (v(x),y) € Tvy (k40) if E4 does not occur, we have

Pr{ES N By}
AU (V,ju)]
< Z va(v,y) Z Pr{(UiZ(ju,k)’v’y) ETva(k55)|v}
(V,Y)ETvy (kad) k=1
(" u; is selected independently of y) (158)
< > Poy(v,y)Au(v, ju)| exp{—n(I(Y;U|V) — e5)} (159)
(V,Y)eTvy (kad)
(- Lemma 5)
< Lyexp{—n(I(Y;U|V) — e2)} (160)

By setting Ly, k4 and k5 as
Ly < exp{n(I(Y; U|V) — ZQ’)/)}, lo >0, (161)
loy > €a = ea(k40, ksd) and ky < ks, we have Pr{E7} — 0 (n — o0).

Error evaluation: @?2)

This is almost the same as the case of @?1). We have to set
Ly < exp{n(I(Y;WI|V)—1I37)}, 135>0 (162)

to vanish the decoding errors.

Rate evaluation: cp?l)

The encoder sends the indexes of the bin using

1
— 10ngNU
n
1 My My
= - log Tv Lo (163)
> IXV)+muy — I V) + by + I(XGUV) +mey — LY UV) + Loy
(164)
= IXY;V)-I(Y;V)+ I(XY;U|V) = I(Y;UV) + (my +ma+ 1 + 1)y
(165)
(UV—-X-Y)
= I(X;VIY)+IX;UVY)+ (mp+me+1 + 1)y (166)
= I(X;UV|Y)+ (mq +ma+ 11 + l2)y (167)
bits per letter. Since v > 0 is arbitrary, we obtain the coding rate as
1
- log Ny Ny > I(X;UV|Y). (168)
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Rate evaluation: cp?o)

The encoder sends the indexes of the bin using

%long = %log]\L/[—: (169)

> IX;V)+miy —I(Y;V) 4+ Iy (170)

— I(XY:V)— I(Y;V) + (m1 + L)y (171)
(V—-X-Y)

= I(X;VIY)+ (mi+ 1)y (172)

bits per letter. Since v > 0 is arbitrary, we obtain the coding rate as
1
—logNy > I(X;V|Y). (173)
n

Rate evaluation: @?2)

The encoder sends the indexes of the bin using

1 My

%logNW = Elogm (174)
> I(X;WV) +mgy = I(Y;W|V) + 13y (175)
= (XY W|V) = I(Y;W|V) + (m3 + I3)y (176)
(VW =X —=Y)
= I(X;W|VY)+ (ms +l3)y (177)

bits per letter. Since v > 0 is arbitrary, we obtain the coding rate as
1
—log Ny > I(X;W|VY). (178)
n
This completes the proof of the direct part of Theorem 1. O

5.3 Theorem 2: converse
We begin by introducing a lemma that will be used hereafter.

Lemma 8.
Let A,B,C,D be random variables such that at least one of A — D — B,
B— D —C orC — D — A form Markov chains. Then,

I(A;BID) < I(A; B|CD). (179)

Remark . This lemma is an extended version of Massay’s lemma.
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Proof. (1) If A — D — B forms a Markov chain,
I(A;B|D) = 0<I(A;B|CD). (180)

(2) If B— D — C forms a Markov chain, I(B; C|D) = 0. Therefore,

I(A;B|[CD) = I(AC;B|D) - I(C;B|D) (181)
= I(AC;B|D) (182)
> I(A;B|D) (183)

(3) If C — D — A forms a Markov chain, I(C; A|D) = 0. Therefore,

I(A;BICD) = I(A;BC|D) — I(A;C|D) (184)
— I(A; BC|D) (185)

> I(A; B|D) (186)

O

Here, we proceed the proof of the converse part of Theorem 2.

Proof.

Let a sequence {(@?O), Pl1)> Plays @?1), @?2))}%":1 of FR codes be given to satisfy
the conditions of Definitions 4 and 5. From Definition 5, for § > 0 there exists
an integer n1 = n1(d), and then for all n > n4(d), we can obtain

1 )
“logM{ < R;+46. (i=0,1,2) (187)
n

Please remember A = e (X™), AL = ©0) (A,(Il)7 Y™) and AP = Pl (A%O),X”).
First, we evaluate Eq. (187) for ¢ = 1. We obtain

> log MV (188)

> H(AY) (189)

> H(APY™) (190)

= I(X™SADY™) (AR =@l (X™) (191)

= H(X"Y")— H(X"ADy™) (192)

= S {HGY) - HX AP Xy ) (193)
k=1

= ) I(Xg ADXFYRYR V) (194)
k=1

2 ZI(Xk;Ag)XkAYanWk) (195)
k=1
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Let us define the random variables U, = A X k=1y;n |. With these definitions,
we have the Markov structure U, — X — Y because
I(Yi; Up| X)

I(Ye; AV X 1y | X (196)
I(Yi; ADXR1 X7 YRy |1 XG) (197)
IV XFIXP YR X)) (0 A = o (X)) (198)

( (199)

(200)

IN

IN

I(XpYe; XFIXE L YY)

I
o

Substituting Uy, into (195), we obtain

M=

n(R1 +5) > I(Xk;Uk|Yk).

E
Il

1

By introducing the random variable J in the same way as the proof shown in
Section 5.1, the Markov condition U — X — Y still holds, and we have

Ri+46 > IX;U|Y). (201)
Since § > 0 is arbitrary, we obtain
R > I(X;U|Y).

Next, we evaluate Eq. (187) for i = 0. We obtain

TL(R0+5)

> log M (202)

> H(AD) (203)

> H(AD|ADX™) (204)

= IV ADIADX™) (- A = o (AN, Y™) (205)

= H{Y"™ADX") - HY"ADAO x™) (206)

= HY"X") - HY"|APDADX™) (oA = oy (X™)  (207)

= S {HMIKY) - HOGAD ADYE x| (208)
k=1

= > IV ADAD XX Y | X (209)
k=1

> Y IV ADAD XY X (210)
k=1

> > IV ADAD XY (211)

E
Il
—_
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Let us define the random variables Vi, = A% A X F=1y;n | With these defini-
tions, we have the Markov structure Vi, — UrYr — X because

I( Xk Vie| U Ya)

IN

IAIA

IA

I(Xk 0140 xk=tyn) (212)
I(Xp; AQy k=1 AW xk=Lyn) (213)
I(Xk; Y’c HADXEYE) (o ADY = gl (A, V™) (214)
TAW X, YR Xk 1y (215)
IAD X yh=t X k-1ym) (216)
I YR XY (o AR = o (X)) (217)
I(Xpyr; Xk=lyk=1) (218)
0. (219)

Substituting Uy and Vj, into (211), we obtain

n(Ro+6) > Y I(Yi; VilUpXy).
k=1

In the same way as the above discussion, we have the Markov structure V' —

UY — X and

Ry > I(Y;V|UX).

Lastly, we evaluate Eq. (211) for i = 2. We obtain

n(Rg + 0)
> log M2 (220)
> H(AD) (221)
> H(AP AP ADY™) (222)
= I(XHAPADADY™) (AR = oy (A, X)) (223)
= D I(Xp ADADAQ X Ry (224)
k=1

Here, we will apply Lemma 8. Let us set A = Xi, B = Aﬁf), C =YF 1 and
D = AV AQ X*=1y Then, we have

I(A;C|D)

IN

IN

I(Xp; Y1 AWM A0 xk=Lyn) (225)
I(Xp; AQDYHF=L AD xk=tymy (226)
(X Y ADXEYT) (0 AD = oy (A, Y™) (227)
TAW X, YR Xk-1ym) (228)
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< I(AD X YR Xy (229)
= I YAV (oA = e (X)) (230)
= (XY xRyl (231)
= 0. (232)
From Lemma 8, the bound (224) becomes

n(Ry+6) > Y I(A;B|CD) (233)

k=1
> > I(4;B|D) (234)

k=1
= ) (X ADAD AP XY, (235)

>
Il
—

Let us define the random variable W), = A%Q)X k’lYk’fH. With these definitions,
we have the Markov structure Wy — Vi X — UgYr because

= I(Ys <2>|A<1>A<O>X Yiy) (236)
< I(Yk, no AW AD xRy (237)
= 1 (Yk»Xk+1|A(1 ADXRYEL) (AR = o (AP, X)) (238)
< I(ADY X AV XY ) (239)
< I ADYR xp AW xRy ) (240)
= IYVMXEADXMYL) (o AD = o (AL, Y™) (241)
< I(YMADXELIXFYE) (242)

IR XPAIXMY) (0 AD = ¢ (X)) (243)
< IXMYR XL V) (244)
= 0. (245)

Substituting V}, and W}, into (235), we have

Ry > Y I(Xp; W[ Vi)
k=1

In the same way as the above discussion, we have the Markov structure W —
VX —-Y and

Ry, > I(X;W|VY).

We next show the existence of functions ¢(;) and ¢,y that satisfy the con-
ditions of Theorem 2. From Definition 5, for any v > 0 there exists an integer
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ng = na(7y), and for all n > na(y), we have

E [A(ka)?(l)k)} ;

S|
NE

Di+y > E[a"(X", %) =

~
Il
—

E [A(Xk,)?(z)k)} ,

S|
NE

Dyty = E[A"(X",Xp)] =

E
Il
—_

Now, we denote by @(;yx (i = 1,2) the output of @(;y at time k (k € Z,,), namely

(z),y),

(o) () (), y): ®), ).

T(1)k !

Pkl
7 ()

Zow = Pkl

We note that U,Y), contains A,(ll)Yk", and WY}, contains A,(lz)Yk". Let Y1 (Ug, Yz)
be a random variable selected to minimize the average distortion between X
and X(1), given UpYj, and let Y*=1 (W}, Y:) be a random variable selected to

minimize the average distortion between X} and X (2)k given Wi Yy, namely

_ def. . . n
YEL U ) 0 argmin > QU (X UkY) A(Xk, Gayw(AD, Y™)),
Yk-1lgyk—1 Xpex

_ def. . _ n
Y we, i) € argmin Y QP (XaWaYi) A(Xk, Gap (AP, Y™),
Ykh-lgyk—1 Xpex

where Q,(cl) is the distribution of X} given UiY%, and Q,(f) is the distribution of
X given WYy, e.g.

(1) _ (1) n ~n
Q. (zluy) = Q) (z|A YT
> Pxy (2", y")
(mz+1,yk*1)€Xn*kxyk*1:
B <p'E7'1>(a:"7'):A, zk=zk—1lyz, yg:y*y2+1
- )
g Pxy (", y")

(mzyykfl)eX" xYk—1;

N Mha ~
n ny— rk—1__,k— Ny
so(l)(m )=A, @ x CUREYRYL

foru:gﬂgﬂ,aje?f,yey,

where * stands for a concatination of sequences. From the above definitions, we
choose the functions ¢(;) and ¢(z) as follows:

def. _ n S
orUn,Yi) E Gup(AD Y Y UL Vi) + V") = Xy, (246)
def. _ n S
b2k (Wi, Yi) < (AP YL (Wi, Vi) * V) = X(op,  (247)
def.
o) (U,Y) < b1)s(U1,Y), (248)
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b WY) "=" e (Ws,Y). (249)

This implies that

Di+~ > %ZE _A(ka)?(l)k)] (250)
k=1
= LY B[AKL (A, YY) (251)
k=1 )
> %Z B A, B AD, Y UL Y+ Y)| - (252)
k=1 )
= LY B A 60U Vi) (253)
k=1
= S BAC b (U, V)T = K (254)
k=1
Dyt 2 E[AX 6 (W,Y))]. (256)

Since v > 0 is arbitrary, we get

D,

E[A(X, ¢ (U,Y))], (257)
D, E

[A(X, B2y (W, Y))] . (258)

VARV

It remains to establish that the cardinality bounds on |U|, |V| and |W|
specified in Theorem 2 does not affect the region Ry (X,Y|D1, D). However,
we can derive the bounds in a similar manner to the proof of Theorem 1.

This completes the proof of the converse part of Theorem 2. O

5.4 Theorem 2: direct part

Proof.
Let a distortion pair (D1, D2) be given, and let U, V', W and Pyywxy satisfy
the conditions that define R;(X,Y|D,Ds). Fix arbitrary v,6 > 0.

Codeword selection: cp?l)

(1) Randomly generate My independent codewords Ay = {u;}MY, u; € U™,
each of length n, according to the distribution Py .

(2) Divide the codebook Ay into Ny bins, each containing Ly = My /Ny
members of Ay. Let Ay (j) denote the set of elements u € Ay assigned to bin
J (] € INU)'

Codeword selection: gp?o)

In the same way as go?l), generate Ay = {%}f‘i‘{ according to the distribution
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Py, and divide Ay into Ny bins. Let Ay (j) denote the set of elements v € Ay
assigned to bin j (j € Zn,, ). Note that Ay does not depend on any u € Ay.

Codeword selection: @?2)

(1) For each v € Ay, randomly generate My independent codewords Ay (v) =
{w;(v)}MW | w;(v) € W", each of length n, according to the distribution Py
(2) Divide the codebook Ay (v) into Ny bins, each containing Ly = Mw /Nw
members of Aw (v). Let Aw(v,j) denote the set of elements w € Aw(v)
assigned to bin j (j € Zny, ).

Encoding: <p’(11)

(1) For a given & € X", the encoder seeks a vector u; € Ay such that (u;, x) €
Tux (k19), k1 > 0. If there is more than one such vector in Ay, the first one is
chosen. If there is no such vector in Ay, a default vector is chosen, say w1, and
an error is declared. Denote the selected vector by u(x).

(2) The value assigned to the encoder ©(1)(+) is the bin number to which u(x)
belongs, that is,

einy(@) = Ju u(®) € Av(ju)- (259)

Decoding: @?1)

(1) The decoder has access to the index j, and the vector y € Y.

(2) It seeks a unique vector u € Ay (j,) such that (u,y) € Tyy (k29), k2 > 0.
Denote this vector w(y). If there is no such vector or more than one such vector
u € Ay (ju), an arbitrary @ is chosen, and an error is declared.

(3) The reconstruction vector Z(1y = (Z(1)1, Z(1)2, - - , T(1)n) is given by

o~

Ty = o) Uk(y),ye) (k€Zy). (260)

Encoding: cp?o)

(1) For a given y € Y™, the encoder seeks a vector v; € Ay such that (v;,y) €
Tyy (ksd), ks > 0. If there is more than one such vector in Ay, the first one is
chosen. If there is no such vector in Ay, a default vector is chosen, say vy, and
an error is declared. Denote the selected vector by v(y).

(2) The value assigned to the encoder ©(0) (+,-) is the bin number to which v(y)
belongs, that is,

Py (us®) = Ju. v(y) € Av (). (261)

It should be noted that outputs of @?0) do not depend on the codeword j, of

go’&) albeit the codeword j, is available.

Decoding: @?2)
(1) The encoder P2 has access to the index j, and the vector x € X™.

(2) It seeks a unique vector v € Ay (j,) such that (u(x),v,z) € Tyyx(k4d),
k4 > 0. Denote this vector v(u(x),x). If there is no such vector or more than
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one such vector v € Ay (j,), an arbitrary ¥ is chosen, and an error is declared.

Encoding: @?2)

(1) For a given & € X™ and v = v(u(x), ), the encoder seeks a vector w; €
Aw (V) such that (v, w;,x) € Tywx(ks0), ks > 0. If there is more than one
such vector in Ay (v), the first one is chosen. If there is no such vector in
Aw (), a default vector is chosen, and an error is declared. Denote the selected
vector by w (v, x).

(2) The value assigned to the encoder @5 (++) is the bin number to which
w(v, ) belong, that is,

90?2) (jU7 m) = Juws 'w(ﬁv m) € Aw (67 ]w) (262)

Decoding: @?2)

(1) The decoder has access to the index j,, and the vector y € V™.

(2) It seeks a unique vector w € Aw (v(y), jw) such that (v(y), w,y) € Tvwy (ked),
k¢ > 0. Denote this vector w(v(y),y). If there is no such vector or more than
one such vector w € Aw (v(y), jw), an arbitrary w is chosen, and an error is
declared.

(3) The reconstruction vector Z 2y = (Z(2)1, T(2)2, -+ , T(2)n) is given by

Top = oo (@(v(y),y),yx) (k€ ILy). (263)

Distortion evaluation: @7(11)

Almost the same way as Distortion evaluation: cﬁ?l) of Theorem 1. If prob-

abilities of encoding/decoding errors and (u(x),z,y) ¢ Tuxy (k70) vanish as
n — 00, we obtain

1imsupE[A’}((X”,)A((”l))} < D (264)

n—oo

Distortion evaluation: @7(12)

In a similar manner to @’(11), if the probabilities of encoding/decoding errors and
(w(v,z),x,y) ¢ Twxy(ksd) vanish as n — oo, we obtain

limsup B |A™(X", X5))| < D (265)

n—oo

Error evaluation: cp?l)

If there is no u; € Ay such that (u;, ) € Tyx(k19), an encoding error occurs.
In the same way as Error evaluation: <p’(11) of Theorem 1, the probability of the
event vanishes as n — oo by setting

My > exp{n(I(X;U) +m1vy)}, m1 > 0. (266)
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Error evaluation: @7(11)

If there is no or more than one w; € Ay(ju) such that ¢fy (x) = ju and
(us,y) € Tuy (k26), an decoding error is declared. This event is classified into
two cases.

(1) The first case: (u(x),y) ¢ Tuy(k20). In the same way as Error evalua-
tion: nﬁ?l of Theorem 1, the probability of the event vanishes as n — oo by
introducing the Markov lemma. Through the discussion, we can also obtain
Pr{(U™(X™),X™Y") ¢ Tyxy(k70)} — 0 (n — o0) by setting k7 and ko as
k7 < ka/|X|, which is necessary to show Eq. (264).

(2) The second case: There exists u' € Ay (j,) such that u' # w(x) and
(u',y) € Tuy(ked). In the same way as Error evaluation: cﬁ?l) of Theorem
1, the probability of the event vanishes as n — oo by setting

Ly <exp{n(I(Y;U)—117)}, &1 > 0. (267)

Error evaluation: gp?o)

If there is no v; € Ay such that (v;,y) € Tyy(ksd), an encoding error occurs.
In the same way as @?1), the probability of the event vanishes as n — oo by
setting

My > exp{n(I(Y;V)+ may)}, me > 0. (268)

Error evaluation: @?2)

(1) If there is no or more than one v; € Ay (ju) such that ¢ (ju,y) = jo and
(u(x),v;, ) € Tyyx(k4ad), an decoding error is declared. This event is classified
into two cases.

(1-1) The first case: (u(x),v(y),x) € Tuvx(ksd). In the same way as @}, the
probability of the event vanishes as n — oo by introducing the Markov lemma.
(1-2) The second case: There exists v/ € Ay (j,) such that v’ # v(v) and
(u(x),v',x) € Tyvx(ksd). In the same way as nﬁ?l), the probability of the
event vanishes as n — oo by setting

Ly <exp{n(I(UX;V) —l27)}, la > 0. (269)
(2) If there is no w; € Aw(v(y)) such that (v(y),w;,x) € Tywx(ks0), an
encoding error occurs. In almost the same way as Error evaluation: cp"Q) of

Theorem 1, the probability of this event vanishes as n — oo by setting My, as

Mw > exp{n(I(X; WI|V) +msy)}, ms > 0. (270)

Error evaluation: @?2)

This is almost the same as Error evaluation: @?1) of Theorem 1,. We have to
set

Ly < exp{n(I(Y;WI|V)—1I37)}, 135>0 (271)
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to vanish the decoding errors. Through the discussion, we can also obtain
Pr{(W™(V™"(X™),X"), X" Y"™) ¢ Twxy(ksd)} — 0 (n — o00) by setting ks

and kg as kg < kg/|X|, which is necessary to show Eq. (265).

Rate evaluation: cp?l)

The encoder sends the indexes of the bin using

1

—log Ny = llog%

n n Ly
> I(X;U) +miy = I(Y;U) + iy
= I(XY;U)-1I(Y;U)+ (m1 + 1)y

(U>X—=Y)
= I(X;U|Y)+ (m1+ 1)y

bits per letter. Since v > 0 is arbitrary, we obtain the coding rate as
1
—logNy > I(X;U|Y).
n

Rate evaluation: cp?o)

The encoder sends the indexes of the bin using

1 1
—logNy = —log—
n n Ly

I(Y;V)+moy — I(UX; V) + loy

= IUXY;V) - IUX;V)+ (m2 +12)y
(VoY -UX)

= I(Y;VIUX)+ (m2 +12)y

v

bits per letter. Since v > 0 is arbitrary, we obtain the coding rate as
1
—logNy > I(Y;V|UX).
n

Rate evaluation: @?2)

The encoder sends the indexes of the bin using

1 1 M

—logNyw = —log W

n n Lw
> I(X;WIV) +mgy = I(Y;WIV) + I3y
= IXY;W|V) = I(Y;WIV) + (ms + 1s)y

(W—-=VX->Y)
I(X;W|VY) + (ms + 13)y

bits per letter. Since v > 0 is arbitrary, we obtain the coding rate as
1
—log Ny > I(X;W|VY).
n

This completes the proof of the direct part of Theorem 2.
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5.5 Theorem 3: converse

Proof.

Let a sequence {(‘P?ol)a @?Og)a ‘P?l)a @?Q)a 475?1), 475?2))}%0:1 of CFR codes be given
to satisfy the conditions of Definitions 7 and 8. From Definition 8, for § > 0
there exists an integer ny = n1(9), and then for all n > ny(J), we can obtain

1 .
ElogM,(j) < Ri+94. (i=01,02,1,2) (287)

Please remember A = e (X™), AP = gp’(lOl)(A,(ll), Y™, APD = ©l02) (A,(Il)7 Yy™)

and AP = ©2) (A,(lm),X”). First, we evaluate Eq. (287) for ¢ = 1. In a similar

manner as the proof of the converse part for Theorem 1, we obtain

n(Ry + 0)

> > I(Xp AV AP XEY Y 1Y) (288)
k=1

> Y (X AV AP XY V) (289)
k=1

Let us define the random variables Uy, = A X¥-1y;n | and V) = AP xk=1yp, .
With these definitions, we have the Markov structure U, — X — Y% in a sim-
ilar manner as Section 5.1, and we obtain

TL(R1+5) > ZI(Xk,Uka|Yk)
1

Introducting a random variable J, the Markov condition U — X — Y still
holds, and we have
Ri+6 > IX;UVP|y). (290)
Since § > 0 is arbitrary, we obtain
R, > IX;UV®|y).

The evaluation of Eq. (287) for ¢ = 02 is almost the same as the proof of

Theorem 1. Notice that A is replaced as A% pere. Next, we evaluate Eq.
(287) for i = 01. We obtain

n(Ro1 +9)

> log M{°Y (291)
> H(APY) (292)
> H(APV|AD AP X™) (293)
= IV APVIADAPIX™) (o AN = ol (A, Y™)  (294)
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= ) IV APV AL AP Xy ) (295)
k=1

Here, we would like to apply Lemma 8 (See the proof of Theorem 2). Let
A=Yy, B=APY €= Xxp, and D = APV AP XEY . Then, we have

I(A;C|D)

= I(Ye; XJq|ADACD X Ry ) (296)
< HAPYYR X AP XYY (207)
< I(APYFR xp o 1AD xRy ) (298)
= IOVRXPLADXMYE) (0 ARD = gy (A, ™) (299)
< IR ADXEL XYL (300)

IR XEAIXMY) (oA = oy (X)) (301)
< I(XMYR XY (302)
= 0. (303)

From Lemma 8, the bound (295) becomes
n(Ro1 +0) > Y I(Yi; APVIAD AP XFYE ) (304)
k=1

Let us define the random variable V(l) Agll)A,(lm)A%OQ)X kilYk"H. With this

definition, we have the Markov structure Vk(l) — Uka@)Yk — X because

(X VU v v

= I(Xp; AV AWM A02) xk=Tymny (305)
< I(Xp; AP A02)) 4D xk—Tyn) (306)
< I(Xp; ADD A0y k=1 4(1) xk=Tyny (307)
= I(Xp; V1AW xk- 1Y") (308)

(. A<01):<P(01)( ym, (ALY (309)
< I(AW X, yEL xE-lyn) (310)
< I(AWXp yEl xRty (311)
= IXEYRHXRY) (o A = o) (X)) (312)
< I(XpY; xRyl (313)
= 0. (314)

Substituting Uy, V") and V,'*) into (304), we obtain

n(Ror +0) > Y 1 VIO IUvi® Xy,).
k=1
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In the same way as the above discussion, we have the Markov structure V1) —
UV@Y — X and

Ry > I(Y; VO uv@Xx),
Lastly, we evaluate Eq. (3). We obtain

> log M (315)
> H(AD) (316)
> H(APIAD APV APDY™) (317)
= I(XADADAPVAPIY™) (- AD = ol (APY, X)) (318)
= ) I(Xp ADAD APD AP XE Ly (319)

k=1

Here, we would like to apply Lemma 8 again. Let A = X, B = A?) ¢ = yk-1
and D = A%l)A,gOl)A%w)Xk’lYk”. In the same way as the proof of Theorem 2

(Section 5.3), we have I(A; C|D) = 0. Notice that ALY s replaced as ALY 40
here. Therefore, from Lemma 8, the bound (319) becomes
n(Ry+6) > Y I(Xp AP AL ALY AP xF-1ypm). (320)
k=1
Let us define the random variable Wy, = AP X F=1yn . With this definition,
we have the Markov structure Wy — Vk(l)Vk(Q)X r — UgYy because

(Ui Wi VOV X))

= I(V;; AP |AD AQD A0 xkyr (321)
< IV AD X AW A0 A0 xRy (322)
= I(Yk,Xk+1|A(1)A(01)A(02)X Vi) (o AD = g (AQY, X)) (323)
< I(Al Ol)A(OQ)Yk Xp oAV XRYE ) (324)
< I(APYA0DYE x| AD XY ) (325)
= IVFXp |ADXR Y ) (o AD = o (A, Y™ for i = 01,02326)
< IYRADXE L IXRYE ) (327)

IR XP LX) (A = oy (X)) (328)
< IXRYHR XL YD) (329)
= 0. (330)

Substituting Uy, V, () V(Q) and Wy, into Eq. (320), we have

Ry, > ZI(Xk; Wk|V;§1)V;§2)Yk)
=1
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In the same way as the above discussion, we have the Markov structure W —
VAOYAX — UY and

Ry > I(X;WvOy®@y),

Showing the existence of functions ¢(;) and ¢(3), and deriving the bounds
on ||, VW, V3| and |W)| are similar to the proof of Theorems 1 and 2.
This completes the proof of the converse part of Theorem 3. O

5.6 Theorem 3: direct part

Proof. We would like to omit the proof because this would be almost the same
way as those of Theorems 1 and 2. O
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