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Abstract

A new numerical algorithm for simulating
— Gel'fand-Pinsker channel capacity for memoryless channels
— Wyner-Ziv rate-distortion function for memoryless sources
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— Represent a density by a finite number of “particles”
( = sample values + the associated weights)
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Background

o Gel'fand and Pinsker (1980)

— Investigated a channel with non-causal encoder side
Information

Side information

Z
M—@—Xﬁ poI%z) Y ¥ M

Message  Encoder Codeword Channel Received Decoder Reproduced
codeword message
Capacity:
Cop(X;Y|Z) = max {I(U;Y)-1I(U;Z)}
Pyz-Pxiuz
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Background

e Dupuis, Fu and Willems (2004)

— Modified Arimoto-Blahut algorithm for computing
Gel'fand-Pinsker channels

— Applicable only for finite alphabets

— GP capacity for memoryless channels with infinite

alphabets
Cop(X;Y|Z)= sup {L(U;Y)—-I1(U;Z)}
Pyiz,Px\uz
P Ul
— sup f Pyxyz(u,x,y,7)log PU|Y( y)dudxdydz
Pyiz,Pxjz v (1.%,y,2) vz (ulz)

—> Integration calculations are often intractable.
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Approach

 Represent a density by a finite number of
“particles” ( = samples + associated weights)

N M~
_ N x;: sample
Px(x) ~ Px(x)= Z wi - 0(x — X;) w;: weight
i=1

S 6(-): delta function

\

/
(Note) Particle filter

) particle cloud
{x,

One of the most popular
Bayesian algorithms for
estimating hidden states
based only on observations.

correction

See

!
o resampling
prediction
--------------- : s L

Fig. 9. An illustration of generic particle filter with importance sampling and resampling.
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The procedure:
1. Update weights
2. Re-sampling
3. Update samples
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Another form of GP capacity

* Original form of Gel'fand-Pinsker (GP) capacity

Cop(X; Y|Z)
P Ul
= sup f Pyxyz(u,x,y,z)log Uty y)dudxdydz
(U,X,y,2) Pyz(ulz)

Py\z.Pxiuz
— Simultaneous optimization may be intractable.

e Dupuis, Fu and Willems (2004)
— The capacity is given with a function t: Z — X by

CopX;Y|Z) = supll(T;Y)-IT;Z)}

Prz
Pry(tly)
= Sup f Pryz(t,y,2)log | dtdydz
Prz J(u.y,2) Prz(tz)

Pryz = Pz(QPriz(tl)Pyxz(V1t(2),2)
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Arimoto-Blahut for GP channels

 The GP capacity Is rewritten as
Ceop(X;Y|Z)= sup
Qr11z:.Qr1y

Or1z{tl2)P Ory(
~[(; ) 1 Z(Z) I (t|Z) lez(ylt(z), Z) log IY( )’)
’ysz

O1z(12)
e Orzand Qry can be updated in each iteration as

dtdydz

oydy) o f P27, () Pyixz611(2), dz,

Q) o exp { f Pyixz011(2),2) log Qg'i‘;‘;(ﬂy)dy.}
y

— Integration calculations are often intractable.
— Calculating Qrizand Qryy for all ¢ is impossible
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Proposed method

1. Introduction
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Framework (1/4)

« Priz IS represented by a finite number of particles

Priz(tlz) =~ FTlZ(tEi) = Z wi - 6t — t;,j),

Stz = {ST|z(' z} : ST|Z(z',-)={'t',-',j}jil, . samples
Wrz = {(WT|Z(_1} , Wriz(z) = {Wi,j}ljzl : weights

— ‘Wrz and Stz determine the density Priz

SITA2008 in Kinugawa Presented by Akisato Kimura 12



Framework (2/4)

* The original optimization problem
Pry(tly)

Cop(X;Y|Z) = sup f Pryz(t,y,z)log drdydz
Prz J(u.y,2) Priz(tl2)
can be replaced as
Cop(X;Y1Z) = max I(Stiz, Wrz)
Sr-Wriz
I(ST12, Wr(12)
Mz N Pt
~ - N dUR )
= f ZZPTYZ(fi,j,y,Zi;Wi,j)IOg l —dy
Yi=1 j=1 bl

Pryz(tij¥.ziswij) = wij Pz(z) Pyixz Ol i(zi), zi)
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Framework (3/4)

 The maximization can be solved by the following
alternative maximization:

wn arg max I(S("_l) Wr12),

T\Z Wyiz T\Z °
Sg’}l)z = argmax I(St|z, "ngl)z)
Stiz

e The first maximization:
almost the same as the previous method

Mz
-1 m—1 1y ~
Q%?)(‘f?j ) « wa’;m )PZ(Zi)Plez(yrig} @) 7,
=i
~ -1
W™« exp { f PY|XZ()’|7§?(Z'1'),Z1') log Q%’;n)(??j )Iy)dJ’}-

i\j
g y

SITA2008 in Kinugawa Presented by Akisato Kimura 14



Framework (4/4)

 The second maximization:
difficult to maximize it directly
-> update samples to increase the capacity

1. Re-sampling to avoid “degeneracy”.
New samples are drawn from
N

Priz(fT) = sz',j'5(t ~ 1 j)
=1

2. Update samples based on steepest descent method.

o= by (/15’;.)+n§")) = I(ST|Z,‘W(
’ J i

T2
[,J i,J j

Srz=Spy;"
(n)

(';) step size, 7; ;
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Procedure: summary

Initialization
i. Draw samples {z};
i. Initialize particles S, Wiy

Update weights wf, given samples &7
. Update a density @7y
i. Update weights w7
lii. Repeat until i.-ii. convergence

Update samples s&, given weights Wy,
I. (if needed) Re-sampling

ii. Update samples S(}'I)Z

4. Repeat 2.-3. until convergence
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P

Lemma . C;p(X;Y|Z) < Cgp(X;YIZ)

Lemma . With the proposed method (without the resampling step)
1S D -y < (80D iy < (8™ v

TIZ > " TI|Z TIZ > " T|Z T|Z’ TIZ)
Theorem . With the proposed method (without resam-
pling), C;p(X; Y|Z) converges to a local extrema if the
step sizes {A;}i=12,... Satisfy the Wolfe conditions.

Proposition . Especially, if all the alphabets are equal to
RA (d: dimension) and the densily Pryyz IS continuous,
then with the proposed method we have

Cop(X;Y1Z) P Cop(X;Y1Z) (Mz,N — )
How do we check the continuity of Pryz ?7?
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P

1. Complexity and memory
[ Complexity priority ]
complexity: O(MzNMy), memory: O(MzNMy)
[ Memory priority |
complexity: O(M%NMy), memory: O(max{MzN, NMy})

2. General convergence
* Not proved yet.

 When estimating the rate-distortion function by
empirical estimators, in certain cases it may fail to
converge to the rate-distortion function.
[Harrison and Kontoyiannis 2008]
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Concluding remarks

 Present a new numerical method for simulating
the Gel'fand-Pinsker channel capacity

— By representing a density with particles

— It can be applied to simulate the Wyner-Ziv rate-
distortion function

e Future work
— Prove the theoretical convergence
— Reduce the computational complexity
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Thank you for your kind attention.
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Appendix
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o Sampling itself is often intractable.
- Markov Chain Monte-Carlo (MCMC)

e The algorithm sometimes encounters underflow
problems, especially when calculating

(r,m) [ 1)~ — (n,m) rn—1)
wi,j o €Xp tj;PYlXZ(yl[i,j (zi), 2i) log QT|Y (ti,j |y)dy} .

e The step size should be controlled so as to
satisfy the Wolfe conditions.
— Criteria for the convergence of the steepest descent
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