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[PAPER

Multiterminal source coding with complementary delivery*

Akisato KIMURA® and Tomohiko UYEMATSU?),| Members

SUMMARY A coding problem for correlated information
sources is investigated. Messages emitted from two correlated
sources are jointly encoded, and delivered to two decoders. Each
decoder has access to one of the two messages to enable it to re-
produce the other message. The rate-distortion function for the
coding problem and its interesting properties are clarified.

key words: multiterminal source coding, complementary deliv-
ery, joint encoding, separate decoding

1. Introduction

Coding problems for correlated information sources
were originally investigated by Slepian and Wolf [1].
Corresponding rate-distortion coding problems [2]-[4]
and various coding problems (e.g. [5]-[7]) inspired by
the work by Slepian and Wolf have been considered. In-
cluding the above studies, the main focus in the 1970’s
was on coding problems with separate encoding (each
message is separately encoded) and joint decoding (sev-
eral codewords are sent to a decoder and decoded si-
multaneously).

In contrast, since the 1980’s, coding problems that
involve joint encoding (messages from several sources
are encoded at once) and/or separate decoding (each
message is separately decoded) have been explored.
Separate decoding processes have mainly been consid-
ered in relation to multiple description (e.g. [8]-[10]),
while joint encoding processes can be seen, for exam-
ple, in the cascading and branching communication sys-
tems [11], the triangular communication system [12]
and multi-hop networks [13], [14].

Also, a coding problem that involves joint encoding
and separate decoding was considered by Willems et al.
[15],[16]. The coding system models a communication
network via a satellite. Several stations are separately
deployed in a field. Every station collects its own tar-
get data and wants to share all the target data with
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the other stations. To accomplish this task, each sta-
tion transmits the collected data to a satellite, and the
satellite broadcasts all the received data back to the
stations. Each station utilizes its own target data as
side information to reproduce all the other target data.
Willems et al. [16] investigated a special case of the
above scenario in which three stations were deployed
and each station had access to one of three target mes-
sages, and determined the minimum lossless achievable
rate for uplink (from each station to the satellite) and
downlink (from the satellite to all the stations) trans-
missions. Their main result implies that the uplink
transmission is equivalent to the traditional Slepian-
Wolf coding system [1], and thus the main problem is
the downlink part. Henceforth we denote the networks
characterized by the downlink transmission as general-
ized complementary delivery networks, and we denote
the generalized complementary network with two sta-
tions and two target messages as the complementary
delivery network (Fig. 1). This notation is based on
the network structure where each station (i.e. decoder)
complements the target messages from the codeword
delivered by the satellite (i.e. encoder). Kimura et al.
investigated a universal coding problem for the com-
plementary delivery network [17] and the generalized
complementary delivery network [18], and proposed an
explicit construction of lossless universal codes which
attains the optimal error exponent. Also, Kuzuoka et
al. [19],[20] simplified the coding scheme by introduc-
ing a concept of network coding [21].

The above previous researches considered only the
lossless coding problem. In contrast, this paper focuses
on the lossy coding problem. The minimum achiev-
able rate given distortion criteria and some interesting



properties of the minimum achievable rate are clarified.

This paper is organized as follows. Section 2 pro-
vides notations and definitions used throughout in this
paper. Section 3 investigates the lossy coding problem
for the complementary delivery network, which includes
descriptions of the main result and several related prop-
erties. The main result can be easily extended to the
problem of the generalized complementary delivery net-
works, which will be discussed in Section 4. Finally,
Section 5 provides theorem proofs.

2. Preliminaries

Let & and Y be finite sets. Especially, for any natu-
ral number M, we denote Zp; = {1,2,--- ,M}. The
cardinality of X' is denoted as |X|. A member of X"
is written as 2" = (x1,x9, -+ ,2,), and substrings of
x™ are written as x] = (2,241, ,x;) for i < j. A
set of all the probability distributions on X is denoted
as P(X). A discrete memoryless source (X, Px) is an
infinite sequence {X;}5°; of independent copies of a
random variable X taking values in X with a generic
distribution Px € P(X), namely

Pxn(a") = [ Px (@)
i=1

P(X|Py) denotes a set of all the probability distribu-
tions on X given a distribution Py € P()). Namely,
each member of P(X|Py) is characterized by Pxy €
P(X x Y) as Pxy = PxjyPy. A source (X,Px)
can be denoted by referring to its generic distribution
Px or random variable X. For a correlated source
(X,Y), H(X), HX|Y) and I(X;Y) denote the en-
tropy of X, the conditional entropy of X given Y, and
the mutual information of X and Y, respectively. Sim-
ilarly, for a correlated source (X,Y,Z2), I(X;Y|Z) de-
notes the conditional mutual information of X and Y
given Z. In the following, all bases of exponentials and
logarithms are set at e (the base of the natural log-
arithm). Let X stand for a reconstruction alphabet
that corresponds to a source X to be encoded, and let
Ax : X x X — [0, Ax] be a corresponding single-letter
distortion function, where Ax < oo. The vector dis-
tortion function is defined in the usual way, i.e.

SO R -
A% (2™, 3") = =) Ax(zn, Er).

n
k=1

3. Complementary delivery
3.1 Problem formulation

Definition 1. (CD (Complementary Delivery) code)

A set (%@S),@f)) of an encoder and decoders is a
CD code (n, M, p%X), p%y)) for the source (X,Y) if and

only if
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On XAV X Y = Iy,
@(11) 2 T, Xy”—m)?”,
@%2) s Iy, X X" — )A)”,

P = B [A% (X", 0 (4, Y™)]

o) = B [AL (", 32 (An, X))
A, = (X Y.

Definition 2. (Lossy CD-achievable rate)
R is a lossy CD-achievable rate of the source (X,Y") for
a given distortion pair (Dx, Dy) if and only if there ex-

{(n,Mn,p,(IX),pgly))}oo ) of CD codes

ists a sequence
for the source (X,Y) such that
1
limsup — log M,, < R,
n—oo T

lim sup p(X) < Dx, limsup p,(ly) < Dy.

n
n—oo n—oo

Definition 3. (Inf lossy CD-achievable rate)
R(X,Y|Dx,Dy) = inf{R|R s a lossy
CD-achievable rate of (X,Y) for (Dx,Dy)}.

3.2 Statement of results

Theorem 1. (Lossy coding theorem for CD code)
R(X7Y|DX7DY)
[max{I(X;U[Y), I(Y;U|X)}],

= min
Py xy€Pcp(U|Pxy)
where the alphabet U satisfies
Ul < 11X x Y| +2
and Pep(U|Pxy) C P(U|Pxy) is a set of probability
distributions such that there exist functions ¢y : U X
Y — X and Gy UXX — Y that satisfy

Dx > E [Ax(X, ¢ (U,Y))],
Dy > E [Ay(Y, ¢ (U, X))] .

Several important relationships between Theorem
1 and previously reported results are presented in the
following.

Lemma 1. (Compatibility with the result obtained for
the lossless coding)

Suppose that X = X, y= Y, Ax(z,z) =0 if and only
if e =2 and Ay (y,y) = 0 if and only if y = y. In
this case, the inf achievable rate R(X,Y|Dx, Dy) for
Dx = Dy = 0 is reduced to the minimum achievable
rate for the lossless coding.

RX,Y) Y R(x, YDy =0, Dy = 0)

= max{H(X|Y), H(Y|X)},

which coincides with the result reported by Willems et
al. [16].
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Proof. Note that if the conditions shown in Lemma 1
satisfy we have

P =0 <= Pr{X" £ g (4,,Y")} =0,
P =0 = Pr{Y" # 3 (An, X))} =

O

Lemma 2. (Relationship to the conditional rate-
distortion function)

R(X,Y|Dx =dy,Dy) = Rc(Y|X, Dy),
R(X,Y|Dx, Dy =dz) = Rc(X|Y, Dx)

if di > Ax and dy > Ay, where Ro(X|Y, D) denotes
the conditional rate-distortion function [22], namely the
minimum achievable rate when X is encoded and repro-
duced both with the side information Y to guarantee the
distortion criterion D.

Proof. It is sufficient to show that first equation. The
condition d; > A x implies that one of the two messages
does not have to be reproduced. Therefore, the encoder

n, sends the codeword only to the decoder @53% which
means that the coding rate characterized by the condi-
tional rate-distortion function is an achievable rate.

R(X,Y|Dx =di,Dy) < Ro(Y|X, Dy).
On the other hand, we have

R(X.Y|Dx, Dy)
> maX{RC(XD/v DX)? RC(Y|X3 DY)}
> RC(Y|X7 DY)

from the result of Theorem 1. O

Lemma 3. (Relationships to the conditional rate-
distortion function and Wyner-Ziv rate distortion func-
tion)

InaX{Rc(X|Y, Dx), Rc (Y|X, Dy)}
< R(X,Y|Dx, Dy)
S maX{sz(X|Y, Dx), sz(Y|X, Dy)},

where Ry z(X|Y, Dx) is the minimum achievable rate
for the coding system called the Wyner-Ziv coding sys-
tem [2], where X is encoded without any side informa-
tion and reproduced with the side information Y .

Proof. The left inequality was shown in the proof of
Lemma 2. The right inequality was shown by Kuzuoka
et al. [20]. O

Lemma 3 indicates that there may be some rate
losses only for the lossy coding. This property results
from the auxiliary random variable U included in the
inf achievable rate R(X,Y|Dx, Dy ).

4. Extension to multiple sources

Theorem 1 considered only two correlated sources.
However, the theorem can be easily extended to any
finite number of correlated sources.

Let X be a set of IV discrete memoryless sources

X — {X(l),X(Q),~-- ,X(N)}7

each of which X® takes a value in a finite set X'(?)
(i € In). For a given subset S C Zy of source indexes,
the corresponding subsets of sources, alphabets and its
members are denoted by

X = (x| e 8},
xS — H)((i)’
€S
28 = {20 e XD |i € S}.

Similarly, for a given subset S C 7y, the n-th Cartesian
product of X(5)_its member and the corresponding ran-
dom variable are written as X, z(8)n and X",
respectively. A substring of ()" is written as CIZES)J
for i < j. With § = I, we denote XS — X" Also
for a given subset S C 7y, its complement is denoted
by S¢ = IN -S.

Here, we introduce the definition and the coding
theorem of the generalized complementary delivery code
which considers multiple correlated sources, multiple
encoders and multiple decoders.

Definition 4. (GCD (Generalized Complementary De-
livery) code)

A set (¢n, @(11), e ,@%M)) of single encoder and M de-
coders is a GCD code

(TL, an {pg’i) }jEIM,iESj)

for the source X if and only if for any j € Ty and
1€ Sj CIn

Pn X(IN)n - IMn
Y Ty x XS, BSn,
P = B Al (X0, 50 (4, X))

Ap = on(X™),
where @53 % s the output of @(1] ) that corresponds to the

reproduction of X"

Definition 5. (Lossy GCD-achievable rate)
R is a lossy GCD-achievable rate of the source X for
a given set

D = {Dji}jezm,ics;

of distortion criteria if and only if there exists a se-
quence



{ (TL, My, {p%l7i)}j61wf,i68j) }n:1

of GCD codes for the source X such that for any j €
Iy and i € S

1
limsup — log M,, < R,

n—oo

lim sup p;“) < Dj;.

n—oo

Definition 6. (Inf lossy GCD-achievable rate)
R(X|D) = inf{R|R is a lossy
GCD-achievable rate of X for D}.
Theorem 2. (Coding theorem of lossy GCD code)
R(X|D)

= min max [ (X(
Py x€PcpU|Px)Jj€lm

where the alphabet U satisfies

sn;U‘X@s;))’

M
Ul < [ XE 4+ 7S],
j=1
and Pcp(U|Px) C P(U|Px) is a set of probability dis-
tributions such that for any j € Iy and i € S; there
exists a function ¢(;;y : U X XS5 — XD that satisfy

Dj; =2 E [Axm (X(i),¢(j7i) (U’X(S]?)))} '

As a typical example, Theorem 2 can be applied to
the coding problem formulated by Willems et al. [16].
In this coding system, the encoder sends three messages
= {X.Y,Z} to three decoders, and each decoder
has access to one of three messages to reproduce the
two other messages. Theorem 2 indicates that the inf
achievable rate for this coding problem is obtained as
R(X,Y, Z|Dy, Do, D3)

= ln
Py xyz€Pcp(U|Pxyz)

max{I(XY;U|Z),I(YZ,U|X),[(XZ;U|Y)},

where the alphabet U satisfies |U| < |X XY x Z|+6, and
Pep(U|Pxyz) € P(U|Pxyz) is a set of probability
distributions such that there exist functions

b(12) UXX — Y,

P(21) UXY — X,

b1 UX Z — X,
that satisfy

D12 > E[Ay (Y, ¢a2) (U, X))],
D13 > E[Az(Z,913)(U, X))],
Doy > E[Ax(X, ¢y (U,Y))],
Doz > E[Az(Z, ¢23)(U,Y))],
D31 > E[Ax (X, ¢31)(U, 2))],
D3z > E[Ay (Y, ¢32)(U, Z))].
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5. Proof of theorems
5.1 Theorem 1: converse part

Proof.
Let a sequence {(gpn,gpnl),@f))}n, of CD codes be
given that satisfy the conditions of Definitions 1 and
2. From Definition 2, for any 6 > 0 there exists an
integer nq = n1(0) and then for all n > n4(d), we can
obtain

1
ﬁlogMn < R+9.

It should be remembered that A, =
Then, we obtain

n(R+9)
> log My,

> H(A)

> H(An|Y™)

I(X™ Ap|Y™) (0 An = (X7, YT))
= H(X"Y™) — H(X"A,Y™)

On(X™ Y™).

H(Xp|A, X 1y}

I
M=

{H(Xk|Yy) —

~
Il
—

I
M=

I(Xp; A XFY 1y Yy

E
Il
—

I(Xp; A XE 1y =1y,

NIE

>

E
Il
—

Let us define random variables U = A, Xk 1y*-1,

With these definitions, we have

WE

n(R+6) > I(Xp; Ug|Yr).

E
Il
—

In a similar manner, we obtain

NE

n(R+6) > I(Yi; U Xk).

E
Il
—

Here, let J be a random variable that is independent of
(X,Y) and uniformly distributed over the set Z,,. We

define a random variable U = (J,U;). This implies
that

R+6

> I(Xy; Ur|Ye)

H(Xy|UrYk)}

H(Xp|Yy) — H(X,|UsY5, J = k)}

1 n

.
k=1

> {H(XY) -
k=1

- Z{
k=1
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H(X|Y) - H(X,;|JU;Yy)
H(X|Y) - H(X|UY)
I(X;U|Y)

and
R+ > I(Y;U|X).
Since 0 > 0 is arbitrary, we obtain
R > max{I(X;U|Y),I[(Y;U|X)}.

We next show the existence of functions ¢(;y and
¢(2) that satisfy the conditions of Theorem 1. From
Definition 2, for any v > 0, there exists an integer
ng = na(7y), and for all n > ny(y), we have

1 - [ A(l n
> -

:AX(X]C7X]€):| ;

I
S|
-
=

I~ ~(2)
> — n
Dy 4+~ > n§ E | Ay (Y 8,00 (An, X ))}

= %ZE :AY(Yk,?k)} ;

where <p() (1 = 1,2, k € Z,) is the output of &} at
time k, and

X = (A, Y™,
Vi = 38 (A, X™).

We note that U,Yj, contains A, Y*, and U, X}, contains
A, X*, which implies that V)" (resp Xk+1) is fur-

ther needed to generate X k from U,Yy (resp. Yk from
UrXy). Here, let us define the distribution Qg, g, of
A, X*1Y*2 namely for any z¥t € X% yk2 € Y*2 and
an € IMT(LU

Qhy ks (an, ™, y*?)
def n n k
Pr{io (X", Y") =a,, X" =

zn n n—ky n—ko.
(zk1+1,yk2+1)eX Xy :

$n (r" ,y"):an

xkl , YkQ — ykz}
PXnYn (an, yn)

Also, let Q,(gl) be the distribution of X} given UyYj,

namely for any uy = a,2z* " tyF~!

1) def.  Qrrlan, 2%, y*)
Tk |Uk, = s
Qk ( k' k> Yi) Qk—1,k(an,$k_1,yk)

and Q,(f) be the distribution of Yj given U X}, defined
similarly.

2) def.  Qpplan, 2" y")
@ (s ) = Qk,kfl(anaxkaykil).

Further, let us define f’k’ﬂrl (U, Ys) (resp. )~(,?+1 Uk, X1))
as a random variable selected to minimize the average
distortion between Xj and X given UyY) (resp. be-

tween Y and ?k given Uy X}), namely

Vi (Us, Yk)dgf' arg min

vy, evnk
41€
> QL (XklUk, Yi) Ax (X, Xi),
XpeX
)?,?H(Uk,Xk)dgf' argmin
Xp, exn-
Z Q,(,CQ)(YHUk,Xk)AY(Yk,?k)-

Y€y

We choose the functions ¢(;) and ¢y) as follows:

def.
éyk Uk, Y) =

def.

b2k (Ur, Xi) <
def.

o (UY) =" ¢1)s(Us,Y),

by (U, ) 4

P (A YE Y (U V),

P (A, XP 5 X (Un, X)),

f.
G270 (U, X)

where * is an operator that represents string concate-
nation. It is easy to see that

E [Ax(Xk, d(1)k(Ur, Yz))]

= B [Ax (X B0 (A, YF 5 V4 (U, Y0)))
<E :AX(XkaSan(AnaYn))}

=F :Ax(Xkan)}
E [Ay (Yi, o2 (Ur, Xi))]

<E :Ay(Yka?k)} -

This implies

E [AX(Xk,)?k)}

S|

Dx +~ >

- 1:

Y
S|

E [Ax (X, $1)5(Us, Yi)]

k=1

E[Ax(X, ¢y, (Us,Y)|J = K]

k
[Ax (X, 90y (U, V)],
[Ay (Y, ¢) (U, X))]
Since v > 0 is arbitrary, we obtain

Dy = E [Ay(Y, () (U, X))].

[
SEIERE
M=

Dy +v 2> E

It remains to establish that the bound on |U| spec-
ified in Theorem 1 does not affect the determination



of the inf achievable rate R(X,Y|Dx, Dy). To do this,
we introduce the support lemma [23, Lemma 3.3.4]. We
can see that

Pxy(z,y) ZPU u) Pxy v (, ylu),
ucU
I(X;UY) = H(X]Y) — H(X|UY)
= H(X|Y) — ZPU
ucl
Pyju(y|u)
ZPXY\U(%?AU) log%
(z,y)eX XY Xy|u\Z, Y
I(Y;U[X) = HY|X) - HY[UX)
= H(Y|X) - ZPU
ucl
Pxu(z[u)
Z Pyyu(z, ylu) log%
(z,y)eX XY Xy|u\Z, Y

E[Ax (X, 00y (U,Y))]
— Z PU(U)ZPXY‘U(x,ylu)AX(JC,¢(1)(va))
ueU (z,y)eX XY

> > Py(u) ) min

ueld yeyfex
Z Pxy (@, ylu)Ax (z, @), (1)
TEX

E[Ay (Y, ¢(2)(U, X))]
= ZPU ZPXY\U (@, ylu) Ay (y, 2 (u, ))

uweU (z,y)eX XY
> 3 Pol) Y min
ueU TEX yey

ZPXHU(’I;Z/W)AY(Z/’@’ (2)
yey

where Eq.(1) (resp. Eq.(2)) comes from the fact that
for given letters (u,y) € UX Y (resp. (u,x) € UXX) the
output of the function ¢(;) (resp. ¢(2)) can be selected
S0 as to minimize the average distortion. We then define
the following functions of a generic distribution @ €

P(X x)Y):

ql(Q7 (ﬁvy)) = Q(x,y),
32(Q) = max{q2,1(Q), 22(Q) },
QQ,l(Q)

> QW y)
= H(X|Y) - Q) log “5———,

(W;Xy Q(z,y)

qzz(Q)

> Q@.y)
= — s log ¥Y
= HYIX) = Y Q) los "

(z,y)€X XY
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QB,l(Q) = Z LnlI/l\ Z Q($, y)AX (ZIJ, i\)

yeY TE€X e

452(Q) = Y min > Q(x,y)Ay (y,7)

reX yey yey

Note that |X x Y| — 1 functions are necessary to pre-
serve the distribution Q(z,y) and 2 functions to pre-
serve the average distortion characterized by the generic
distribution (). From the support lemma, we can find
a generic distribution o € P(U) such that U C U,
U| < |X x Y|+ 2 and the following equations are si-
multaneously satisfied:

> alwa (Pxyju(-|u), (,9))

uelj

Z Q(U)QQ(PXY\U('W))

uGZ;{v

= ny(ﬂi, y)v (3)

= max{I(X;U|Y),
ZQ(U)QB71 (Pxyu(-u))

ucl
= Z o(u) ZLDI/_% Z Pxyu(@,ylu)Ax (z, @),

I(Y;UIX)},

well yeY TE€X pex
Z a(u)gz2(Pxyu(-|u))
uGZ;{v

= a(u) > min Y Pyyiu(z, ylu)Ay(y. 7).

well zeX YEY yey

Here, let us define functions gbz‘l) ‘UXxY — X and

D2 .U x X — Y that satisfy

¢(1)(u,y) = argmin > Pxyiu(@, ylu)Ax(z,7),
rzeX xeX

By (1,2) = argmin 3 Py (@, ylu) Ay (5. 5).
yeY yey

With these definitions, we have

> a(was(Pxyu(lu)) = E[Ax (X, ¢{1)(U.Y))],

uGZ;{v

Za(u)QB,2(PXY\U('|U)) = E[Ay (Y, ¢(5)(U, X))],

uGZ;{v

and
Dy > E[Ax (X, ¢1)(U,Y))]
> E[Ax (X, 60, (U Y))],
Dy > E[Ay (Y, ¢2) (U, X))]
> E[Ay (Y, ¢y (U, X))].

Hence, qﬁz‘l) and QSE‘Q) satisfy the conditions of Theorem
1. Further, Eq.(3) implies that there exist a random

variable U and a joint distribution Pﬁ +y that satisfy
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Q(U)nylU(ZE,th) = Pﬂxy(uvxvy)

for all (u,z,y) € U x X x Y. The new joint distribution
preserves the distribution Pxy

Z Py z,y) = Z a(u)Pxy v (z, ylu)
ueZ;{v ug[,?
= Pxy(z,y).

This completes the proof of the converse part. [

5.2 Theorem 1: direct part

We begin by establishing some notation and mentioning
a few basic facts that will be used hereafter.

Definition 7. (Set of typical sequences)
For any 0 > 0, define the set of typical sequences as

T%(0) =

{x" eax": ‘%N(ﬂx”) — Px(x)

<5Vx6X},

where N(x|z™) stands for the number of occurrences
of the letter x included in the sequence x™. A similar
convention is used for other random variables. When
the dimension is clear from the context, the superscript
n will be omitted, e.g. Tx(0).

Lemma 4. (Csiszar-Korner [23])
For any 6 >0

Pr{X" € Tx(0)} > 1—€,(0),
where

lim €,(6) = 0.
Lemma 5. (Csiszar-Kérner [23, Lemma 1.2.10])
For any 0,8 > 0, if (",y") € Txy(d1) then 2" €
Tx (0:|Y])-

Lemma 6. (Steinberg-Merhav [24])
For any ¢ >0 > 0 and 2™ € Tx(9)

exp{—n(I(X;U)+¢€1)}
< > Py(ut) < exp{-n(I(X;U) - )},

um:(un,z")eTyx (6)

where €1 1s a function of (8,8, €3 is a function of (6,5")
and

lim €y = 0.

lim €1 =
§,0’—0

5,60
Now, we proceed with the proof of the direct part
of Theorem 1.

Proof.
Let a distortion pair (Dx, Dy) be given, and Py |xy €
Pop(U|Pxy). Fix arbitrary v,0 > 0.

Codeword selection: o,
(1) Randomly generate My independent codewords
u™(i) € U™ (i € Iy, ), each of length n, according
to Py to create a codebook Ay = {u"(i)}MY.
(2) Partition the codebook Ay into Ny bins, each con-
taining Ly = My /Ny members of Ay. For simplicity,
My is a multiple of Ny. Let Ay (j) denote the subset
of Ay whose elements are assigned to bin j (j € Iy, ).
Without loss of generality, we define

AU(]) = {Un(i)}giéjjfl)LUH'
Encoding: on,
(1) For a given input pair (z",y") € &A™ x Y" of se-
quences, the encoder seeks a vector u™ € Ay that sat-
isfies (u™, 2™, y") € Tyxy (k16), where k1 > 0. If there
is more than one such vector in the codebook Ay, the
first one is chosen. If there is no such vector in the code-
book Ay, a default vector is chosen, say u"(1), and an
error is declared. The selected vector is denoted by
u™ (™, y").
(2) The value assigned to the encoder ¢, (+) is the bin
index to which u"(z™,y™) belongs, that is,

if u" (2", y") € Av(j)-

on(x™y") = J

Decoding: @(11)

(1) The decoder has access to the bin index jy € Zy,
received from the encoder and the sequence y™ € Y" of
side information.

(2) The decoder seeks a unique vector v € Ay (ju)
that satisfies (u™,y™) € Tyy (k20), where ko > 0. This
vector is denoted by u"(y™). If there is no or more
than one vector v € Ay (ju) jointly typical with y™,
arbitrary u" is chosen, and an error is declared.

(3) The reconstruction vector " = (Z1, T2, ,Ty) is
given by

Tk = oy (Ur(y"), k) (k€ Zy,),

where g (y™) is the k-th element of u™(y™).
Decoding: @(12)
(1) The decoder has access to the bin index jy € Zy,
and the sequence z™ € X of side information.
(2) In a similar manner to @%”, the decoder seeks a
unique vector u” € Apy(ju) that satisfies (u™,2") €
Tux (ksd), where ks > 0, and the reconstruction vector
y" is given by

Uk = ¢ (ur(z"),2x) (k€ Ly).
Distortion evaluation: @(11)
For the distortion, we obtain

A% (2™, 2")

1 & A
= — E Ax(l’k,xk)
n
k=1

L3 Ax(as b (@), 1)

k=1



1 _
= = 3 Nz ya "), " y")
" (u,z,y) EUX X XY

Ax (33, ¢(1) (ua y))

We note that (u”(2",y™), 2", y") € Tuxy (k19). Also,
if no error occurs in the encoding/decoding process, we
have u™(z™,y™) = u™(y"™). In this case, the following
inequalities are satisfied:

A (2", z")

< Z (PUXy(u,x,y)+I€15)Ax(x,¢(1)(u,y))
(u,z,y) EUX X XY

E [Ax(X, ¢(1)(U, Y))] + k16ZX|Z/{ X X X y|

<
< Dx —|—I€15ZX|Z/{ X X X yl

We denote error probabilities in the encoding/decoding
process as P. Then, the average distortion can be

bounded as
E [A%(x", X"
< (1= P")(Dx 4 k10Ax|U x X x Y|) + P"Ax.

Since § > 0 is arbitrarily small for a sufficiently large
n, if P* vanishes as n — 0o, we can obtain

limsup E {A}(X”,)?”)} < Dx.

n—oo

Distortion evaluation: @%2)

We can obtain

limsup E [A@(Y",?”)] < Dy

n—oo

. il ~(1)
in a similar manner to ©n -

Error evaluation: o,

If there is no u" € Ay that satisfies (u”, 2™, y") €
Tuxy (k16), an encoding error has occurred. This event
is denoted as

def. 7
Bu S () {w"6),2",y") ¢ Tuxy (k6)}.
i=1

Here, let us define

f.
Ey de {(z™,y") € Txy (kod)},

where kg > 0. From Lemma 4, Pr{ES} — 0 as n — oc.
Then, we have

PI‘{El} S PI‘{El U ES}
= PI‘{ES} —|— PI‘{EO M El},
PI“{EQ n El}
< Z Pxy (2", y")

(zm,y™)E€Txy (kod)

My
Pr{ ﬂ{(U”(z),x”,y") ¢ Tuxy (k10)}

IEICE TRANS. FUNDAMENTALS, VOL.Exx—?7, NO.xx XXXX 200x

= > Pxyv(y")

(zm,y™)E€Txy (kod)

My
Pr { ﬂ {U"(@), 2", y") ¢ TUXY(k15)}}
i=1
(.- u" (1) is selected independently of (z™,y™))
> Pxy(a"y")
(I",y")ETxy(kots)
[1—exp {—n(I(XY;U) +e) )™
(.- Lemma 6)
< Z Pxy (2", y")
(I",y")ETxy(kots)
exp [-My exp{—n(I(XY;U) +e,)}],
(. (1-a)" < exp(—an)

IN

where ¢, is a function of (k10, kod). By setting My, k1
and kg as

My > exp{n(I(XY7 U) + mlp)/)}a my >0,

myy > €, and k1 < ko, we have lim,, .., Pr{E;} = 0.

Error evaluation: @(11)

If there is no or more than one u™ € Ay (jy) such that
(u™,y™) € Tuy (k20), a decoding error is declared. This
event is classified into two cases.

(1) First case: (u™(2™,y™),y") ¢ Tyy (kod). However,
this error does not occur by setting ko as ko > k1|X|
because (u"(x",y"), 2", y") € Tyxy (k1d) and Lemma
5.

(2) Second case: If there exists u™ € Ay(ju), u™ #
u (2™, y™) such that (u”,y") € Tyy (k20). This event
is denoted as

def. no,mn
B, € U {(u",y") € Tuy (k20)}.
um €A (ju ), umFum (x"y")

Let i(j, k) be the index i of k-th v"(7) in Ay (j), namely
from the definition of Ay (j) we have

i(j,k) = (j — DLy + k.

Since if (2™, y™) € Txy (kod) then y" € Ty (kod|X]), we
have

PI‘{EQ}

IN

PI"{EQ U Eg}
PI“{ES} + PI‘{EO n Eg},

PI‘{E() N EQ}
Ly

Z Z Py (y")

k=Y €Ty (kod|X])
Pr {(U" (i, K)),u") € Ty (ka0)}
(.- u" (i) is selected independently of y™)
Ly exp{-—n(I(Y;U) —¢€)},

(" Lemma 6)

IN

IN
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where € is a function of (kod||X||, k2d). By setting Ly
and ko as

Ly <exp{n(I(Y;U) = L)}, b >0,
l1y > € and ko|X| < ko, we have lim,, .o, Pr{E2} = 0.

Error evaluation: @%2)

This is almost the same as the case of @(11). We have
to set

Ly < exp{n(I(X; U) — ZQ’)/)}, lo >0
to vanish the encoding/decoding errors.

Rate evaluation: ¢,
The encoder sends the indexes of the bin using

1
R = —log Ny
n
= Ligdo
= LU

> (XY, U) +myy
—min{I(Y;U) — 17, I(X;U) — lav}
= max{I(X;U|Y) + L1y, [(Y;U|X) + lav} + m1y
bits per letter. Since v > 0 is arbitrary, we obtain the
coding rate as max{I(X;U|Y), I(Y;U|X)}.
This completes the proof of Theorem 1. O

5.3 Theorem 2: converse part

Proof.
The proof of Theorem 2 is quite similar to that of The-

orem 1. Let a sequence {(@n,@ﬁ),-- 7@%1\4))}%0:1 of
GCD codes be given that satisfy the conditions of Def-
initions 4 and 5. From Definition 5, for any > 0 there
exists an integer ny = n1(9) such that for all n > nq(9),
we can obtain

1
—logM, < R+6.
n
In a similar manner to Theorem 1 we obtain

(xS 4, x4 x5,

M:

n(R +9)
k=1

Let us define random variables U, = A,X*! and
let J be a random variable that is independent of X
and uniformly distributed over the set Z,,. We define
a random variable U = (J,Uy). This implies that for
every j € Iy

R+6 > I(X©E), U x5)).

Since § > 0 is arbitrary for a sufficiently large n, we
obtain

R > max (XS, U| X)),

JE€ELM

We next show the existence of functions ¢; ; (j €
Ium, © € S;) that satisfy the conditions of Theorem 2.
From Definition 5, for any v > 0 there exists an integer
ng = na(7y) such that for all n > na(y)

Dji+~

> —ZE[AXU (X0, 300 (4, X))

where $ cp D (k€ T, ) is the output of 3¢ at time k.

We note that UkX contalns A, X (Si)k , which im-
n —(S;
plies that X ,g +1) is further needed to generate X ,(~C )

from UpX ,(C ”). Here, let us define the distribution
Qky iy Of AnX(Sj)klX(S}:)’”7 namely for any x(Si)k1 ¢
XSk g (S)k2 ¢ x(SDk2 and q,, € Ty,

le,kg (anaw(Sj)klam(S;)]Q)
def. Pr{pn(X™) = an,

X(S LI w(sj)kl,X(S;)k2 _ w(S;)lm}
= S Pxa(@®),
(L5 S0 ) e in Syt
@n(m(IN)n):an
Also, let Qk be the distribution of X ,(fj ) given

(85) In)k—1

UpX, 7', namely for any uy = anxl

) (S s¢
0 (25 jug, 2
def.  Quplan, xSk k)

Qi—1.k(an, 2(SHE-1, w(sf)k) :

Further, let us define X ,ﬁ +J1) (Ug, X, 7" ,i) as random

variables Selected to minimize the average distortion
between X ) and the output of cp( (i € S;) given

U xS

(5)

, hamely

—(85)n (5 ) )def

X, Uk, X arg min

(8§)m (S¢)n—k
X, ex i

j S; (S5)
> & x )
x5 ex(Sp)
Axo (XY, @S;? (An, XSIM)),
We choose the functions ¢;.;) as follows:
S¢
Qb(j;i)k(UkaX( ]))

def. 56 (4, xS X )" (Uk,X,(ff),z')),

yydef. c
¢(J Z)(U X ) = ¢(J z)J(UJa S )

In a similar way to Theorem 1, we obtain

n7
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S
T
2

\Y
Sie
M=

B [Axo (X, 870 (40, XSm))]

~
Il
—

Vv
S
NE

E[Ax('t)( k a¢(] z)k(Uka C))):|

I
=

=F

— &

Axa (X(i),éb(j;i)(U,X(S;)))} :

Since v > 0 is arbitrary for a sufficiently large n, we
obtain

Dys 2 B [Axo (XD, 05U, X))

It remains to establish that the bound on || spec-
ified in Theorem 2 does not affect the determination of
the inf achievable rate R(X|D). In a similar way to
Theorem 1, we then define the following functions of a
generic distribution Q € P(XIN)):

Lh(Q,w(IN)) = Q(w(IN))
¢2(Q) = max ¢2 ;(Q),
JE€EIM

¢2,4(Q) = H(X)| X))
3 Qa2
(S ) (S;)
_ (Zn) ex
Z Q(CC N )log Q( (IN)) )

2TIN) cx(TN)

GmGn(@Q) = > min

c c 1(7‘)6%\(‘)
m(SJ )EX(SJ')

Z QTN A i) (2D, 30),

2(5i) e x(S55)

where j € Iy @ € S; and m(j, i) denotes the serial
number of the source X contained in the index set S;
defined as follows:

j—1
. def. |~ T
m(j,i) = |{ieSjli < z}‘ + Z |S;].
=1
Note that |X~)| — 1 functions are needed to preserve

the distribution Q(z*~)), and Z _, |S;| functions to
preserve the average distortion characterlzed by the
generic distribution ). From the support lemma, we
can find a generic distribution o € P(U) such that

Ucu,

M
U] < X4 LS|

=1

and the following equations are simultaneously satis-
fied:

Z a(u)q (Px v (-[u), ™)) = Px (™)), (4)

uEZ;{v

IEICE TRANS. FUNDAMENTALS, VOL.Exx—?7, NO.xx XXXX 200x

Z a(u)gz (Px v (-[u))
uEZ;{v

= max I(X ;7| X)),

JE€ELM

> o) g5 m (.0 (Pxjo ()

uelj
= Z min
wi ot TR
Z PX\U(CU(IN)W)AXM (=@, 2.
IRERPPWER)

Here, let us define functions qﬁz‘j,i) U x XS L X0

(J € Zn, i € Sj) that satisfy

5 (u, 2(57)) = argmin
THex @

> Pxp(a

259 e x (55

In) [W)A ) (x(i) , g(i)).

With these definitions, we have

ZNO‘(“)qB,m(j,i) (Px v (-[u))
uel

= E[Axo (XD, ¢, (U, X))

and
Dii = ElAxo (XY, (U, X))
> ElAxw (XY, ¢, U X)),

Hence, gb batlbﬁes the conditions of Theorem 2. Fur-

ther, Eq. (4) implies that there exist a random variable

U and a joint distribution P that satisfy

a(u)Px p(@™™)|u) = P (u,2))

Ux

for all (u, z*~)) € U x XIN). The new joint distribu-
tion preserves the distribution Px

Y Pox(w,a®)) =3 au) Pxjy(@™|u)
uGZ:i uea
= Px (™).

This completes the proof of the converse part of
Theorem 2. O

5.4 Theorem 2: direct part

Proof.

The proof of Theorem 2 is quite similar to that of The-
orem 1. Let a set D of distortion criteria be given, and
Pyx € Pep(U|Px). Fix arbitrary v,d > 0.

Codeword selection: ¢,
The same way as Theorem 1.
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Encoding: on

Almost the same way as Theorem 1.

(1) For an input set xZ¥" ¢ XN of sequences,
the encoder seeks a vector u™(i) € Ay such that
(u" (i), zT¥)") € Tyx(k16), where ky > 0. The se-
lected vector is denoted by u™(Z~)™),

(2) The value assigned to the encoder ¢, (+) is the bin
index to which u™(x@~)") belongs, that is,

pn (@) =, u (@) € Ay ().
Decoding: @(1] )
Almost the same way as Theorem 1.
(1) The decoder has access to the indexes jy received
from the encoder ¢, and the sequence set 2" ¢
xSim,
(2) The decoder seeks a unique vector u™ € Ay (ju)
such that (u”, (5" e T, s (k2,j0), where kg j > 0.
This vector is denoted by @"(a(5)™).
(3) The reconstruction vector A
(S _ {fg(i;j)n| i€ Sl
2 = @, 209),

57 = 0 @@ ), 2% (ke L),

is given by

where T, (2(57)") is the k-th element of u”(z(Si)™).

Distortion evaluation: @(1])

In the same way as Theorem 1, we obtain

A% (2 FHInY
=2 Y N ™ @@, 2
(u,z TN YeU x X (TN
Axa ($(i),¢(j;i) (u, 2(5))
Z (PUx(U,SC(IN)) +k15)
(u,z@N))eUx X IN)
Axa (fC(i)ﬁ(j,i)(UaiE(S;)))

E [Axo (XD, 60,5(U, X))

IN

IN

+k'15KX(i) |Z/{ X X(IN)|
Dj;+ kﬂszx(i) [ x X(IN)|.

IN

We denote error probabilities in the encoding/decoding

process as PI'. Then, the average distortion can be

bounded as
E [A}m (x@On X (i)ny
< (1= PM)(Dji+ k0D |U x XIN|) + PPA v ).

Since § > 0 is arbitrarily small for a sufficiently large
n, if P' vanishes as n — oo, we can obtain

limsup E |A' (X(i)n,)?(i;j)n)} < Dji

n—oo

Error evaluation: o,

11

If there is no u” € Ay such that (u", z¥") €
Ty x (k10), an encoding error has occurred. This event
is denoted as

My

N {@" @), 25) ¢ Tux (k)}

=1

B, dgf.

Here, let us define

By & {2 @) € Tx (o)},

where kg > 0. From Lemma 4, Pr{ES} — 0 as n — oc.
Then, in a similar manner to Theorem 1, we have

Pl“{El} < Pl“{El @] Eg}
= PI“{ES} + PI‘{EO n El},

Pr{EoNE} -0 (n— o)
by setting My, k1 and kg as
My > exp{n(I(X;U) +miv)}, mi >0,

miy > €, = Eu(k15, kod) and k1 < ko.

Error evaluation: @(1])

If there is no or more than one uf;) € Ay(ju) such

that (u’&),w(sﬂn) € TUX<s]c_>(k25), a decoding error is
declared. This event is classified into two cases.
(1) First case:

n((IN)n (S]C)n .
(W @), 25 ¢ T, s (kad).

However, this error does not occur by setting ks as ko >
k1]|X(S3)| because

(u™ (@), TN e Ty x (ki 6)

and Lemma 5.

(2) Second case: If there exists u™ € Ay(ju), u™ #
uw(2T¥)") such that (u™, 25" € T, (ka6).
This event is denoted as

X(S;)

def. W (S
By = | ", =) ) €T, o0 (ka6) .

wn s (SERI)
Note that if (z(Z¥)") € T'x (kod) then
2" € T (5o (kod| X)),
Therefore, we have

PI‘{EQ} S PI‘{EQ U Eg}
= PI‘{ES} —|— PI‘{EO N EQ},

Pr{EyNE;} -0 (n— o)

in a similar manner to Theorem 1 by setting Ly, ko as

Ly < exp{n(I(XS),U) — liyv)}, 1 >0,



12
lijy > € = e(kod| X (53| kad) and ko|X (S| < ko.

Rate evaluation: ¢,
The encoder sends the indexes of the bin using

1
R = —log Ny
n
_ L My
N n & LU

I(X;U) +myy — min {I(X);U) — 1,7}
JE€EIM

Y

= G%X{I(X(Sj); UIX D) + 17} + may
JE€S;

bits per letter. Since v > 0 is arbitrary, we obtain the
coding rate as maxjes, I(XS), | xS,
This completes the proof of Theorem 2. O
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