
Multiterminal source coding with complementary delivering

Akisato Kimura∗1,∗2, Tomohiko Uyematsu∗1

akisato@eye.brl.ntt.co.jp, uematsu@it.ss.titech.ac.jp

∗1 Department of Communications and Integrated Systems,

Graduate School of Science and Engineering,

Tokyo Institute of Technology

∗2 Media Information Laboratory,

NTT Communication Science Laboratories,

NTT Corporation

2006 Hawaii, IEICE and SITA Joint Conference on Information Theory 2006.5.24 – p.1/20



Abstract

• Investigate a coding problem for correlated information
sources, where
◦ messages from two correlated sources are jointly

encoded
◦ each decoder has access to one of two messages to

reproduce the other message
• Clarify the rate-distortion function for this problem
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Introduction (1/2)

• Coding problems for correlated information sources were
originally investigated by Slepian and Wolf [SW73]

• A huge number of coding problems have been considered.
◦ Corresponding rate-distortion coding problems (e.g.

Wyner-Ziv [WZ76], Berger-Tung [Tun78])
◦ Various coding problems derived from the Slepian-Wolf

coding problem (e.g. Wyner [Wyn75], Sgarro [Sga77],
and Körner-Marton [KM75])

• Including the above studies, the main focus has been on
coding problems with
◦ Separate encoding : each message is separately

encoded
◦ Joint decoding : some of codewords are sent to a

decoder and decoded at once
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Introduction (2/2)

• The situation we investigate here involves
◦ Joint encoding : messages from several sources are

encoded at once
◦ Separate decoding : each message is separately

decoded
• Separate decoding processes have already been

considered (e.g. multiple description [EC82])
• Joint encoding processes have rarely been studied

◦ Gray-Wyner [GW74], Willems-Wolf-Wyner [WWW02]
and Yamamoto [Yam96] are almost the only studies.
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Main contributions: complementary delivering
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• We clarify the rate-distortion function and some interesting
properties for the above coding problem.
◦ The minimum achievable rate for lossless configuration

have been clarified. (Willems-Wolf-Wyner [WWW02])
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Preliminaries (1/2)

• X : finite alphabet, |X | : cardinality of X , IM = {1, 2, · · · ,M}
◦ In what follows, only finite alphabets will be considered.

• xn = (x1, x2, · · · , xn) : member of X n,
xj

i = (xi, xi+1, · · · , xj) : substring of xn (i ≤ j)
◦ When the dimension is clear from the content, vectors

will be denoted by boldface letters, i.e., x ∈ Xn

• M(X ) : the set of all probability distributions on X ,
M(X|PY ) : the set of all probability distributions on X given
a distribution PY ∈ M(Y)

• X : a discrete memoryless source taking values in X with a
generic distribution PX ∈ M(X )
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Preliminaries (2/2)

•

H(X) : entropy of X,
H(X|Y ) : conditional entropy of X given Y ,
I(X;Y ) : mutual information between X and Y ,
I(X;Y |Z) : conditional mutual information

between X and Y given Z

• X̂ : reconstruction alphabet,
ΔX : X × X̂ → [0,∞) : single-letter distortion function,
Δn

X(x, x̂) : vector distortion function

Δn
X(x, x̂) =

1
n

n∑
k=1

ΔX(xk, x̂k)

• Similar conventions are used for other alphabets, random
variables and vectors.
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Problem formulation (1/2)

Definition 1. (Lossy CD (Complementary Delivering) code)
A set (ϕn, ϕ̂n

(1), ϕ̂
n
(2)) of an encoder and decoders is a lossy CD code

(n,Mn, ρ
(X)
n , ρ

(Y )
n ) for the source (X,Y ) if and only if

ϕn : X n × Yn → IMn

ϕ̂n
(1) : ϕn(X n,Yn) × Yn → X̂ n,

ϕ̂n
(2) : ϕn(X n,Yn) ×X n → Ŷn,

ρ(X)
n = E

[
Δn

X(Xn, X̂n)
]
, ρ(Y )

n = E
[
Δn

Y (Y n, Ŷ n)
]
,

where

X̂n def.= ϕ̂n
(1)(ϕ

n(Xn, Y n), Y n),

Ŷ n def.= ϕ̂n
(2)(ϕ

n(Xn, Y n),Xn).
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Problem formulation (2/2)

Definition 2. (Lossy CD-achievable rate)
R is a lossy CD-achievable rate of the source (X,Y ) for a given distortion

pair (D1,D2) if and only if there exists a sequence of lossy CD codes{(
n,Mn, ρ

(X)
n , ρ

(Y )
n

)}∞
n=1

for the source (X,Y ) such that

lim sup
n→∞

1
n

log Mn ≤ R,

lim sup
n→∞

ρ(X)
n ≤ D1, lim sup

n→∞
ρ(Y )

n ≤ D2.

Definition 3. (Inf lossy CD-achievable rate)

R1(X,Y |D1,D2)

= inf
{
R : R is a lossy CD-achievable rate of (X,Y ) for (D1,D2)

}
.
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Main results

Theorem 1. (Coding theorem of lossy CD code)

R1(X,Y |D1,D2) = min
[
max{I(X;U |Y ), I(Y ;U |X)}],

where the auxiliary random variable U takes a value over the alphabet U
satisfying |U| ≤ |X × Y| + 2, and the minimum is taken over all

PU |XY ∈ M(U|PXY ) such that there exist functions φ(1) : U × Y → X̂
and φ(2) : U × X → Ŷ which satisfy

D1 ≥ E
[
ΔX(X,φ(1)(U, Y ))

]
,

D2 ≥ E
[
ΔY (Y, φ(2)(U,X))

]
.

• This theorem can be easily extended to any finite number of
correlated sources.
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Properties (1/4)

Corollary 1. (Consistency with the known results for lossless configuration)
If ΔX(x, x̂) = 0 ⇔ x = x̂ and ΔY (y, ŷ) = 0 ⇔ y = ŷ, then

R2(X,Y ) def.= R1(X,Y |D1 = 0,D2 = 0)
= max{H(X|Y ),H(Y |X)},

which coincides with the results reported by Han-Kobayashi [HK80], Sgarro
[Sga77] and Willems-Wolf-Wyner [WWW02].
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Properties (2/4)

Corollary 2. (Relationships to the known results for lossy configuration)

max {RC1(X|Y,D1), RC1(Y |X,D2)}
≤ R1(X,Y |D1,D2)
≤ RC1(X|Y,D1) + RC1(Y |X,D2),

where RC1(X|Y,D) is the conditional rate-distortion function [Ber71].
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Properties (3/4)

Corollary 2. Contd.
On the other hand, for lossless configuration

max{RC2(X|Y ), RC2(Y |X)}
= R2(X,Y ) ≤ RC2(X|Y ) + RC2(Y |X),

where RC2(X|Y ) is the minimum achievable rate when X is encoded and
reproduced, both with side information Y (see e.g. [CT91]).
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Properties (4/4)

Corollary 3. (Consistency with the known results for special cases)

R1(X,Y |D1 = d1,D2) = RC1(Y |X,D2),
R1(X,Y |D1,D2 = d2) = RC1(X|Y,D1)

if d1 ≥ ΔX and d2 ≥ ΔY , where

ΔX
def.= max

(x,x̂)∈X× bX
ΔX(x, x̂) < ∞,

ΔY
def.= max

(y,ŷ)∈Y×bY
ΔY (y, ŷ) < ∞.
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Sketch of proof (1/4)

[Converse]
Consist of 3 parts:

1. Derive a lower bound of the coding rate R

2. Evaluate average distortions, e.g. E[Δn
X(Xn, X̂n)]

3. limit the size of the alphabet U

1. Uk = AnXk−1Y k−1, where An = ϕn(Xn, Y n)

−→

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

R + δ ≥ 1
n

n∑
k=1

I(Xk;Uk|Yk)

R + δ ≥ 1
n

n∑
k=1

I(Yk;Uk|Xk)

U = (J,UJ ) −→ R + δ ≥ I(X;U |Y ), R + δ ≥ I(Y ;U |X)

2006 Hawaii, IEICE and SITA Joint Conference on Information Theory 2006.5.24 – p.15/20



Sketch of proof (2/4)

2. Y n
k+1(Uk, Yk) : r.v. selected to minimize E[ΔX(Xk, X̂k)]

−→ φ(1)k(Uk, Yk)
def.= ϕ̂(1)k(An, Y k ∗ Y n

k+1(Uk, Yk))

D1 + γ ≥ 1
n

n∑
k=1

E
[
ΔX(Xk, ϕ̂(1)k(An, Y n))

]

≥ 1
n

n∑
k=1

E
[
ΔX(Xk, φ(1)k(Uk, Yk))

]

= E
[
ΔX(X,φ(1)(U, Y ))

]
3. Introduce the support lemma.

Need |X × Y| + 2 constraints to preserve
PXY (x, y) ∀(x, y) ∈ X × Y , max{I(X;U |Y ), I(Y ;U |X)},
E[ΔX(X,φ(1)(U, Y ))], and E[ΔY (Y, φ(2)(U,X))].
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sketch of Proof (3/4)

[Achievability]
Codeword selection

• Generate AU = {ui}MU

i=1 according to PU .

• Divide AU into NU bins, each containing LU = MU/NU members.

Encoding

• u(x,y) = ui s.t. (ui,x,y) ∈ TUXY (k1δ) (Strong typicality)
No ui we can find : encoding error.
−→ MU ≥ exp{n(I(XY ;U) + γ1)} is necessary to prevent encoding errors.

• ϕn(x,y) = j s.t. u(x,y) belongs to j-th bin.

Decoding

• û(y) = u s.t. (u,y) ∈ TUY (k2δ), u belongs to j-th bin.
No or more than one u we can find : decoding error.
−→ LU ≤ exp{n(I(Y ;U) − γ2)} is necessary to avoid decoding errors.

• x̂ = (x1, · · · , xn), x̂k = φ(1)(ûk(y), yk) k ∈ In.
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Proof of theorems (4/4)

Distortion

• (u(x,y),x,y) ∈ TUXY (k1δ) from the encoding scheme.
• If no error occures in the encoding/decoding processes,

ΔX(x, x̂) ≤
∑

(u,x,y)∈U×X×Y
{P (u, x, y) + k1δ}ΔX(x, φ(1)(u, y))

≤ E[ΔX(x, φ(1)(u, y))] + k1δΔX |U × V ×W|
≤ D1 + k1δΔX |U × V ×W|.

Coding rate

1
n

log NU =
1
n

log
MU

LU

≥ I(XY ;U) − min{I(Y ;U), I(X;U)}
= max{I(X;U |Y ), I(Y ;U |X)}.
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Conclusions

• Investigated a coding problem for correlated information
sources, where
◦ messages from two correlated sources are jointly

encoded
◦ each decoder has access to one of two messages to

reproduce the other message
• Clarified the rate-distortion function for the problem

Future work
• Extend the results to other classes of information sources
• Investigate some extended models

(e.g. the case that only an encoded sequence of a message
is available as side information at each decoder)

−→ to be presented at ISITA2006
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Thank you

References

[Ber71] T. Berger. Rate distortion theory: A mathematical basis for data compression. Prentice Hall, Englewood Cliffs, NJ, 1971.

[CT91] T.M. Cover and J.A. Thomas. Elements of information theory. Wiley, New York, 1991.

[EC82] A. A. ElGamal and T. M. Cover. Achievable rates for multiple descriptions. IEEE Trans. Inform. Theory, 28(6):851–857,
November 1982.

[GW74] R. M. Gray and A. D. Wyner. Source coding for a simple network. Bell Syst. Tech. J., 53(9):1681–1721, November 1974.

[HK80] T. S. Han and K. Kobayashi. A unified achievable rate region for a general class of multiterminal source coding systems.
IEEE Trans. Inform. Theory, 26(3):277–288, 1980.

[KM75] J. Körner and K. Marton. Images of a set via two channels and thier role in multi-user communication. IEEE Trans. Inform.
Theory, 23(6):751–761, November 1975.

[Sga77] A. Sgarro. Source coding with side information at several decoders. IEEE Trans. Inform. Theory, 23(2):179–182, March
1977.

[SW73] D. Slepian and J. K. Wolf. Noiseless coding of correlated information sources. IEEE Trans. Inform. Theory, 19(4):471–480,
July 1973.

[Tun78] S. Y. Tung. Multiterminal source coding. PhD thesis, School of Electrical Engineering, Cornell University, May 1978.

[WWW89] F. M. J. Willems, J. K. Wolf, and A. D. Wyner. Communicating via a processing broadcast satellite. In Proc. the 1989
IEEE/CAM Information Theory Workshop, June 1989.

[WWW02] A. D. Wyner, J. K. Wolf, and F. M. J. Willems. Communicating via a processing broadcast satellite. IEEE Trans. Inform.
Theory, 48(6):1243–1249, June 2002.

[Wyn75] A. D. Wyner. On source coding with side information at the decoder. IEEE Trans. Inform. Theory, 21(3):294–300, May
1975.

[WZ76] A. D. Wyner and J. Ziv. The rate-distortion function for source coding with side information at the decoder. IEEE Trans.
Inform. Theory, 22(1):1–10, January 1976.

[Yam96] H. Yamamoto. Source coding theory for a triangular communication system. IEEE Trans. Inform. Theory, 42(3):848–853,
May 1996.

Some materials will be available at http://www.brl.ntt.co.jp/people/akisato/

2006 Hawaii, IEICE and SITA Joint Conference on Information Theory 2006.5.24 – p.20/20


	Abstract
	Introduction (1/2)
	Introduction (2/2)
	Main contributions: complementary delivering
	Preliminaries (1/2)
	Preliminaries (2/2)
	Problem formulation (1/2)
	Problem formulation (2/2)
	Main results
	Properties (1/4)
	Properties (2/4)
	Properties (3/4)
	Properties (4/4)
	Sketch of proof (1/4)
	Sketch of proof (2/4)
	sketch of Proof (3/4)
	Proof of theorems (4/4)
	Conclusions
	Thank you


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


