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Abstract

* Investigate a coding problem for correlated information
sources, where

© messages from two correlated sources are jointly
encoded

© each decoder has access to one of two messages to
reproduce the other message

* Clarify the rate-distortion function for this problem
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Introduction (1/2)

* Coding problems for correlated information sources were
originally investigated by Slepian and Wolf [SW73]
* A huge number of coding problems have been considered.

© Corresponding rate-distortion coding problems (e.g.
Wyner-Ziv [WZ76], Berger-Tung [Tun78])

© Various coding problems derived from the Slepian-Wolf
coding problem (e.g. Wyner [Wyn75], Sgarro [Sga/7],
and Korner-Marton [KM75])

* Including the above studies, the main focus has been on
coding problems with

© Separate encoding : each message is separately
encoded

© Joint decoding : some of codewords are sent to a
decoder and decoded at once
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Introduction (2/2)

* The situation we investigate here involves

° Joint encoding : messages from several sources are
encoded at once

© Separate decoding : each message is separately
decoded

* Separate decoding processes have already been
considered (e.g. multiple description [EC82])

* Joint encoding processes have rarely been studied

° Gray-Wyner [GW74], Willems-Wolf-Wyner [WWWO02]
and Yamamoto [Yam96] are almost the only studies.
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Main contributions: complementary delivering

Side information 1

Yn

Decoded sequence 1

Input sequences
X” — » Decoder 1 > X”
Encoder 1
Y” — » Decoder 2 > f”

Decoded sequence 2

X”l

Side information 2

* We clarify the rate-distortion function and some interesting
properties for the above coding problem.

° The minimum achievable rate for lossless configuration
have been clarified. (Willems-Wolf-Wyner [WWWO02])
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Preliminaries (1/2)

* X: finite alphabet, |X| : cardinality of X', Z; = {1,2,--- , M}
° In what follows, only finite alphabets will be considered.

°* " = (x1,x9, -+ ,Ty,) . Member of X",
v} = (x4, i1, ,x;) : substring of z” (i < )
° When the dimension is clear from the content, vectors
will be denoted by boldface letters, i.e., x € X"

°* M(X) : the set of all probability distributions on X,
M(X|Py) : the set of all probability distributions on X" given
a distribution Py € M(Y)

* X : adiscrete memoryless source taking values in X with a
generic distribution Px € M(X)
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Preliminaries (2/2)

H(X) . entropy of X,
H(X|Y) . conditional entropy of X given Y,

° I(X;Y) :  mutual information between X and Y,
I(X;Y|Z) : conditional mutual information

between X and Y given Z

e X : reconstruction alphabet,

Ax : X x X — [0,00) : single-letter distortion function,
A’ (x, ) : vector distortion function

_ 1 .
Ax(z,z) = - > Ax(zy, Tk)
k=1

* Similar conventions are used for other alphabets, random
variables and vectors.
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Problem formulation (1/2)

Definition 1. (Lossy CD (Complementary Delivering) code)

A set (" A?l) , P

(TL Mnap’l(”b

n

2
P(1)

P(2)
(X)

where

)) of an encoder and decoders is a lossy CD code

,pg )) for the source (X, Y') if and only if

"Y' — Ty
PM(XT, VM) x Y — AT,
Spn(Xn7yn) X Xn — j}\n7
— E [A}(X”,)?”)] oY) = F [ASE(Y”,?”)] :

on def. nivn vn n
X — 90(1)(90 (X 7Y )7Y )7

on  def. niyn yn n

2006 Hawaii, IEICE and SITA Joint Conference on Information Theory 2006.5.24 — p.8/20



Problem formulation (2/2)

Definition 2. (Lossy CD-achievable rate)
R is a lossy CD-achievable rate of the source (X, Y') for a given distortion

pair (Dl, Dg) If and only if there exists a sequence of lossy CD codes

{ (n, M, /07(1X)7 pgzy)) }OO for the source (X, Y') such that

n=1
_ 1
lim sup — log M,, < R,
n—oo N
lim sup png) < Dy, limsup ,07(3/) < D».
n—oo n—oo

Definition 3. (Inflossy CD-achievable rate)

RI(X7 Y‘Dh DQ)
= inf{R: Risalossy CD-achievable rate of (X,Y") for (D, D5) }.
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Main results

Theorem 1. (Coding theorem of lossy CD code)
R1(X,Y|D1,D2) = min [maX{I(X; UY), I(Y; U\X)}] :

where the auxiliary random variable U takes a value over the alphabet U/
satisfying [U| < |X x Y| + 2, and the minimum is taken over all

Pyixy € M(U|Pxy ) such that there exist functions ¢ 1) : U x Y — X
and g(gy : U X X — Y which satisfy

1V

D, E [Ax(X,¢q)(U,Y))],
Dy > E|Ay(Y, ¢ (U X))].

* This theorem can be easily extended to any finite number of
correlated sources.

|
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Properties (1/4)

Corollary 1. (Consistency with the known results for lossless configuration)
fAx(z,z) =0< x=Tand Ay (y,y) = 0 < y = ¥y, then

Ry(X,Y) € Ry(X,Y|D;=0,D; =0)

— max{H(X|Y),H(Y|X)},

which coincides with the results reported by Han-Kobayashi [HK80], Sgarro
[Sga77] and Willems-Wolf-Wyner [WWWO02].
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Properties (2/4)

Corollary 2. (Relationships to the known results for lossy configuration)

max { Ro1(X|Y, D1), Re1(Y|X, Ds)}
< Ri(X,Y|D1,Ds)
< Rc1(X|Y,D1)+ Re1(Y|X, Ds),

where Rc1 (X |Y, D) is the conditional rate-distortion function [Ber71].

Y?’Z

X" —

Y" —

Xn

Y” [ |
X” — AXA'n

Xn
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Properties (3/4)

Corollary 2. Contd.
On the other hand, for lossless configuration

maX{RCQ (X‘Y), RCQ (Y‘X)}
= Ra(X,Y) < Reo(X|Y) + Rea(Y]X),

where Rco(X |Y) is the minimum achievable rate when X is encoded and
reproduced, both with side information Y (see e.g. [CT91]).
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Properties (4/4)

Corollary 3. (Consistency with the known results for special cases)

Ri(X,Y|Di=dy,D3) = Rc1(Y|X, Do),
Ri(X,Y|D1,Dy =d2) = Rei(XY,Dy)

if d, > Ax and dy > Ay, where

-~ f, .

Ax ae max Ax(z,Z) < oo,
(x,2)EXXX

A def. AN

Ay = max Ay (y,y) < oo.
(¥,9)€YXY

|
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Sketch of proof (1/4)

[Converse]
Consist of 3 parts:

1. Derive a lower bound of the coding rate R

2. Evaluate average distortions, e.g. E[A&(X”,)?”)]
3. limit the size of the alphabet i/

1. Uy = A, XF1Y*=1 where A, = ¢"(X",Y")

2

1 n
R+d > - ZI(Xk;Uklyk)
k=1

17’1,
R+6 > — I1(Y:.: Ul X
+ n;(k, k| Xk)

\ p—

U=(J,U;) — R+6>IX;U[Y), R+6>I(Y;U|X)
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Sketch of proof (2/4)

2. Y (U, Yy) : rv. selected to minimize E[Ax (Xg, X))

—  d)k(Uk, Y) et Bay(An, Y* V2, (Ug, Vi)
il = N .
Dy +~ > " E [Ax(Xg, 1yk(An, Y™))]

S

= [ (X, ¢0)(U,Y))]

3. Introduce the support lemma.
Need |X x )| + 2 constraints to preserve
Pxy (z,y) Y(z,y) € X x Y, max{I(X;U|Y),I(Y;U|X)},
E[AX(Xa ¢(1)(Ua Y))]’ and E[AY<Y7 ¢(2)(U7X))]
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sketch of Proof (3/4)

[Achievability]
Codeword selection

* Generate Ay = {u;};"% according to Py.

* Divide Ay into Ny bins, each containing Ly = My /Ny members.
Encoding

* u(x,y) =u; St (u;,x,y) € Tyxy(kid) (Strong typicality)
No u; we can find : encoding error.

— My > exp{n(I(XY;U) + )} is necessary to prevent encoding errors.
* o"(x,y) =7 S.t. wu(x,y) belongs to j-th bin,
Decoding

°* u(ly)=u st (u,y) € Tyy(k29), u belongs to j-th bin.
No or more than one u we can find : decoding error.

— Ly <exp{n(I(Y;U) — v2)} is necessary to avoid decoding errors.

AN

cxT= (.731, T 7xn)’ Tp = (b(l)(uk(y)vyk) k€ ln.
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Proof of theorems (4/4)

Distortion

* (u(x,y),x,y) € Tyxy (ki16) from the encoding scheme.

* |f no error occures in the encoding/decoding processes,

Ax(w, ﬁ)

IA

IA

IA

Coding rate

— log Ny
n

Z {P(”U,, €L, y) + klé}AX (CE‘, Qb(l) (’LL, y))
(u,x,y) EUXX XY

D1+ k1 0Ax|[U xV x W).

_ 1M
N n gLU
I(XY;U) —min{l(Y;U),[(X;U)}

= max{/(X;U|Y),I(Y;U|X)}.
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Conclusions

* Investigated a coding problem for correlated information
sources, where

© messages from two correlated sources are jointly
encoded

© each decoder has access to one of two messages to
reproduce the other message

* Clarified the rate-distortion function for the problem

Future work
* Extend the results to other classes of information sources

* |nvestigate some extended models
(e.g. the case that only an encoded sequence of a message
IS avalilable as side information at each decoder)
—— to be presented at ISITA2006
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Thank you
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