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Abstract�Canonical correlation analysis (CCA) is a powerful
tool for analyzing multi-dimensional paired data. However, CCA
tends to perform poorly when the number of paired samples is
limited, which is often the case in practice. To cope with this
problem, we propose a semi-supervised variant of CCA named
�semiCCA�that allows us to incorporate additional unpaired
samples for mitigating over�ttng. The proposed method smoothly
bridges the eigenvalue problems of CCA and principal component
analysis (PCA), and thus its solution can be computed ef�ciently
just by solving a single eigenvalue problem as the original CCA.

Index Terms�Canonical correlation analysis, semi-supervised
learning, generalized eigenproblem, automatic image annotation

I. INTRODUCTION

Analyzing high-dimensional co-occurring data (x, y) is an

important challenge in machine learning and pattern recogni-

tion communities, e.g., in the context of audio [1] and image

annotation1 [2]. Canonical correlation analysis (CCA) [3] is a

classical but still powerful method for analyzing multivariate

paired samples. CCA �nds projection directions wx and wy

so that correlation between projected samples w⊤
x x and w⊤

y y
is maximized.

However, the performance of CCA tends to be degraded

when the number of paired samples (x, y) is limited. On the

other hand, a large number of additional unpaired samples

(i.e., x-only samples and y-only samples) are often available

in real-world applications. To utilize such additional unpaired

samples, several semi-supervised [4] extensions of CCA have

been proposed, e.g., based on Tikhonov regularization [5] and

graph-Laplacian regularization [6].

In this paper, we propose a yet another semi-supervised

variant of CCA called semiCCA. SemiCCA utilizes additional

unpaired samples by smoothly bridging CCA and principal

component analysis (PCA). More speci�cally, the eigenvalue

problems of CCA and PCA are combined using a trade-off

parameter. Thus the solution of semiCCA can still be obtained

just by solving the combined eigenvalue problem, which is the

same computational complexity as the original CCA.

1In such cases, x corresponds to an audio/image feature, and y corresponds
to a feature derived from the annotated information.

II. CANONICAL CORRELATION ANALYSIS (CCA)

Consider a set of paired samples of size N , X(L) =
{xn}N

n=1 and Y (L) = {yn}N
n=1. Without loss of generality,

we assume that X(L) and Y (L) are both centered, which can

always be achieved by subtracting the sample means from

each sample. CCA is a method of �nding bases wx and wy

for X(L) and Y (L) such that their correlation is maximized

as

max
(wx,wy)

w⊤
x S(L)

xy wy√
w⊤

x S(L)
xx wx

√
w⊤

y S(L)
yy wy

, (1)

where S(L)
xx = 1/N

∑N
n=1 xnx⊤

n , and S(L)
yy and S(L)

xy are

de�ned similarly. The solution (wx, wy) is given as the

solution of the following generalized eigenvalue problem:(
0 S(L)

xy

S(L)
yx 0

)(
wx

wy

)
= λ

(
S(L)

xx 0
0 S(L)

yy

)(
wx

wy

)
. (2)

Picking up the top Dz (should be Dz ≤ min(Dx, Dy))
generalized eigenvectors as row vectors, we can obtain Dz-

dimensional mappings W x and W y.

III. SEMICCA

A. Semi-supervised Setup

When the number of paired samples is small, CCA tends

to over�t the given samples. Here, let us consider the sit-

uation where unpaired samples X(U) = {xn}Nx

n=N+1 and

Y (U) = {yn}
Ny

n=N+1 are additionally provided2, where X(U)

and Y (U) are independently generated. Since the original CCA

cannot directly incorporate such unpaired samples, we propose

a novel method named SemiCCA that can avoid over�tting by

utilizing the additional unpaired samples.

Let us explain the idea of SemiCCA using an illustrative

two-dimensional data set depicted in Fig. 1, where paired

(resp. unpaired) samples are plotted with white (resp. red

and blue). When only the paired samples (X(L), Y (L)) are

2In the context of image annotation retrieval, unpaired samplesX(U) only

exist, whereas Y (U) is empty.



Fig. 1. Effects of unpaired samples in SemiCCA

used, poor projection directions may be obtained by CCA due

to over�ttng. In contrast, unpaired samples may be used for

revealing the global structure in each domain. Note once a

basis in one sample space is recti�ed, the corresponding bases

in the other sample space is also recti�ed so that correlations

between two bases are maximized.

B. De�nition

Motivated by the above illustration, we propose to combine

CCA with principal component analysis (PCA) for utilizing

unpaired samples. There are various possibilities to combine

CCA and PCA. Here we combine the eigenvalue problems

of CCA and PCA since this allows us to compute the com-

bined solution ef�ciently. More speci�cally, the solution of

SemiCCA is given by the leading generalized eigenvectors of

the following generalized eigenvalue problem:

B

(
wx

wy

)
= λC

(
wx

wy

)
, (3)

where

B = β

(
0 S(L)

xy

S(L)
yx 0

)
+ (1 − β)

(
Sxx 0
0 Syy

)
,

C = β

(
S(L)

xx 0
0 S(L)

yy

)
+ (1 − β)

(
IDx 0
0 IDy

)
,

Sxx = 1/Nx

∑Nx

n=1 xnx⊤
n ,

Syy = 1/Ny

∑Ny

n=1 yny⊤
n ,

and β is a constant named a trade-off parameter taking a value

in [0, 1]. This parameter controls the trade-off between CCA

and PCA. Namely, when β = 1, Eq. (3) is reduced to the

CCA eigenvalue problem Eq. (2) while when β = 0 Eq. (3)

is reduced to the PCA eigenvalue problem, under the assump-

tion that X = (X(L), X(U)) and Y = (Y (L), Y (U)) are

uncorrelated. In general, SemiCCA with a trade-off parameter

0 < β < 1 inherits the properties of both CCA and PCA so

that the global structure in each domain and the co-occurrence

information of paired samples are smoothly controlled.

Motivated by the above illustration, we propose to combine

CCA with PCA for utilizing unpaired samples. There are

various possibilities to combine CCA and PCA. Here we

combine the eigenvalue problems of CCA and PCA since

this allows us to compute the combined solution ef�ciently3.

More speci�cally, the solution of semiCCA is given by the

leading generalized eigenvectors of the following generalized

eigenvalue problem:

B

(
wx

wy

)
= λC

(
wx

wy

)
, (4)

where

B = β

(
0 Ŝxy

Ŝ
⊤
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)
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(
Ŝ

′
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0 Ŝ

′
yy

)
,

C = β

(
Ŝxx 0
0 Ŝyy

)
+ (1 − β)

(
Idx 0
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)
,

Ŝ
′
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1
N + Nx

(
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,
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y′
iy

′
i
⊤

 ,

Id is the d × d identity matrix, and β is a constant named a

trade-off parameter taking a value in [0, 1].
Here, we show some operational interpretations of the

constant β, which is the only free parameter of semiCCA.

Roughly speaking, it controls the trade-off between CCA and

PCA. Namely, when β = 1, Eq.(4) is reduced to the CCA

eigenvalue problem Eq.(2). On the other hand, when β = 0,
Eq.(4) is reduced to the PCA eigenvalue problem, under the

assumption that X = (X(L), X(U)) and Y = (Y (L), Y (U))
are uncorrelated.

In general, SemiCCA with a trade-off parameter 0 < β < 1
inherits the properties of both CCA and PCA so that the global

structure in each domain and the co-occurrence information

of paired samples are smoothly controlled. This intuition can

be supported by some relationships between the operation of

semiCCA and a generative model that combines a probabilistic

latent semantic analysis (pLSA) model [8] (i.e., a generative

model that the original CCA assumes [9]) and two latent

models (i.e., a generative models the PCA assumes [10]) We

omit the details for this issue due to the limited space.

One may use different trade-off parameters in B and C to

increase the �exibility. However, this in turn makes the trade-

off parameter choice laborious. For this reason, we focus on

3This idea is motivated by [7], which combines a variant of Fisher
discriminant analysis with PCA by blending the eigenvalue problems.



Fig. 2. Arti�cial data.

using the single shared trade-off parameter β for both B and

C.

We focused on the case where two sets of samples are given,

but semiCCA can be easily extended to multiple data sets by

considering correlations over all pairs of samples [11]. It is

also easy to show that semiCCA can be kernelized by applying

the kernel trick (see e.g. [6]).

IV. EXPERIMENTS

In this section, we report the results of numerical experi-

ments.

We evaluated the performance of the proposed method

using the arti�cial data set created as follows: We considered

a Gaussian pLSA model, where the latent random variable

(corresponding to a canonical variable in the framework of

CCA) is denoted by Z and the observable random variables

are denoted by X and Y . We drew samples {zi}Nz
i=1 from

N (0, Idz ), where dz = 10 is the dimension of the random

variable Z. The number Nz of samples was set to Nz =
10000. The means and covariance matrices of the conditional

(Gaussian) densities p(X|Z) and p(Y |Z) were determined

randomly. More speci�cally, we randomly generated each

component of transformation matrices T x and T y and means

x and y following N (0, 1). Then complete paired samples

{(xi, yi)}
Nz
i=1 were created as

xi = T xzi + x + δx,i, δx,i ∼ N (0,ΣX|Z),
yi = T yzi + y + δy,i, δy,i ∼ N (0,ΣY |Z),

where each component of ΣX|Z and ΣY |Z was generated

from the folded standard normal distribution. The dimensions

of the samples are set to dx = 15 and dy = 20.
Then, we removed several samples from {yi}

Nz
i=1 as de-

picted in Figure 2. Here, we used a linear discriminant function

f(·)

f(y) =
dy∑

d=1

ad(yd − yd) − θ, (5)

Fig. 3. Average evaluation score for automatic image annotations.

Fig. 4. Average trade-off parameter taking the highest score.

where a = (a1, . . . , ady
)⊤ is a coef�cient vector satisfying

∥a∥ = 1, and θ is a threshold value such that the larger θ is,

the more samples are removed. A sample (xi, yi) was kept

paired if f(yi) > 0, and yi was removed otherwise.

We compare the proposed semiCCA with the original CCA.

We evaluated the performance of (semi)CCA by the weighted

sum of cosine distances de�ned as follows:
r∑

i=1

λ∗
i

w⊤
x,iw

∗
x,i

∥wx,i∥ · ∥w∗
x,i∥

,

where w∗
x,i and λ∗

i are the �true� eigenvectors and eigenvalues.

We took an oracle setting for selecting the trade-off parameter

β. Namely, we adopted the trade-off parameter β marking the

highest score for each trial.

Figure 3 shows the evaluation scores averaged over 10000

independent trials for several discrimination thresholds θ and

also shows the average number of paired samples for each

discrimination threshold. The results indicate that semiCCA

tends to outperform the ordinary CCA; it is note worthy that

even when the number of unpaired samples is not so large,

semiCCA performs better than the original CCA.

Figure 4 shows the trade-off parameter taking the highest

score averaged over all the trials, and Figure 5 depicts the

histogram of the best trade-off parameters. The results imply



Fig. 5. Histogram of trade-off parameters taking the highest score.

that the best trade-off parameters have a concave pro�le with

respect to the number of paired samples. Since standard errors

of the best trade-off parameters were relatively small, we

expect to obtain similar results not only for oracle settings but

also for cross validation scenarios. The results also indicate

that the best trade-off parameters were usually close to 1, i.e.,

the effect of PCA is only mildly incorporated. Nevertheless,

the performance is much improved, as shown in Figure 3.

V. APPLICATIONS TO AUTOMATIC IMAGE ANNOTATION

A. Framework

Fig. V-A shows the framework of image annotation retrieval

with semiCCA.

First of all, feature vectors are extracted from images

G = {gn}
Nx
n=1 and associated text labels W = {wn}N

n=1,

where N is the number of labeled images and Nx is the

total number of images including labeled and unlabeled images

(should be N ≤ Nx and in most cases N ≪ Nx). Each text

label wn is composed of text words selected from a word set

given in advance. We utilize Bag of Features (BoF) as image

features X = {xn}Nx
n=1, where SURF [12] is used for key-

point detection and descriptor extraction, and word existence

vectors Y = {yn}N
n=1 as text features, where each dimension

represents an existence or absence of a speci�c word.

Next, a topic model is estimated from feature vectors

(X,Y ) by the proposed method called SSCDE, which con-

sists of two steps: latent variable generation with our new

method named SemiCCA [13], and model density estimation

with multi-class SSKDE [14].

The �rst step is to generate latent variables Z = {zn}Nx
n=1

with SemiCCA. More speci�cally, a pair (fx, fxy) of functions
fx : RDx → RDz and fxy : RDx ×RDy → RDz is derived

from (X, Y ) as training samples with SemiCCA, and latent

variables Z are generated from (X, Y ) with (fx, fxy), where
Dx, Dy and Dz is the dimension of vectors xn, yn and zn,

respectively. We will describe the detail of the �rst step in

Section ??.

The second step is to set up a topic model by utilizing

a multi-class SSKDE. The topic model is described by the

following equation:

p(x, y) = 1/Nx

∑Nx

n=1 p(x|zn)p(y|zn). (6)

The main procedure in this step is to construct the conditional

densities p(x|zn) and p(y|zn) of features (x, y) for every

latent variable zn. Note that in Fig. V-A a conditional density

p(y|z) can be derived even though the corresponding text label
does not exist. We will show the detailed procedure in Section

??.

Once the model estimation has been �nished, we can exe-

cute image annotation and retrieval within the same framework

through maximum a posteriori (MAP) estimation.

[Annotation]

By using an image feature x(g) extracted from a given

image g(g), the text feature ŷ of the most probable text label

ŵ can be derived as

ŷ = argmax
y∈[0,1]Dy

p(y|x(g)) (7)

= argmax
y∈[0,1]Dy

∑Nx

n=1 p(x(g)|zn)p(y|zn)∑Nx

n=1 p(x(g)|zn)
. (8)

As shown later in Section ??, a conditional density p(y|zn)
for a text feature y = (y1, . . . , yDy )⊤ (yd ∈ {0, 1}, ⊤

denotes the transpose of a vector of a matrix) is modeled as

p(y|zn) =
∏Dy

d=1 p(yd|zn). Therefore, the annotation problem
can be rewritten to the following simple form:

ŷd =
∑Nx

n=1 p(x(g)|zn)p(yd = 1|zn)∑Nx

n=1 p(x(g)|zn)
. (9)

When ŷd exceeds a pre-de�ned threshold θd, the text word of

index d is provided to the given image g(g).

[Retrieval]

By using a text feature y(g) extracted from a given text label

w(g), the image feature x̂ of the most probable image ĝ in

the database can be derived as

x̂ = argmax
x∈DB

p(x|y(g)) (10)

= argmax
x∈DB

∑Nx

n=1 p(y(g)|zn)p(x|zn) (11)

where DB is a set of registered images in a given database.

B. Experiments

This section describes the results for the automatic image

annotation task with the dataset used in PASCAL Visual

Object Challenge (VOC) 2008 [15] and 2009 [2]. The VOC

dataset is composed of images including objects from 20 visual

object classes related to people, animals, vehicles and furni-

ture. Multiple objects from multiple classes may be present

in a single image. Example images included in VOC2008

training dataset is shown in Fig. 7. As shown in this �gure,

each training image has a bounding box and object class label

for each object presented in the image, we removed all the

bounding boxes and only utilized class labels associated with

bounding boxes to simulate �weak labeling� settings [16],



Fig. 6. Framework of the proposed method for image annotation retrieval

Fig. 7. Example images in VOC2008 dataset

where images are weakly related to multiple words without

region information.

We utilized all of the 5096 images in VOC2008 training

dataset, and separated them into 1000 labeled images for

training (G(L)), 500 unlabeled images for evaluation (G(E))

and the rest (3596 images) as unlabeled images for training

and also images for determining hyper parameters Dz , β,
t and µ with 7-fold cross validation. Also, 2722 images in

VOC2009 training dataset4 were added to unlabeled images for

training. In total, 6318 unlabeled images for training (G(U))

were utilized. Wadopted the precision rate PR, recall rate RE

4VOC2009 training dataset contains all the images in VOC2008 training
dataset, however, those duplicated images were removed in advance.

and F-value F as the evaluation measures, de�ned as

PR =
∑Ne

n=1 TPn∑Ne

n=1(TPn + FPn)
, (12)

RE =
∑Ne

n=1 TPn∑Ne

n=1(TPn + FNn)
, (13)

F = 2 (1/PR + 1/RE)−1
, (14)

where Ne (= 500) is the number of images in G(E), TPn,

FPn and FNn is respectively true positives, false positives

and false negatives for the n-th image in G(E). The hyper

parameter γ was determined by an adaptive variant of SSKDE

called SSAKDE [14].

Fig. V-B shows the experimental results for the automatic

annotation task, where the threshold θ = (θ1, . . . , θDy )⊤

varies from 0.5θ to 2.0θ. The horizontal axis stands for

the recall rate, the vertical axis represents the precision rate,

and each gray dash line is a precision-recall curve with the

constant F-value (F = 0.2 to 0.6 from the bottom left to

the top right). We compared the proposed method (green line,

triangular markers) with the method [17] using only labeled

images G(L) and CCA-based model learning (red line, square

markers), and the method using labeled G(L) and unlabeled

images G(U) and SemiCCA-based model learning, namely

multi-class SSKDE was removed from the proposed method

(blue line, circle markers). Since SemiCCA includes CCA as a

special case of β = 1.0, annotation with topic models learned

by SemiCCA would achieve at least as the same accuracy as



Fig. 8. Experiment results for automatic image annotation

the one by CCA. From this viewpoint, Fig. V-B implies that

latent space extraction based on SemiCCA was not effective

so much against the dataset used in the experiment. However,

the proposed method greatly improved the annotation accuracy

by additionally introducing multi-class SSKDE.

VI. CONCLUDING REMARKS

In this paper, we proposed a semi-supervised extension

of CCA that we call semiCCA. Our formulation is quite

simple and also intuitively understandable. Namely, semiCCA

smoothly bridges CCA with paired samples and PCA with

paired and unpaired samples by a trade-off parameter. We

evaluated its experimental performance, and revealed the ef-

fectiveness of semiCCA against the original CCA.

In our future work, we will compare semiCCA with other

semi-supervised variants of CCA such as [5], [6], and apply

semiCCA to challenging real-world problems such as multi-

label classi�cation for automatic image/music annotation and

retrieval, and multi-model event correlation analysis for audio-

video synchronization and audio-visual speech recognition.
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