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Abstract

* |nvestigate a coding problem for correlated information
sources, where
© messages from two correlated sources are jointly
encoded

© each decoder has access to one of two messages to
reproduce the other message

* Clarify the rate-distortion function for this problem

(Out of the focus of this talk)
* Clarify inner and outer bounds of the rate-distortion region
for an extended coding problem, where

° only an encoded sequence of a message Is avallable as
side information at each decoder.
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Introduction

* Coding problems for correlated information sources were
originally investigated by Slepian and Wolf [SW73]

* Corresponding rate-distortion problems and various coding
problems have been considered.
* The main focus in the 1970’s was coding problems with

© Separate encoding : each message Is separately
encoded

° Joint decoding : some of codewords are sent to a
decoder and decoded at once
* Since the 1980’s, coding problems that involve

© Joint encoding : messages from several sources are
encoded at once

o Separate decoding : each message is separately
decoded

have been explored.
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Main contribution: complementary delivery

Side information 1
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* We clarify the rate-distortion function and some interesting
properties for the above coding problem.

° The minimum achievable rate for a lossless configuration
have been clarified. (Willems, Wolf & Wyner [WWWO02])
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Preliminaries (1/2)

* X: finite alphabet, |X| : cardinality of X', 7, = {1,2,--- , M}
° In what follows, only finite alphabets will be considered.

°* " = (x1,29, - ,xy,) . Member of X",
v} = (x4, i1, - ,x;) : substring of z” (i < )
° When the dimension is clear from the content, vectors
will be denoted by boldface letters, i.e., x € X"

°* M(X) : the set of all probability distributions on X,
M(X|Py) : the set of all probability distributions on X’ given
a distribution Py € M(Y)

* X : adiscrete memoryless source taking values in X with a
generic distribution Px € M(X)
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Preliminaries (2/2)

H(X) . entropy of X,
H(X|Y) . conditional entropy of X givenY,

° I(X;Y) . mutual information between X and Y,
I(X;Y|Z) : conditional mutual information

between X and Y given Z

* X : reconstruction alphabet,

Ax : X x X — [0,00) : single-letter distortion function,
A% (x, ) : vector distortion function

_ 1 .
Ax(@z) = > Ax(zg, Tk)
k=1
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Problem formulation (1/2)

Definition 1. (Lossy Fully-informed Complementary Delivering (FCD) code)
A set (", @?1), @?2)) of an encoder and decoders is a lossy FCD code

(n, M, p%X), pq(ly)) for the source (X, Y") if and only if

" X" x Y — Ty
@?(11) :IMn X yn — )/C‘\n, {5(2) :IMn X Xn — j}n,

) = B |A%(X", 67 (4, Y™)]

0 = B AR (Y™, oy (An, X™)]

where Andgf'go’”’ (X™ Y™,
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Problem formulation (2/2)

Definition 2. (Lossy FCD-achievable rate)
R is a lossy FCD-achievable rate of the source (X, Y") for a given distortion
pair (Dl, Dg) if and only if there exists a sequence of lossy FCD codes

{ (n, M, png) ) p?(zy)) }OO for the source (X, Y') such that

n=1
, 1
limsup — log M,, < R,
n—oo N
lim sup p%X) < D1, limsup p,,(ly) < Ds».
n—oo n—oo

Definition 3. (Inf lossy FCD-achievable rate)

RF(X7Y‘D17D2)
= inf{R: Risalossy FCD-achievable rate of (X, Y") for (D1, D2)}.
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Main results

Theorem 1. (Coding theorem of lossy FCD code)
Rrp(X,Y|D1,Ds) = min [maX{I(X; UY), I(Y; U\X)}] :

where the auxiliary random variable U takes a value over an alphabet U/
satisfying || < |X x Y| 4 2, and the minimum is taken over all

Pyixy € M(U|Pxy ) such that there exist functions ¢ 1) : U x Y — X
and g(oy : U X X — Y which satisfy

D1 E[Ax(X,¢1)(U,Y))],
Dy > E|[Ay(Y, ¢ (U X))].

1V

* This theorem can be easily extended to any finite number of
correlated sources.
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Properties (1/3)

Corollary 1.
(Compatibility with the previous result for a lossless confi guration)
f Ax(z,7) =0« x=2xand Ay(y,y) =0 < y =7, then

Rp(X,Y) € Ri(X,Y|D;=0,Dy=0)

— max{H(X|Y),H(Y|X)},

which coincides with the result reported by Willems, Wolf and Wyner
[WWWO02].
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Properties (2/3)

Corollary 2. (Compatibility with the previous result for a special case)

Rrp(X,Y|Dy =dy,D2) = Rc1(Y|X, D),
Rp(X,Y|D1,Dy =d2) = Rea(X|Y, D)

ifdy > Ax = max Ay (z,7) and ds > Ay = max Ay (y,7), where
Ro1(X|Y, D) is the conditional rate-distortion function [Ber71].

Y” Y
e i e S
r— Lo 00—
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Properties (3/3)

Corollary 3. (Relationships to the previous results)

max { Rc1 (XY, D1), Re1 (Y| X, D2)}
< Rp(X,Y|Di,D2) < R1(X|Y,D1) + R (Y| X, D2),

On the other hand, for lossless configuration

max{H(X[Y),H(Y|X)} = Rr(X,Y)< H(X|Y)+ H(Y|X).

)& )&
v — 4g>_‘);n yr — 49—1};7

X" X"
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Conclusions

* |nvestigated a coding problem for correlated information
sources, where
© messages from two correlated sources are jointly
encoded

© each decoder has access to one of two messages to
reproduce the other message

* Clarified the rate-distortion function for the problem

Future work
* Extend the results to other classes of information sources

* Explicit construction of the codes for the coding system
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Thank you
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Appendix
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Related coding problem

Side information 1

Y” — Encoder 2

1 Decoded sequence 1
nput sequences

N

X'— » Decoder 1 > X”

Encoder 1

Y” — » Decoder 2 > f”

Decoded sequence 2

Xn — > Encoder 3

Side information 2

* We call this the lossy Partially-informed complementary
delivering (PCD) coding problem

°* Rp(X,Y|Dy,Ds): Inflossy PCD-achievable rate region
defined as well as Rr(X,Y|D1, D)
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Coding theorem of lossy PCD code

Theorem 2.

Rp(X,Y|Dy,Dy) C
{ (R1, R, R3) : Ry > max{I(X;U|V),I(Y;U|W)},
Ry > I(Y;V), Rg > I[(X; W),
V-oY->X W-—-X-— Y} (outer bound)
where the auxiliary random variables U, V' and W take values over the

alphabets U, V and WV, respectively, satisfying |V| < |V| + 2,
W| < |X|+2and U] < |X x V|(|Y] + 2)(|X] + 2) + 3, and there

exist functions ¢(q) : U X V — X and P2y U X W — y satisfying

D1 > E[Ax(X,¢u) (U V)],
Dy > E[Ay(Y, ¢ (U W))].

Vv
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Coding theorem of lossy PCD code

Theorem 2. Contd.

Rp(X,Y|Dy,Dy) D
{ (R1, Ro, R3) :
R > max{I(VX;U),I(WY;U)} —min{I(V;U), [(W;U)},
Ry >I1(Y;V), Rs>I(X;W), V-Y —>X— W}, (inner bound).
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Sketch of proof (1/3)

[Converse]
Consist of 3 parts:

1. Derive a lower bound of the coding rate R

2. Evaluate average distortions, e.qg. E[A}(X”,)A(”)]

3. limit the size of the alphabet ¢/

1. U, = A, X 1Y*=1 where 4, = ¢"(X",Y")

p

R+0

R+90

>

>

1 n
- > (X Ug|YVs)
k=1

1 n
" > 1Y Ukl Xi)
k=1
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Sketch of proof (2/3)

2. Yk”H(Uk,Yk) . 1.v. selected to minimize E[AX(Xk,)?k)]

def.

—  SkUr, Ye) = Jr(An, Y* x V2 (U, Y))

3

S|+

Di+~ >

E | Ax(Xk, 21)(An, Y™))]

3

> lz E [Ax(Xk, )6 Uk, )]

S

= E[Ax(X,¢q1)(U,Y))]

3. Introduce the support lemma.
Need |X x Y|+ 2 constraints to preserve
Pxy(xz,y) V(z,y) € X x Y, max{I[(X;U|Y),I(Y;U|X)},
ElAx(X,001)(U,Y))], and E[Ay (Y, ¢ (U, X))].
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sketch of Proof (3/3)

[Achievability]
Codeword selection

* Generate Ay = {u;};"% according to Py.

* Divide Ay into Ny bins, each containing Ly = My /Ny members.
Encoding

* u(x,y) =u; St (u;,x,y) € Tyxy(kid) (Strong typicality)
No u; we can find ;. encoding error.

— My > exp{n(I(XY;U) + )} is necessary to prevent encoding errors.
* o"(x,y) =5 S.t. wu(x,y) belongs to j-th bin.
Decoding

* uly)=u st (u,y) € Tyy(k29), u belongs to j-th bin.
No or more than one u we can find : decoding error.

— Ly <exp{n(I(Y;U) — v2)} is necessary to avoid decoding errors.
’ iz(xla"' 7xn)’ Ek:(rb(l)(ak(y)ayk) k€ 1n.
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