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Abstract

A coding problem where messages from two correlated
sources are jointly encoded and separately decoded is
investigated. Each decoder has access to one of the two
messages to enable it to reproduce the other message.
The rate-distortion function for lossy coding is clarified.
Some related coding problems are also examined.

1. Introduction

Coding problems for correlated information sources
were originally investigated by Slepian and Wolf [1].
Corresponding rate-distortion coding problems (e.g. [2],
[3]) and various coding problems (e.g. [4], [5]) derived
from Slepian-Wolf coding have been considered. In-
cluding the above studies, the main focus in the 1970’s
was on coding problems with separate encoding (each
message is separately encoded) and joint decoding (some
codewords are sent to a decoder and decoded simulta-
neously). However, since the 1980’s, coding problems
have been explored that involve joint encoding (mes-
sages from several sources are encoded simultaneously)
and separate decoding (each message is separately de-
coded). Separate decoding processes have been mainly
considered in relation to multiple description (e.g. [6]),
while joint encoding processes have been dealt with in
some previous papers (e.g. [7, 8, 9, 10]).

The situation we investigate here, which we call
complementary delivery, involves joint encoding and
separate decoding. Figure 1 shows a block diagram
of the complementary delivery problem. The encoder
observes messages emitted from two correlated sources,
and delivers these messages to other locations (i.e. de-
coders). Each decoder has access to one of two mes-
sages, and therefore needs to reproduce the other mes-
sage. For a lossless configurations, the minimum achiev-
able rate for the coding problem has been clarified by
Willems, Wolf and Wyner [11, 8]. Here, we investigate
a lossy configuration, and clarify the rate-distortion
function and some interesting properties. We also ex-
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Figure 1: Complementary delivery coding (Above: Full
side information is available at decoders, Below: Par-
tial side information is available at decoders)

amine an extended version of complementary delivery
coding (Fig. 1 below), where only an encoded sequence
of a message is available as side information at each de-
coder. The inner and outer bounds of the rate region
for given distortion criteria will be clarified.

2. Preliminaries

Let X and Y be finite sets, |X| be the cardinality
of X and Zp; = {1,2,---,M}. A member of X" is
written as z" = (21,22, - ,Zn), and substrings of z™
are written as x7 = (x;, %41, ,2;) for i < j. When
the dimension is clear from the context, vectors will



be denoted by boldface letters. M(X) denotes a set
of all the probability distributions on X. A discrete
memoryless source (X, Px) is an infinite sequence of
independent copies of a random variable X taking val-
ues in X with a generic distribution Px € M(X). We
will denote a source (X, Px) by referring to its random
variable X. M(X|Py) denotes a set of all the condi-
tional probability distributions on X given a distribu-
tion Py € M()), namely each member of M(X|Py) is
characterized by a joint distribution Pxy € M(X x Y)
as Pxy = Px|yPy. For a correlated source (X,Y,2),
H(X), HX|Y),I(X;Y) and I(X;Y|Z) denote the en-
tropy of X, the conditional entropy of X given Y, the
mutual information of X and Y, and the conditional
mutual information of X and Y given Z, respectively.
A similar convention is used for other random variables
and vectors. In the following, all bases of exponentials
and logarithms are set at e (the base of the natural
logarithm). Let X' (resp. J) stand for a reconstruc-
tion alphabet, and let Ax : X x X — [0,Ax) (resp.
Ay Y x JA) — [O,Zy)) be a single-letter distortion
function, where ZX,ZX < o0. The vector distortion
function is defined in the usual way, i.e. A% (x, &) =

1/n Zzzl Ax(l‘k,/x\k).

3. Problem formulation

Here, we provide a problem formulation for comple-
mentary delivery.

Definition 1. (Lossy FCD (Fully-informed Comple-
mentary Delivery) code)
A set (¢",8(1), P(z)) of an encoder and decoders is a

lossy FCD code (n, My, p%X), pgzy)) for the source (X,Y)

if and only if
e X X Y — T,
(/’5?1) ZIMn X y" — fn’ (‘/5?2) ZIMn X Xn — j}n’
P = B | A% (X" 8 (0" (X" Y™, Y ™))

) = B [AR (Y™, 3 (" (X", Y"), X)) .

Definition 2. (Lossy FCD-achievable rate)
R is a lossy FCD-achievable rate of the source (X,Y)
for a given distortion pair (D1, Da) if and only if there

ezists a sequence of lossy FCD codes {( n, My, png)

pgy) )}2021 for the source (X,Y) such that

7

1
limsup — log M,, < R,
n

n—oo

lim sup png) < D1, limsup ple) < Ds.

n—oo n—oo

Definition 3. (Inf lossy FCD-achievable rate)

Rp(X,Y|Dy,Ds) = inf{R : R is a lossy
FCD-achievable rate of (X,Y) for (D1, D3)}.

4. Main results

Theorem 1. (Coding theorem of lossy FCD code)

Rp(X,Y|D1, D2)
= min[max{I(X;U[Y),1(Y;U|X)}],
where the auxiliary random variable U takes a wvalue

over an alphabet U satisfying [U| < |X x Y| + 2, and
the minimum is taken over all Py xy € M(U|Pxy)

such that there exist functions gi)(l) U XY — X and
) U XX — Y that satisfy

E[Ax(X,¢0)(U,Y))]
E[Ay(Y, ¢ (U, X))] .

Dy >
Dy >

From Theorem 1, we can immediately obtain the
following properties:

Corollary 1. (Compatibility with the known results
for a lossless configuration)
IfAx(z,2) =0 2= and Ay (y,y) =0y =17,

Re(x,Y) < Ro(X,Y|Dy = 0.Ds = 0)

= max{H(X|Y),HY|X)},

which coincides with the results reported by Willems,

Wolf and Wyner [11, 8].

Corollary 2. (Relationships to the known results for
a lossy configuration)

maX{R01(X|Y, Dl), Rcl(Y|X, DQ)}
< RF(X5Y|D15D2)
< Reoi(X]Y, D1) + Re1(Y[X, D2),

where Rc1(X|Y, D) is the conditional rate-distortion
function [12] for the source X given the source Y and
the distortion criterion D. On the other hand, for a
lossless configuration we have

max{H (X|Y), HY|X)}
— Rp(X,Y) < HX|Y) + H(Y|X).

Corollary 3. (Compatibility with known results for
special cases)

Rp(X,Y|Dy =dy, D) =
Rp(X,Y|D1,Dy =dy) =

Rc(Y]X, Da),
RCl(X|Y, Dy)

Zfdl Z ZX and d2 Z Zy.



The most notable property is Corollary 2, which
means that there are some rate losses when sending
common codewords to two decoders only for a lossy
configuration. This property results from the auxil-
iary random variable U, which characterizes the rate-
distortion function Rp(X,Y |D;, D), although mes-
sages used as side information are available at both the
encoder and decoder.

In Theorem 1, we have considered only two corre-
lated sources. However, these propositions can be eas-
ily extended to any finite number of correlated sources.

Let X = {XM) X@ ... XM} be a set of N dis-
crete memoryless sources, each of which takes values in
a finite set X'®) (i € Zn). For some S C Ty, the corre-
sponding subsets of sources and alphabets will be writ-
ten as X = {X@ : i € S} and XS = [[,.s X,
respectively. Let D = {Dj;}jez,, ics; be a set of dis-
tortion criteria. We define the inf lossy FCD-achievable
rate Rp(X|D) of the source X for given D in the
same way as for two correlated sources, where there
are M decoders, each of which has access to X (In=5i)
as side information and therefore has to recover X (57
(j € Iy, S; C In) such that for i € Iy and j € Ty we
have

Dj; > E AX(i)(X<i>,)?<i>)}.

Corollary 4. (Coding theorem of lossy FCD code for
any finite number of sources)

If S;, € S;, and S5, 2 Sj, for at least one pair of
(j1,72), we have

Rp(X|D) = minmax](X(‘SJ');U‘X(IN—SJ)),

JE€EIM

where the auziliary random variable U takes a wvalue
over an alphabet U satisfying [U| < |XIN)| 4+ M, and
the minimum is taken over all Py x € M(U|Px) such
that there exist functions ¢(; ;) 1 U X XIn=8;) , x)
that satisfy

D;; > E {Axm (X(i)ﬁ(j,i) (U’X(IN_Sj)))} '

5. Extended coding problem

In this section, we examine an extended version of
complementary delivery coding, where only an encoded
sequence of a message is available as side information
at each decoder.

Definition 4. (Lossy PCD (Partially-informed Com-
plementary Delivery) code)

A set (@?1),@?2),@’(’3),@(’1),@?2)) of encoders and de-
coders is a lossy PCD code (n, M,Sl),M,(f),M,(f),p,(ZX),
p,(,Y)) for the source (X,Y) if and only if

iy s X XY _)IMfll)’

Py Y = Iye, A o Iy,

(,/0\,'(11) :IMT(LU X IMT(LQ) — .)?n,
(3'(12) : IMT(I,U X IMT(I:}) — j}n,
P = B [ A% (X", 3y (6 (X" Y ™), 0y (V™))

oY) = B [ AR (Y™, 3 (o) (X", V™), (X))

Definition 5. (Lossy PCD-achievable rate triad)

(R1, Ra, R3) is a lossy PCD-achievable rate triad of the
source (X,Y) for a given distortion pair (D1, D) if
and only if there exists a sequence of lossy PCD codes

{(n, M'r(zl); M7(z2), M7(z3), p%x)’ pgzy)) }Zozl for the source

(X,Y) such that

1 .
limsup —log M) < R;, (i =1,2,3)

n—oo N
lim sup png) < D1, limsup pgy) < Ds.

n—oo n—oo

Definition 6. (Lossy PCD-achievable rate region)

RP(X, Y|D1, Dg) = {(Rl, RQ, Rg) .
(R1, R2, R3) is a lossy PCD-achievable
rate triad of (X,Y) for (D1, D2)}.

Theorem 2. (Coding theorem of lossy PCD code)

Rp(X,Y|Dy,D3) C
{ (RlaRQ)R?)) .
Ry > max{I(X;U|V), I(Y;UW)},

Ry > 1(Y;V), Ry > I(X;W)} (converse)
Rp(X,Y|Dy,D3) 2
{ (RlaRQ)R?)) :

Ry > max{I(VX;U),IWY;U)}
—min{I(V;U),I(W;U)},
Ry > 1(Y;V), Ry > I(X; W)}, (direct)

where the auzxiliary random variables U, V and W take
values over alphabets U, V and W, respectively, satis-
Jying V| < |V +2, W] < |X[+2, U] <[X XY XV x
W +3,V-oY—>XandW — X =Y form Markov
chains, and there exist functions ¢y : U XV — X and

Gy U X W — 5/\ satisfying

D,
Do

E[Ax(X,¢0) (U, V)],
E [Ay (Y, ¢ (U W))].

AVARLY,

From Theorem 2, we immediately obtain the fol-
lowing properties:



Corollary 5. (Compatibility with the coding theorem
of FCD code)

Rp(X,Y|D1,D2, Ry =13, R3 =13)

dgf.

HllIl{R : (R, T2, 7’3) € RP(X, }/|D17 DQ)}
Z RF(X7Y|D1;D2)

for any ro,r3 > 0. The inequality satisfies the equality
requirement if ro > H(Y') and r3 > H(X).
Corollary 6. (Compatibility with known results for
special cases)

Rp(X,Y|Dy = dy, Ds)

Rp(X,Y|D1,Ds =ds) =

RC3(Y|X7 D2)7
RC3(X|Y5 Dl)a

if di > Ax and dy > Ay, where Ros(X|Y, D) is the
mintmum achievable rate region when X s encoded and
reproduced with encoded sequences from Y to guarantee
the distortion level D [7].

6. Proof of theorems

It suffices to prove Theorem 2 because Theorem 1
can be obtained from Corollary 5. Due to space lim-
itations, we would like to show a sketch of the proof.
Details will be provided in [14].

6.1. Theorem 2: converse part

Proof. -
Let a sequence {( Cl1y» 50(2) @(3) go(l) <p(2))} B
PCD codes be given that satisfy the Condltlons of Def-
initions 4 and 5. From Definition 5, for § > 0 there
exists an integer n; = n1(d) and then for all n > nq(0),
we can obtain

of lossy

1 .
“logM{ < R;+6 (i=1,2,3). (1)
n

First, we evaluate Eq. (1) for ¢ = 1. Let A =
o (XY, AP = pn (V) and A = @ (X7).
Then, we obtain

n(Ry +6) > I[(Xp; AD|AD) xk-Lyk=1)

k=1

Let us define the random variables Uy, = A,(zl) and Vj, =
AP Xk=1yk=1_ With these definitions, we have the
Markov structure Vi — Yi — X}, and therefore we
obtain

k=1

In a similar manner, by letting W), = AP xk—1yh-1
we obtain n(Ry + 8) > Y.r_, I(Yy; Ux|Wi) and the
Markov structure W, — X, — Yi. Here, let J be
a random variable, independent of X and Y, and uni-
formly distributed over the set Z,,. We define the ran-
dom variables U = (J,U;), V. = (J,V;) and W =
(J,Wy). The Markov structures V.— Y — X and
W — X — Y still hold, and we have Ry1+d > I(X;U|V)
and Ry + 0 > I(Y;U|W). Since ¢ > 0 is arbitrary, we
obtain Ry > max{I(X;U|V),I(Y;U|W)}. Next, we
evaluate Eq. (1) for i = 2.

ZI (Yi; A
ZI(Yk;Vk)-
k=1

In the same way as with the above discussion, we have
Ry > I(Y;V). In a similar manner, we also obtain
Ry > I(X;W).

We next show the existence of functions ¢(;) and
¢(2) that satisfy the conditions of Theorem 2. Now, we
denote the output of @7} at time k (k € Z,) by (i
(i = 1,2). From Definition 5, for any v > 0, there
exists an integer ny = na(7y), and for all n > na(y), we
have

n(R2+5) Z Q)Xk 1yk 1)

D+~
1 - foN n n
= - > E {AX(ka‘P(l)k(‘P(l)(kaYk)a‘P(Q)(Yk)))} ;
k=1
Dy + v

>

S|
M:

[AY(Yk; Pk(p ?1)(Xk,Yk)7<P?3)(Xk)))}-

=
Il
_

Here, we choose the functions ¢(;) and ¢z as follows:

)k (Uk, Vi) def Bayn(AD, AR,
b2k (Ur, Wy) def. @(Q)k(Anl)v AP,
oy (U, V) def é1ys(Us, Vi),

D (U W) hays (U, W),

This implies that

Dy
Dy

E [Ax(X, 60U, V)],
E[Ay (Y, 6o (U,W))] .

It remains to establish that the bounds on |U|, |V
and |W)| specified in Theorem 2 do not affect the min-
imization of R. To do this, we introduce the support
lemma [15, Lemma 3.3.4]. We first reduce the alpha-
bet size of V. Here, we have |Y| — 1 constraints to

(AVARLY,



preserve the distribution Py just defined, and three
more constraints for preserving I(X;U|V), I(Y; V) and
E[Ax(X,¢1)(U,V))]. We can reduce the alphabet
sizes of W and U similarly.

This completes the proof of the converse part. [

6.2. Theorem 2: direct part

Proof.

Let a distortion pair (Dy, D) be given, and let U,
V and W satisfy the conditions that define Rp(X,Y|
D1, Ds). Fix arbitrary v, > 0. Let us denote a set of
(strong) typical sequences over X™ as T%(9).

Codeword selection: ¢y (cp?s))

Randomly generate My (resp. My ) independent code-
words Ay = {v;}MY, v; € V" (resp. Aw = {w;} 17,

w; € W™), each of length n, according to Py (resp.
Pyw).

Codeword selection: @E‘l)

(1) Randomly generate My independent codewords Ay =

{wi} My w; € U™, each of length n, according to Py .

(2) Partition the codebook Ay into Ny bins, each con-
taining Ly = My /Ny members of Ay. Let Ay (j) de-
note the elements u € Ay assigned to bin j (5 € Zny,).

FEncoding: <p?2)

(1) For a given y € Y™, the encoder seeks a vector
v; € Ay such that (v;,y) € Tyy (k19), where Jk; > 0.
If there is more than one such vector in Ay, the first
one is chosen. If there is no such vector in Ay, an error
is declared. Denote the selected vector by v(y).

(2) The value assigned to the encoder ¢y (-) is the
index of the selected vector, that is, () (y) =i, v(y) =
v;.

Encoding: @E‘S)

In a similar manner to <p?2), the encoder seeks a vec-
tor w(x) = w; € Ay such that (w;, ) € Twx (k20),

where ks > 0, and the value assigned to the encoder
©()(+) is the index of the selected vector.

FEncoding: <p?1)

(1) For a given (z,y) € X™ x V", the encoder seeks a
vector u; € Ay such that (u;,v(y),z) € Tyyx(ksd)
and (u;, w(x),y) € Tuywy (k46), where ks, ky > 0. If
there is more than one such vector in Ay, the first one
is chosen. If there is no such vector in Ay, an error is
declared. The selected vector is denoted by u(z, y).
(2) The value assigned to the encoder @?1)() is the bin
index to which u(x,y) belongs, that is, @?1)(1', Y) =14,
u(m, y) € AU(])

Decoding: @?1)
(1) The decoder has access to the indexes ju = ¢}, (@, y)
and jy = 90?2) (y)
(2) We can recover the unique vector ¥ = v(y) = v;, €
Ay (jv) from the index jy .
(3) The decoder seeks a unique vector u € Ay (jy) such
that (u,v) € Tyv(ksd), where ks > 0. Denote this
vector w(v). If there is no or more than one such vector
u € Ay (ju), an error is declared.
(4) The reconstruction vector & = (T1,Z2, - ,Zn) is
given by

fk = (b(l)(ak(@),ak) (k S Zn).
Decoding: @?2)
(1) The decoder has access to the indexes ju = ¢}, (@, y)
and jw = 90?3) ().
(2) In a similar manner to @?1), it seeks a unique vec-
tor u € Ay (ju) such that (u,w = wj,, ) € Tuw (ked),
where Fkg > 0, and the reconstruction vector g is given
by

U = O (up(w), wr) (k€ ).

Distortion evaluation: {5?1), 52?2)

Noting that (u(x,y),v(y),x) € Tuvx(ksd), if no er-
ror occurs in the encoding/decoding process, we have
(u(z,y),v(y),x) = (u(v),v,x), and therefore

A% (x,2) < Di+ks6Ax|UxV x X|.

Since 6 > 0 is arbitrarily small for a sufficiently large
n, if error probabilities in the encoding/decoding pro-
cesses vanish as n — oo, we can obtain

lim sup E [A}(X", x| < b.
We can obtain the distortion bound for @?2) similarly.

Error evaluation: 30?2), 50?3)

If there is no v; € Ay such that (v;,y) € Tyy (k10), an
encoding error has occurred at @?2). The probability

of this event vanishes as n — oo by setting My as
My > exp{n(I(Y;V) 4+ m1v)}, Imy > 0.
We can evaluate the encoding error of go?g) similarly.

Error evaluation: ga?l)

If there is no u; € Ay such that (u;, v(y), ) € Tyvx (k3d)
and (u;, w(x),y) € Tuwy (k46), an encoding error has
occurred. This event is denoted as

By dgf.

E31 U B,



My

By ﬂ {(ui, v(y), z) ¢ Tuvx(ksd)},

My

Eo dgf. ﬂ{uu

By setting My as
My > eXp{n( VX U) + mgw)} dmo; > 0,

we have lim,, o Pr{F2;} = 0. In a similar manner, we

have lim,,—.o Pr{E22} = 0 by setting My as

My > exp{n(I(WY; U) + m22’}/)}, Image > 0.

Error evaluation: (’5?1)’ @?2)

If there is no or more than one u; € Ay (ju) such that
(u;,0) € Tyv(ksd), a decoding error has occurred at

@?1). This event is classified into two cases.

(1) The first case: (u(x,y),v(y)) ¢ Tyy (ksd). How-
ever, this error does not occur because (u(x,y), v(y), x) €

TUVX (k35)

(2) The second case: If there exists u € Ay (ju), u #
%) S TUv(k/’5(5). The probability

u(x,y) such that (u,
of this event vanishes as n — oo by setting Ly as

Ly <exp{n(I(V;U) —l217)}, a1 > 0.

We can evaluate the decoding error of @?2) similarly.

Rate evaluation: @?2), 50?3)

The encoder go&) sends the indexes of the bin using

1
Ry = ElogMV > IY;V)+miy

bits per letter. Since v > 0 is arbitrary, we obtain the
intended coding rate. We can evaluate the coding rate

for cp?g) similarly.

Rate evaluation: gp?l)

The encoder sends the indexes of the bin using

M,
Ry logNUf log v
Ly

> maX{I(VX, U) + ma17, I(WY, U) + mgg’y}

—min{I(V;U) — lo1y, I[(W;U) — l227}

bits per letter, where oo > 0. Since v > 0 is arbitrary,

we obtain the intended coding rate.
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