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Abstract — Slepian and Wolf first considered the
data compression of correlated sources called the
SW system, where two sequences emitted from
correlated sources are separately encoded to code-
words, and sent to a single decoder which has to
output original sequence pairs. Recently, Ochama
has extended the SW system and investigated
a more general case where there are some mu-
tual linkages between two encoders of the SW
system. In this paper, we investigate variable-
length coding which allows asymptotically vanish-
ing probability of error for the system considered
by Oohama. We clarify the admissible rate re-
gion for mixed sources characterized by two er-
godic sources, and show that this region is strictly
wider than that for fixed-length codes.

I. INTRODUCTION

Coding problems for correlated information sources were
first investigated by Slepian and Wolf [1]. They consid-
ered the data compression system, where two sequences
of length n emitted from correlated sources are separate-
ly encoded to nR; and nRs bit codewords, and sent to
a single decoder which has to output original sequence
pairs with small probability of error. Slepian-Wolf es-
tablished the admissible rate region (called the SW re-
gion), namely the closure of the set which consists of the
rate (R, Ra) such that the error probability of decoding
can be made arbitrarily small by letting n to be large.
Their coding theorem may be regarded as a substantial
starting point of multiterminal information theory, and
many variations of their data compression system have
been investigated. Recently, Miyake and Kanaya [2] ex-
tended the coding theorem to the class of non-ergodic or
non-stationary sources called general sources by using the
method developed by Han and Verdi [3, 4].

In the system of Slepian and Wolf (called the SW sys-
tem) neither of the encoders can observe the codeword
generated by the other encoder. Oohama [5] has investi-
gated a general case where there are some mutual link-
ages between two encoders of the SW system. Howev-
er, Oohama only dealt with fixed-length source encoder-
s, and the variable-length coding problem for the SW
system still remains open despite its significance. On
the other hand, in the coding problem for single gener-
al sources, Han [6] has shown that weak variable-length
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code, i.e. variable-length code having asymptotically van-
ishing probability of error, may achieve lower coding rate
than fixed-length code. Hence, we can expect a similar
result for correlated sources. This motivates us this re-
search.

In this paper, we investigate weak variable-length cod-
ing problems for correlated two sources in the system con-
sidered by Oohama. We clarify the admissible rate region
for mixed sources characterized by two ergodic sources,
and show that this region is strictly wider than that for
fixed-length codes.

II. CopING SYSTEMS FOR CORRELATED SOURCES

A. Basic Definitions

Let X and Y be finite sets and B be a binary set.
Without loss of generality, we assume that X¥ = Y =
{1,2,---,M} and B = {0,1}. We denote a set of
all sequences of finite length by B*. Let (X,Y) =
{(Xj,Yj)};”;l be a stationary-ergodic process of random
variables (X;,Y;) (7 = 1,2,---) which takes values in
X x Y. Then, both X = {Xj};”;l and Y = {Y]};il
are stationary-ergodic processes. We shall call X and Y
ergodic sources, and (X ,Y") correlated ergodic source. We
define a correlated mized source (X,Y) by the following
distribution:

A
Po(2,y) = aPM(2,y) + (1 - a) PV (2, y)

for all (#,y) € X™ x Y", where 0 < a < 1 and P (=
1,2) are the distributions of the jointly ergodic process

(X("i), Y&) = {(X(i)j, Y(i)j)};’bzl' Further, we introduce
the notation

(X, ¥ ) 2 { (X Ya) }2y (= 1,2).
For an ergodic source X, let H(X) denote its entropy
rate. Similarly, for a correlated ergodic source (X,Y),
we denote a joint entropy rate and a conditional entropy
rate by H(X,Y) and H(X|Y), respectively. In what
follows, all logarithms and exponentials are to the base
two.

B. Slepian- Wolf Coding System

Slepian and Wolf [1] studied the coding problem for
two correlated sources. We call their data compression
system the Slepian- Wolf system (the SW system).



Definition 1: A sequence {(gogbl),gog),gogl)}le of
triples is called a (fized-length) SW code (SW code), if
the encoders 9053) AT — M%l), gog) YT = Mﬁf), and

the decoder ¢! : M%l) X Mﬁf) — X™ x Y™ satisfy
lim Pr{p;!(pD(X™), e (Y™)) # (X™,Y™)} =0,
n—o0

where M) = {1,2, -, M{"} for i = 1,2.

Definition 2: A rate pair (Ry, Rs) is admissible for the
SW system, if there exists a SW code which satisfies

1 1
lim sup — log M,(Ll) < R; and limsup —log M,(LQ) < Rs.
n n

n—r oo n—r oo

Definition 3 (The SW region): The SW region
Rsw(X,Y) is defined as a set of (R1, R2) which is ad-
missible for the SW system.

Miyake and Kanaya [2] investigated the SW system
for two correlated general sources[4] such that the joint
distribution P,(e,y) is given for each n independently,
and clarified the SW region as follows:

Theorem 1 [2]: For any correlated general source

(X,Y),

RSW (X,Y) = {(Rl, RQ) : R1 Z F(X|Y),
Ry > H(Y|X), Ri+ R; > H(X,Y)},

where F(X,Yl is the joint sup-entropy rate [4], while
H(X|Y) and H(Y |X) are the conditional sup-entropy
rate [4].

Corollary 1: If (X,Y") is a correlated ergodic source,

st(X,Y) = {(Rl,RQ) : R1 Z H(X|Y),
Ry > H(Y|X), Ri + Ry > H(X,Y)}.

Further, if (X,Y) is a correlated mixed source,

Rsw(X,Y) = {(Ry,Rs) :
Ry > max (H(X(0)|Y 1)), H(X ()Y 2))) ,
Ry > max (H(Y 1) X 1)), H(Y (2)| X (2))) ,
Ry + Ry > max (H(X (1), Y (1)), H(X (2), Y (3))) }-

C. SW System with Linked Encoders

Oohama [5] considered the coding problem for corre-
lated sources, where two separate encoders of the SW
code are mutually linked as shown in Figure II. We call
this compression system the SWL system in the mean-
ing of the SW system having the linkage of two encoders.
Especially, when both switches are closed, we call it the
SWL-I system. Also, when both switches are open, we
call it the SWL-II system. First, we define fixed-length
coding for the SWL-I system (called f-SWL-I system).

Definition 4: A sequence {(90531), 90212), 90%21), 90%22),
oa1)}, of sets of encoders and a decoder is called a
f~-SWL-I code, if the encoders go%ll) A" — M%ll), 9092) :

xn SV
12 Rl g
S Xn
-1
" R, Pn R
oD P
yn e

Figure 1: SW system with linked encoders

2 x MEY = MED, G0y o MED, oDy
M%ll) — M%QQ) and the decoder ¢! : M%ll) X M%m) X
MY x MED 5 am V" satisfy

lim Pr{gp;l(so%ll)(Xn), S051'12)()(11,, 9051,21)(Yn))7
n— oo
PED™), e (Y, ol (X)) # (X7, Y™} = 0(1)

where MG £ 11,2, ..., MEDY for 4,5 = 1, 2.

Definition 5: A rate pair (Ry, Rs) is admissible for
the f-SWL-I system, if there exists a fSWL-I code which

satisfies

1 1
lim sup — log M,(Lll) =0, imsup —log M,(L21) =0,

lim sup — log M,(Lm) < Ri1, limsup — log M,(LQQ) < Rs.
n—ooo N n—oo N

(2)

Definition 6 (The f-SWL-I region): The f-SWL-I re-

gion is defined as a set of (R1, Ry) which is admissible for
the fSWL-I system.

Similarly, we define the fixed-length coding for the
SWL-II system.

Definition 7: A sequence {(go%ll) 9092), 90221), 90222),
oa 1)}, of sets of encoders and a decoder is called a
fized-length SWL-II code, if the encoders defined in Defi-
nition 4 and the decoder ¢! : M£Ll2) X M%QQ) — AP xYy"
satisfy

lim PI'{QO;l(Sos,,lm(Xna 9051,21)(Yn))7
n—o0
eP(Y™, oM (X™))) # (X7, Y™)} = 0.

)

Definition 8: A rate pair (R, Rs) is admissible for the
f~SWL-II system, if there exists a f~SWL-II code which
satisfies (2).

Definition 9 (The f-SWL-II region): The f-SWL-II re-
gion Rgwr—11(X,Y) is defined as a set of (R, Rz) which
is admissible for the ~SWL-II system.

The next theorem clarifies that the region of admissi-
ble rate pairs does not expand even if there are mutual
linkages between two encoders.



Theorem 2: For any correlated general source (X,Y),
Rswi-1(X,Y) = Rswr-rr(X,Y) =Rsw(X,Y).

D. Weak Variable-Length Coding
We define the weak variable-length coding for the
SWL-I system called the wv-SWL-I system).

Definition 10: A sequence {(90531), 9092), 90221), 90222),
va 1)}, of encoders and a decoder is called a wv-SWL-I
code, if the encoders

(11) S XY o B* (12) - X" x 9051,21)())”) - B*,
(21) SY" B* (22) S Y” w%ll)(xn) - B*,

and the decoder ¢! : B* x B* x B* x B* — A™ x Y"
satisfy the following conditions:

1. The images of go( 1), 90532), 90531) and go%n) are all
prefix sets.
2. lim Pr{p; (p{D(X™), o0 (X", oD (Y™),

gofl)(Y”), 8051,22)(an S‘aglll)(‘)(yl))) £ (X™,Y™)} = 0.

Definition 11: A rate pair (Rp, R2) is admissible for
the wu-SWL-I system, if there exists a wv-SWL-I code
which satisfies

limsuplE’[( I(x™)] = o,
n—00 7:7i
lim sup — E'[( CHym))] = o,
n—r oo
limsuplE’[(go%m)(X" (1) (y™) ] < Ry,
n—00 7{4
lim sup — EI:(§0£L22)(Y” (1) (x™) ] < Ry,
n—r oo

(3)
where E[-] denotes the expected value and ! : B* —
{0,1,---} denotes the length function.

Definition 12 (The wv-SWL-I region): The wv-SWL-
I region Ry _1(X,Y) is defined as a set of (R1, Ry)
which is admissible for the wv-SWL-I system.

Similarly, we also define a weak variable-length coding
for the SWL-II system (called the wv-SWL-II system).

Definition 18: A sequence {(90531),90212),90221),90222),
ea 1)}, of sets is called a wv-SWL-II code, if the en-
coders defined in Definition 10 and the decoder ¢!
B* x B* — &A™ x Y™ satisfy the following conditions:

(22)

1. The images of go( 1), 90532), 90531) and ¢, ~’ are all
prefix sets.

2. lim Pr{p M (e{D(X™, oD (Y ™)),
n—r oo

P, eD(X™)) £ (Xm, Y™} = 0.

Definition 14: A rate pair (R1, Ra) is admissible for
the wu-SWL-II system, if there exists a wv-SWL-II code
which satisfies (3).

Definition 15: (The wv-SWL-II region) The wv-SWL-
II region Ry _rr(X,Y) is defined as a set of (R1, R»)
which is admissible for the wv-SWL-II system.

ITI. MAIN RESULTS
Before we describe our main result, we impose an as-

sumption for correlated mixed sources.

Assumption: A correlated mixed source (X,Y) satis-
fies at least one of the following conditions () — @):

© H(X()) # H(X(2)
@ H(Yq)) #H(Y(3)
® H(X@),Yq) #H(X@2),Y ()

This assumption indicates that two ergodic sources
(X (1), Y (1)) and (X (3), Y (2)) can be discriminated by the
entropy rate.

The next theorem is our main result.

Theorem 3: If (X,Y
then

Riwi—r(X,Y) = {(B1, Ba) ;
Ry > aH(X 1)|Y (1)) + (1 — &) H(X (2)|Y (3)),
Ry > aH(Y (1)| X (1)) + (1 — &) H(Y (3)| X (),

Ri+ Ry > aH(X (1), Y (1)) + (1 - a)H(X@)»Y@))}-

) is a correlated mixed source,

According to Theorem 2, Theorem 3 and Corollary
1, we conclude that the wv-SWL-I region strictly in-
cludes the £-SWL-I region, ie. Ry, (X, Y) D
Rswr-1(X,Y) for any correlated mixed source (X,Y)
satisfying Assumption. This implies that wv-SWL-I code
can achieve strictly lower coding rate than f~-SWL-I code.
However, for any correlated ergodic source (X,Y), we
have Ry 1(X,Y) = Rswir-1(X,Y). Hence, we can-
not improve the coding rate for ergodic sources even if we
employ wv-SWL-I codes instead of f-~SWL-I codes.

The next theorem clarifies that wv-SWL-II codes can
achieve the same coding rate as wv-SWL-I codes even if
the coding system is restricted.

Theorem 4: If
then

(X,Y) is a correlated mixed source,

REWL—II(Xa Y) = R:TWL—I(Xa Y)-
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