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Abstract— We investigate large deviations performance
of the interval algorithm for random number generation,
especially for intrinsic randomness. First, we show that the
length of output fair random bits per the length of input
sequence approaches to the entropy of the source almost
surely. Next, we consider to obtain the fixed number of fair
random bits from the input sequence with fixed length. We
show that the approximation error measured by the vari-
ational distance and divergence vanishes exponentially as
the length of input sequence tends to infinity, if the number
of fair bits per input sample is below the entropy of the
Contrarily, the approximation error measured by
the variational distance approaches to two exponentially, if
the number of fair bits per input sample is above the en-

tropy.
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I. Introduction

Random number generation is a problem of simulating
some prescribed target distribution by using a given
This problem has been investigated in com-
puter science, and has a close relation to information
theory [1, 2, 3]. Some practical algorithms for ran-
dom number generation have been proposed so far, i.e.
[1, 3, 4, 5]. In this paper, we consider the interval al-
gorithm proposed by Han and Hoshi [3].

source.

Performance of the interval algorithm has already
been investigated in [3, 6, 7]. Han and Hoshi [3] have
showed that the expected length of input sequence per
the length of output sequence can be characterized by
the ratio of entropy of the input and output distri-
butions. Uyematsu and Kanaya [6] have investigated
large deviations performance of the interval algorithm
where the distribution of input source is uniform. Fur-
ther, Uchida and Han [7] have extended the result of
Uyematsu and Kanaya to stationary ergodic Markov
process. We investigate large deviations performance,
where the distribution of target random number is uni-
form.

We first show that the length of output sequence per
input sample approaches to the entropy of the source
almost surely. Next, we consider to obtain the fixed
number of fair random bits from the input sequence
with fixed length. We show that the approximation
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error measured by the variational distance and diver-
gence vanishes exponentially as the length of input se-
quence tends to infinity, if the number of fair bits per
input sample is below the entropy of the source. Con-
trarily, the approximation error measured by the vari-
ational distance approaches to two exponentially, if the
number of fair bits per input sample is above the en-
tropy of the source.

I1. Basic Definitions

(a) Discrete Memoryless Source

Let X be a finite set. We denote by M(X) the
set of all probability distributions on X'. Throughout
this paper, by a source X with alphabet X', we mean a
discrete memoryless source (DMS) of distribution Px €
M(X). To denote a source we will use both notations
X and Py interchangeably.

For random variable X which has a distribution
Px, we shall denote this entropy as H(Px) and H(X),
interchangeably. Further, for arbitrary distributions
P,Q € M(X), we denote by D(P || Q) the informa-

tion divergence

P(z)
Q(x)’

D(P[Q)= Y P(z)log

TEX

Lastly, we denote by d(P, Q) the variational distance
or l; distance between two distributions P and ) on A

d(P,Q) 2 " |P(a) - Q(a)].

a€EA

From now on, all logarithms and exponentials are
to the base two.

(b) Intrinsic Randomness

In this paper, we especially investigate the problem
to generate a uniform random number with as large
size as possible from a source X. This problem is called
intrinsic randomness problem [8]. Here, we shall intro-
duce basic definitions and a result for intrinsic random-
ness problem.

Definition 1: For arbitrary source X, R is achievable
Intrinsic Randomness(IR) rate if and only if there ex-
ists a map ¢, : ™ — Uy, such that

1
liminf —log M,, > R

n—oo N

lim d(Up,, on(X™)) =0,



A . .
where Uy, = {1,2,---,M,} and Uy, is a uniform
distribution on Uy, .

Definition 2 (IR rate):

S(X) =sup{R | R is achievable}
As for the characterization of IR rate, Vembu and
Verdi [2] proved the following fundamental theorem.

Theorem 1: For any stationary source X,
5(X) = H(X), (1)

where H(X) is the entropy rate of X.

II1. Interval Algorithm

In this chapter, we introduce the interval algorithm for
random number generation proposed by Han and Hoshi
[3]. For our purpose, we rephrase their algorithm for
intrinsic randomness.

Let us consider to produce a sequence of fair bits of
length n by using an i.i.d. sequence X, Xo,--- with a
generic distribution p = (p1,p2, -+ ,pM)-

Interval Algorithm for Generating Fair Bits

la) Partition an unit interval [0,1) into disjoint
subinterval J(0), J(1) such that

J(i) = [i/2,(i+1)/2) i=0,1
1b) Set
J
Pj:Zpk .7:1’277M, P0:0
k=1

2) Set s =t = A (null string), a; =y =0, Bs =
o = 1, I(S = [amﬁs): J(t) = [’Yta(st): I =0 and
m = 1.

3) Obtain an output symbol from the source to

have a value a € {1,2,--- , M}, and generate the
subinterval of I(s)

I(sa) = [0, Bsa)s
where
Agq = Qg + (ﬂs - as)Pa—l
ﬂsa = Qg + (ﬁs - as)Paa

and set [ =1+ 1.

4a) If I(sa) is entirely contained in some J(ti) (i =
0,1), then set t = ti. Otherwise, go to 5).

4b) If m = n then output ¢ as the output sequence
Y™ and stop the algorithm. Otherwise, partition
the interval J(t) = [, 6:) into disjoint subinter-

val J(t0), J(t1) such that
J(tj) =

['Ytja‘stj) 7=0,1

where

Y = Y+ 36 —v)/2
Oy Yo+ (F+1)(6 —v)/2,

and set m = m + 1 and go to 4a).
5) Set s = sa and go to 3).

As for the property of the above algorithm, Han
and Hoshi have shown that
E(L) 1

B T )

where E(L) is the average length of input sequences to
obtain fair bits of length n.

IV. Almost Sure Convergence of Number
of Fair Bits per Input Sample

We shall investigate large deviations performance of the
interval algorithm for random number generation.

Let us consider to produce a sequence of fair bits by
using a sequence X" = (X, X, -+, X,,) of length n.
Each random variable X; (i = 1,2,---,n) is subject
to a generic distribution Px on X = {1,2,--- ,M}.
We denote by L,(x) the number of generated fair bits
from the input sequence & € X™. Here, we define the
following functions:

E,(R,Px) = in  D(Q | Py), 3
(R, Px) ol (Q 1l Px) (3)
H(Q)XR
Es R7P = i D P y 4
»(R, Px) olun, (Q Il Px) (4)
D(Q||Px)+H(Q)XR
F(R,P = i D P 5
(R, Px) QGHAl/}?X): (@1 Px), (5)
D(Q||Px)+H(Q)>R
G(R,P = i D Px). 6
(R, Px) QEHJS/}?X): (Q Il Px) (6)
H(Q)>R

Then, we obtain the following large deviations perfor-
mances of the interval algorithm:

Theorem 2: For R > 0,

lim inf
n—oo

- llogPlr {1Ln(X) < R}
n n

1
or Iv > iné)l} og Py ()

S Esp(R) PX)

(8)

Further, E,.(R,Px) > 0 if and only if R < H(X),
E.(R,Px) > 0 if and only if R,;n < R < H(X),
and E,.(R,Px) < E,,(R, Px) for R < H(X).

lim sup
n—oo

- llogPr {1Ln(X) < R}
n n




1
Theorem 3: For R < R4, = max log ——,
TEX PX (J})

(9)

n—oo

1 1
lim inf [— — log Pr {Ln(X) > R}
n n

For R < log|X]|,
. 1 1
limsup | — —log Pr {—Ln(X) > R} < G(R, Px).
n— oo n n
(10)

Further, F(R,Px) > 0 if and only if H(X) < R
Ryaz, G(R,Px) > 0 if and only if H(X) < R
log|X|, and F(R, Px) < G(R,Px) for R > H(X).

Combining these theorems and Borel-Cantelli’s
lemma (e.g. [9]) we immediately obtain the following
corollary.

Corollary 1:

<
<

lim SL,(X)= H(X) as. (11)

n—oo N
Remark 1: Let us consider to produce a specified num-
ber of fair bits by using a sequence from the source X.
We denote by T,,(X) the length of sequences to obtain
fair bits of length n. Then, we can obtain similar rela-
tions as (7)-(10). For example, corresponds to (7), we
have

Z ENT(R7PX)7

(12)

n—oo

1 1
lim inf l— —log Pr {—Tn(X) > R}
n n

where
E\;(R, Px)= min
QEM(X):
H(Q)<1/R

RD@Q | Px).  (13)

Similarly, corresponding to Corollary 1, we have

lim %Tn(X) - @ (14)

V. Error Exponent for random number
generation

In this chapter, let us consider to produce fixed number
of random bits with an input sequence of length n.
In this case, we cannot generate fair bits exactly but
approximately.

First, we modify the interval algorithm for generat-
ing fair bits so that the algorithm outputs a specified
sequence 11---1 € {0,1}*® whenever the algorithm
does not stop with a input sequence of length n. The
modified algorithm can be described below. Since steps
1),2),4) and 5) are the same as the original algorithm,
we omit them in the modified algorithm.

Modified Interval Algorithm for Generating Fair Bits

3) If | = n then output 11---1 as the output se-
quence Y and stop the algorithm. Otherwise
obtain an output symbol from the source X to
have a value a € X = {1,2,--- , M}, and gener-
ate the subinterval of I(s)

I(sa) = [0, PBsa)
where
Qgq = Qg + (ﬁs - as)Pa—l
/Bsa = o+ (ﬂs - as)Pay

and set | =+ 1.

We first measure the approximation error by the
variational distance between the desired and approxi-
mated output distributions. Then, we obtain the fol-
lowing theorems.

Theorem 4: If the modified interval algorithm is used
for random number generation, then we have

n—oo

1 ~
lim inf [— ~log d(UeXp(nR),P;R)] > E.(R, Px),
n
(15)

where PN’QR denotes the output distribution of the mod-
ified interval algorithm, and E,.(R, Px) is given by (3).
Further, for R > R,,in

1 ~
lim sup |: - ; log d(Uexp(nR)7 P{}R)] < Esp(R7 PX)7

n— oo

(16)
where E,,(R, Px) is given by (4).

This theorem implies that if the length of output
sequence per input sample is below the entropy of the
source, the approximation error measured by the vari-
ational distance vanishes exponentially as the length of
input sequence tends to infinity.

Next theorem shows the upper bound of the error
exponent.

Theorem &5: Let ]SQR denote a distribution over
Uexp(nr) using any algorithm for random number gen-
eration with fixed input length n. Then, for R > R,,;n

timsnp | — L log d(Uespuy, B7)| < Bupl(R, Pr),
o an)
where E,,(R, Px) is given by (4).
Note that E,.(R, Px) < E,,(R,Px). Hence, it is

still an open problem to obtain the exact error expo-
nent of the proposed algorithm.
Next theorem shows the converse result.

Theorem 6: If the modified interval algorithm is used
for random number generation, then for R < R,,45,

1 ~
liminf | — — 10g{2 - d(Uexp(nR)7 P;R)} > F(R7 PX)7
n

n—oo

(18)



where F(R, Px) is given by (5).
log | X

Further, for R <

1 ~
lim sup [ — E 10g{2 - d(Uexp(nR)> P;R)} < G(R7 PX))

n-—oo

(19)

where G(R, Px) is given by (6).

This theorem implies that if the length of output
sequence per input sample is above the entropy of the
source, the approximation error measured by the varia-
tional distance approaches to two exponentially as the
length of input sequence tends to infinity.

Next theorem was due to Ohama [5].

Theorem 7: Consider the optimum algorithm for ran-
dom number generation with fixed input length n, let
P2 denote the distribution over y € {0,1}"% which
minimizes the variational distance. Then, we have

1 ~
lim - —10g{2—d(P;R,P?R)} :Fl(Rva)y
n

o (20)
where
FI(R.Px) = min (D(Q Px)
+R-H(Q) - D(Q | Px)|"}. (21)

Further, F'(R, Px) > F(R, Px) and equality holds for
R > Rgy, where

Ry 2 D(Qo || Px) + log | X| (22)

and Qg is a uniform distribution on X.

Theorem 6 and 7 imply that the interval algorithm
with fixed input length is not optimum if R > Ry.

Next, consider to measure the approximation er-
ror by the divergence between the desired and approxi-
mated output distributions. First, we show the follow-
ing lemma.

Lemma 1: Let P",Q"™ be arbitrary distributions on
o If d(P™,Q™) < € then D(P" || Q™) <
—e log P, Q" . . where P". (resp. Q" ,,)is the min-
imum of P™ (resp. Q™) over X'™.

From Theorem 4 and Lemma 1, we immediately
obtain the following corollary.

Corollary 2: If the modified interval algorithm is used
for random number generation, then

lim inf
n—oo

1 ~
T IOgD(UEXp(nR) “ P{}R) > ET(R: PX):
(23)
where E,(R, Px) is given by (3).

This theorem implies that if the length of output
sequence per input sample is below the entropy of the

source, the approximation error measured by the diver-
gence also vanishes exponentially as the length of input
sequence tends to infinity.

Remark 2: Han has showed that there exists an al-
gorithm for random number generation of which nor-
malized divergence vanishes [8]. However, as shown in
Corollary, for DMS (more generally unifilar sources),
even divergence can vanishes as the input length tends
to infinity.

VI. Conclusion

We have investigated large deviations performance of
interval algorithm for random number generation. We
have clarified some asymptotic properties, when target
random number have been subject to uniform distribu-
tion. As future researches, we are going to generalize
our results to more complex sources.
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