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Abstract

This thesis deals with multiterminal source coding problems for a general
framework of coding systems, called coding systems with cooperation, where
there are some linkages among encoders and decoders. Especially, the main fo-
cus of this thesis is encoder cooperation. Two types of coding systems are inves-
tigated that incorporate encoder cooperation: the Slepian-Wolf coding system
with linkages (called the SWL system) and the complementary delivery coding
system.

The SWL system involves some mutual linkages between two encoders of the
coding system investigated by Slepian and Wolf (called the SW system) that
involves two separate encoders and one common decoder. Especially, some spe-
cial cases are considered, where the coding rate for the mutual linkage between
two encoders is negligibly small. The main results in this thesis shows that the
achievable rate region of the SWL system equals that of the SW system when
considering fixed-length coding, while weak variable-length coding makes the
achievable rate region of the SWL system larger than that of the SW system.
This implies that encoder cooperation may improve the coding rate.

The complementary delivery coding system contrasts with the SW system
in the sense of cooperation, which means that the complementary delivery cod-
ing system consists of a common encoder and separate decoders, while the SW
system includes separate encoders and a common decoder. Especially, in the
complementary delivery coding system, each decoder has access to some of en-
coded messages to enable the decoder to reproduce the other messages from
a common codeword emitted from the common encoder. First, the minimum
achievable rate for lossy coding is clarified, which implies that encoder cooper-
ation may increase the coding rate. Next, universal coding schemes for lossless
coding are proposed. Explicit constructions of universal lossless codes and the
bounds of the error probabilities are clarified by using methods of types and the
graph-theoretical analysis.
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Chapter 1

Introduction

1.1 Background

Information theory, or more specifically Shannon theory was founded in 1948 by
Claude Shannon in his seminal work “A Mathematical Theory of Communica-
tion” [53]. The central research issues of his work involve source coding which
aims to establish the limits to possible data compression under certain criteria,
and channel coding which aims to establish the limits to reliable data trans-
mission over noisy channels. Shannon established in his paper [53] the most
fundamental results for each research issue: Shannon’s source coding theorem
states that on average the number of bits necessary to represent the data gen-
erated via an uncertain event is given by its entropy. Shannon’s channel coding
theorem shows that the reliable communication over noisy channels is possible if
on average the logarithm of the number of messages is below a certain threshold
called the channel capacity.

The classical information theory assumes that input data is generated from
a single data source, and sent via a communication channel from a single trans-
mitter to a single receiver. On the other hand, multiterminal information the-
ory, which is the basis of this thesis, extends the classical information theory
to deal with multiple data sources, multiple communication channels, multiple
transmitters and/or multiple receivers, as shown in Figure 1.1. Multiterminal
information theory is directly associated with many communication schemes
such as mobile communication (e.g. [77]), broadcasting via satellites (e.g. [72]),
MIMO (e.g. [56, 21, 23]) or sensor networks (e.g. [48]). Also, relationships with
other applications have also been reported such as scalable video coding (e.g.
[19]), pattern recognition [65, 64] or information retrieval [57, 41]. The central
research issues of the multiterminal information theory include multiterminal
source coding and multiterminal channel coding, each of which corresponds to
source coding and channel coding in the classical information theory. This thesis
especially focuses on multiterminal source coding.
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Figure 1.1: Multiterminal information theory

1.2 Related work

1.2.1 Lossless source coding

The work by Slepian and Wolf [54] is regarded as a substantial starting point
of multiterminal source coding. In the coding system considered by Slepian
and Wolf, called the Slepian-Wolf coding system (SW system), two sequences
of length n emitted from correlated information sources are separately encoded
to nR1 and nR2 bit codewords, and sent to a single receiver which has to
output original sequence pairs with small probability of error. They established
the achievable rate region, namely the closure of the set which consists of the
rate pair (R1, R2) such that the error probability of decoding can be made
arbitrarily small by letting n to be large. After the original proof of their
coding theorem, Cover [9] showed a simple proof based on the random coding
argument called bin coding, and extended their result to stationary ergodic
sources. Miyake and Kanaya [45] further extended the coding theorem to the
class of non-ergodic or non-stationary sources called general sources by using
the method of information spectrum developed by Han and Verdú [32, 30].

Many variations derived from the SW system have been also investigated.
Wyner [71], Ahlswede and Körner [3] investigated the coding system where
one of two sequences does not have to be reconstructed. Körner and Marton
[40] considered another coding system, where codewords can be used not only
to recover the original sequence but also as side information to recover other
sequences. Wyner [71] and Sgarro [52] treated other types of coding systems
where several codewords are used as side information to reconstruct some other
original sequences. Csiszár, Körner [12], Han and Kobayashi [31] presented
a unified treatment of a large class of coding systems that include all of the
above mentioned coding systems. Ericson and Körner [20] studied the case not
included in their unified framework, where one of two encoders can observe
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not only the sequence from its own sources but also the codeword generated
from the other encoder. Oohama [47] investigated another variation of the SW
system, where each encoder can observe the codeword generated from the other
encoder.

1.2.2 Lossy source coding

Researches shown in Section 1.2.1 examined the minimum number of bits of
codewords per data sample such that the probability of decoding errors con-
verges to 0 as the number of data samples tends to infinity. On the other hand,
in the theory of lossy source coding, or source coding with a fidelity criterion,
we are interested in determining the minimum number of bits of codewords
per data sample, subject to a constraint on the distortion in reconstructing the
data from its codeword. Wyner and Ziv [73] first investigated a multiterminal
lossy coding problem. They considered a special case of the SW system, where
one of two sequences is directly transmitted to the receiver, and clarified the
rate-distortion function (i.e. the minimum achievable rate for a given distortion
criterion) for this coding system. Several variations and extensions have been
also investigated. Iwata and Muramatsu [34] extended their results to general
sources. Gastpar [24] investigated an extended coding system, where a decoder
of the SW system has access to side information, and clarified the achievable
rate-distortion region (i.e. the achievable rate region for given distortion cri-
teria) in the case where two sources are conditionally independent given the
side information source. Heegard, Berger [33] and Kaspi [35] clarified the rate-
distortion function of another extended coding system, where the encoder does
not know whether side information is available at the decoder or not. Yamamoto
[74] proposed another type of coding systems called the cascade and branching
communication systems, and clarified the achievable rate-distortion regions for
several special cases. Gu and Effros [27, 28] extended the results by Yamamoto
to consider side information messages only at a decoder. Yamamoto [75] pre-
sented a new coding system called the triangular communication system, which
is an extended version of the simple cascade communication system.

The problem of deriving the explicit achievable rate region for the SW sys-
tem still remains as one of the most famous open problems in multiterminal
source coding. Berger and Tung [6, 58] first clarified inner and outer bounds
of the achievable rate-distortion region for the SW system, in which distortion
criteria are imposed on the reconstruction of both sequences. Several attempts
have been made to improve inner and outer bounds [4, 63]. Berger and Yeung
[7] clarified the achievable rate-distortion region for a special case of the coding
problem investigated by Berger and Tung, where one of two messages is required
to be recovered almost perfectly. Kaspi and Berger [38, 36] investigated a vari-
ation of the SW system, where one of two encoders can observe not only the
sequence from its own sources but also the codeword generated from the other
encoder.

Research issues that have been lively investigated in lossy source coding
include multiple description and successive refinement:

The problem of multiple description was first posed by Gersho, Witsen-
hausen, Wolf, Wyner, Ziv and Ozarow (see [17]), where a common encoder
sends two descriptions (i.e. codewords) of a sequence to decoders, and one of
the descriptions may or may not be lost before it gets to the decoder. Primary
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contributions to this problem have been presented in the beginning of 1980’s
[67, 69, 68]. Later on, El Gamal and Cover [17] obtained an inner bound of
the achievable rate-distortion region for the multiple description, and showed
that it is tight for deterministic distortion measures in which every decoder is
required to recover a function of the sequence perfectly. Ozarow [50] clarified
that the inner bound obtained by El Gamal and Cover is also tight for Gaussian
sources with the square error distortion. Ahlswede [1], Zhang and Berger [78]
showed that the inner bound of El Gamal and Cover is tight for the case of no
excess rate for the joint description, namely the case that the sum of the coding
rates for two descriptions is required to equal the rate-distortion function for
the simple source coding (cf. [5]). Fu and Yeung [22] clarified that the inner
bound of El Gamal and Cover is also tight if a decoder that receives one of two
descriptions is required to recover a function of the message.

The problem of successive refinement was originally formulated by Koshelev
[43], and later by Equitz and Cover [18, 19] as a special case of the multiple
description problem. In the original setting of successive refinement, the encoder
is assumed to operate in two stages: In the first stage the encoder transmits
the first description of a message over a relatively rate-limited channel. In the
second stage, the encoder transmits the secondary description of the message to
provide a more accurate reproduction of the message. It is expected that every
source is successive refinable, namely coding rates in two stages simultaneously
lie on the rate-distortion function for the simple source coding. Koshelev [43],
Equitz and Cover [18, 19] showed necessary and sufficient conditions for a source
to be successive refinable. Rimoldi [51] first characterized the achievable rate-
distortion region for successive refinement, and extended his own result to coding
systems with a finite number of refinement stages. Effros [15] extended the
results by Rimoldi to a class of stationary sources. Viswanathan and Berger
[61] investigated a generalization of the successive refinement problem, where
the second stage involves describing another correlated message as opposed to
improving the description of the same message, and characterized the achievable
rate-distortion region for this problem. Steinberg and Merhav [55] considered
another extension of the successive refinement problem, where each decoder has
access to correlated side information, and clarified the achievable rate-distortion
region for degraded side information, i.e. the side information for the second
stage can be considered to be of better quality than that of the first stage.

1.2.3 Universal source coding

Meanwhile, a universal coding problem for those systems was first investigated
by Csiszár and Körner [12]. Universal coding aims to constitute source coding
schemes that (asymptotically) establish the limit of coding rates without any
stochastic knowledges. Universal coding problems are not only interesting in
their own right but also very important in terms of practical applications. Subse-
quent work including the work by Csiszár and Körner has mainly focused on the
SW system. Csiszár and Körner [12] showed the existence of universal codes by
introducing a random coding argument and minimum entropy decoding. Later,
Csiszár [11], Ahlswede and Dueck [2] presented explicit constructions of univer-
sal codes that attain the error exponent (the logarithm of the error probability)
clarified by Csiszár and Körner. Their constructions utilized linear codes that
were usually incorporated into channel coding schemes. Oohama [49] clarified
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Figure 1.2: Four types of “coding systems with cooperation” [upper left] cod-
ing system with cooperative encoders [upper right] coding system with cooper-
ative decoders [lower left] coding system with feedback channels [lower right]
coding system with feed-forward channels

a better error exponent than the exponent clarified by Csiszár, Ahlswede and
Dueck. Uyematsu [60] improved the work by Csiszár and Körner in terms of
the complexity in encoding and decoding to a polynomial order of the length of
messages.

The above discussion implies that previous researches have mainly focused
on the SW system since it appears to be difficult to construct universal codes
for most of the other coding systems. For example, Muramatsu [46] showed
that we cannot construct asymptotically optimal fixed-to-variable length (FV)
universal codes for the coding system investigated by Wyner and Ziv [73] in
terms of the coding rate. A few exception include the work by Effros [16] for
the coding system of multistage successive refinement.

1.3 Main issues

This thesis aims to clarify fundamental limits and to construct universal codes
of multiterminal source coding for a general framework that involve the SW
system, which we call coding systems with cooperation. Figure 1.3 shows coding
systems included in this framework. As you can see in Figure 1.3, coding systems
with cooperation are classified into four types of coding systems that incorporate
several linkages among encoders and decoders. The main research issues of the
previous work focused on coding systems shown in the upper right of Figure 1.3,
which involves cooperative decoders. In this type of coding systems, decoders
can share some of information extracted from received codewords. The most
typical example is the SW system [54, 6, 58, 4, 63]. Its special cases [73, 34, 24, 7,
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38, 36] and extensions [9, 45, 71, 3, 12, 31, 47] are also frequently investigated.
Moreover, the triangular communication system [75] and its related systems
[74, 27, 28] are also included in this framework. Coding systems shown in the
lower right of Figure 1.3 are also frequently investigated, which involves feed-
forward channels from encoders to decoders. The most representative examples
include successive refinement [43, 18, 19, 51, 15] and related coding systems such
as successive refinement with side information [55], sequential coding [61], and
source coding models for information retrieval [57]. On the contrary, coding
systems shown in the left side of Figure 1.3 have not been fully investigated.
The upper left of Figure 1.3 involves cooperation between encoders. Although
coding problems of multiple description have been frequently considered [67, 69,
68, 17, 50, 1, 78, 22], a few other studies deal with this framework (e.g. Ericson-
Körner [20], Kaspi-Berger [38, 36], Oohama [47]). The lower left of Figure 1.3
represents coding systems with feedback channels from decoders to encoders.
Although feedback channels are frequently investigated in problems of channel
coding, there are a few studies in source coding (e.g. Yang et al. [76], Kaspi
[37]).

To this end, this thesis focuses on two kinds of coding systems that incor-
porate cooperation with encoders.

First, a coding system that extends the SW system is presented, where
there are some mutual linkages between two encoders. This coding system,
called the SW system with linkage (SWL system), was originally investigated
by Oohama [47], where each encoder can observe the codeword generated from
the other encoder. However, his setting allowed each encoder always to observe
the codeword of the other encoder. This setting is rather different from the
original coding problem of the SW system. On the contrary, in this thesis
another case is considered, where the coding rate of the mutual linkage between
two encoders is negligible. The above setting can be regarded as a generalization
of the original SW system allowing two encoders to communicate with zero rate.
This thesis shows that this mutual linkage is enough to effectively reduce the
coding rate for a certain class of sources even though the rate of the mutual
linkage is zero.

Next, a coding system that contrasts with the SW system in terms of coop-
eration is investigated, which we call the complementary delivery coding system.
In this coding system, the encoder observes messages emitted from two corre-
lated sources, and delivers these messages to other locations (i.e. decoders).
Each decoder has access one of these messages, and therefore wants to repro-
duce the other message. Csiszár and Körner [12] considered a general framework
that includes the complementary delivery coding system, and clarified the min-
imum achievable rate (cf. Section VII in [12]) for lossless coding. Also, Willems
et al. [66, 72] independently investigated a coding problem where two users
are physically separated but communicate with each other via a satellite, and
the determined the minimum achievable rate when transmitting to and from
the satellite. Their coding system includes the complementary delivery coding
problem as a special case.

Unlike these previous studies, lossy coding and universal coding are the focus
of attention in this thesis. First, a lossy coding problem for the complementary
delivery coding system is investigated, and the rate-distortion function for this
problem is clarified. This result implies that there may be some rate losses only
for lossy coding when two messages are sent simultaneously to two decoders.
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Next, universal coding schemes are proposed for the complementary delivery
coding system and its extension called generalized complementary delivery cod-
ing systems. Explicit constructions of universal lossless codes and the bounds
of the error probabilities are clarified via methods of types developed by Csiszár
and Körner [13] and graph-theoretical analyses.

This thesis is organized as follows: Chapter 2 provided notations, definitions
and fundamental lemmas which will be used in the rest of this thesis. Chapter
3 deals with the SWL coding system and clarified the achievable rate regions.
Chapter 4 and 5 treat the complementary delivery coding system. Chapter 4
investigates lossy coding problems and clarifies the rate-distortion function for
this coding system. Chapter 5 considers universal lossless coding and presents
explicit constructions of universal codes and clarifies bounds of the error proba-
bilities. Chapter 6 states concluding remarks and problems that remains to be
solved.
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Chapter 2

Preliminaries

2.1 Basic definitions

2.1.1 Sequences and distributions

Random variables are denoted by capital letters such as X , and their sample
values (resp. alphabets) by the corresponding small letters (resp. calligraphic
letters) such as x (resp. X ), except as otherwise noted. Especially, let B be
a binary alphabet, R be a set of real numbers, R+ be a set of positive real
numbers including 0, N be a set of integers, N+ be a set of positive integers
including 0, and IM = {1, 2, · · · ,M} for an integer M . Let B∗ be a set of all
finite sequences in the alphabet B, |X | be the cardinality of X . For a subset
A of X , its complement is denoted by Ac = X − A. A member of Xn is
written as xn = (x1, x2, · · · , xn), and substrings of xn are written as xj

i =
(xi, xi+1, · · · , xj) (i ≤ j). When the dimension is clear from the content,
vectors will be denoted by boldface letters, i.e., x ∈ Xn. Also, ∗ represents an
operator of sequence concatenation, e.g. xn = xi ∗ xn

i+1 (i ≤ n). A function
l : B∗ → N+ stands for the length function, which outputs the length of a binary
sequence.

P(X ) represents the set of all probability distributions on X . The distri-
bution of a random variable X taking values in X is written as PX , which is
a member of P(X ). In a similar manner, the distribution of a set (X,Y ) of
random variables taking values in X × Y is written as PXY ∈ P(X × Y). Also,
P(X|PY ) denotes the set of all probability distributions on X given a distri-
bution PY ∈ P(Y), namely each member PX|Y ∈ P(X|PY ) is characterized
by PXY ∈ P(X × Y) as PXY = PX|Y PY . When every letter xi of a sequence
x ∈ Xn is emitted from a distribution PX ∈ P(X ), the distribution of the
sequence x is denoted by

Pn
X(x)def.=

n∏
i=1

PX(xi).

Random variables X , Y and Z are said to form a Markov chain, denoted by
X → Y → Z, if the joint distribution of (X,Y, Z) can be written as

PXY Z(x, y, z) = PX(x)PY |X(y|x)PZ|Y (z|y).

10



Note that X → Y → Z implies Z → Y → X . For a random variable X and a
function f : X → R, the expected value of a random variable f(X) is written
as E[f(X)].

E[f(X)] def.=
∑
x∈X

PX(x)f(x).

Let X̂ stand for a reproduction alphabet that corresponds to the source
alphabet X , and dn

X : Xn → X̂ stand for a distortion function between an
original sequence x ∈ Xn and its reproduction sequence x̂ ∈ X̂n. A distortion
function dn

X is called additive if dn
X can be expressed by a single-letter distortion

function dX : X → X̂ as

dn(x, x̂) =
n∑

k=1

dX(xk, x̂k).

2.1.2 Information sources

A stationary ergodic source, or simply an ergodic source, is defined as a station-
ary ergodic process

X = {Xj}∞j=1

of random variables Xj (j = 1, 2, · · · ), each of which takes values in X . A
stationary ergodic source can be defined also for a stationary ergodic process

(X,Y ) = {(Xj , Yj)}∞j=1

of a set of random variables (Xj , Yj) (j = 1, 2, · · · ) each of which takes values
in X × Y.

A discrete memoryless source (DMS) is one of the most intuitive special cases
of ergodic sources, which is defined as an infinite sequence X of independent
copies of a random variable X taking a value in X with a generic distribution
PX ∈ P(X ), namely

PXn(x) = Pn
X(x) =

n∏
i=1

PX(xi).

A DMS can be defined also for an infinite sequence (X ,Y ) of independent copies
of a set of random variables (X,Y ). A DMS will be denoted by referring to its
random variable X .

A general source [32, 30] is defined as an infinite sequence

X =
{
Xn = (X(n)

1 , · · · , X(n)
n )
}∞

n=1

of n-dimensional random variables, where each component random variableX(n)
i

(1 ≤ i ≤ n) takes values in X . Similarly, a general source can be defined also
for an infinite sequence (X,Y ) of a set of n-dimensional random variables. It
should be noted here that each component of (Xn, Y n) may change depending
on the block length n. This implies that the sequence (X,Y ) is quite general
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in the sense that it may not satisfy even the consistency condition, where the
consistency condition means that for any integers m,n such that m < n it
holds that the distribution of (X(m)

i , Y
(m)
i ) equals that of (X(n)

i , Y
(n)
i ) for i =

1, 2, · · · ,m. The class of general sources thus defined covers a very wide range
of sources including all stationary and/or non-ergodic sources.

A typical example of general sources which are not included in the class of
stationary ergodic sources is a mixed source X, which is defined by the following
distribution:

PXn(x)def.= αP (1)
n (x) + (1 − α)P (2)

n (x) ∀x ∈ Xn,

where 0 < α < 1 is a constant and P
(i)
n ∈ P(Xn) (i = 1, 2) is a distribution

of the stationary ergodic process X(i)n = {X(i)
j }n

j=1. Further, the following
notation is introduced

X(i)def.=
{
X

(i)
j

}∞
j=1

(i = 1, 2).

Similarly, a mixed source (X,Y ) can be defined by the following distribution:

PXnY n(x,y)def.= αP (1)
n (x,y) + (1 − α)P (2)

n (x,y) ∀(x,y) ∈ Xn × Yn,

where P (i)
n ∈ P(Xn × Yn) (i = 1, 2) are distributions of the stationary ergodic

process (X(i)n, Y (i)n) = {(X(i)
j , Y

(i)
j )}n

j=1.
Suppose that (X(1), X(2), · · · , X(Ns)) is a set of Ns DMSs, where each DMS

X(i) takes values in the alphabet X (i) (i ∈ INs). For a subset S ⊆ INs of
the source indices, the corresponding subset of sources, sample sequences and
alphabets are respectively written as

X(S) = {X(i)|i ∈ S},
X (S) =

∏
i∈S

X (i),

x(S) = {x(i) ∈ X (i)}i∈S .

In what follows, all bases of exponentials and logarithms are set at 2.

2.1.3 Information measures

For a random variable X which takes values in X , H(X) denotes the Shannon
entropy, or simply the entropy of X , defined by the following equation:

H(X)def.=
∑
x∈X

PX(x) log
1

PX(x)
.

For a set (X,Y ) of random variables which takes values in X ×Y, H(X,Y ) and
H(X |Y ) denote the joint entropy of (X,Y ) and the conditional entropy of X
given Y , respectively, defined as follows:

H(X,Y ) def.=
∑

(x,y)∈X×Y
PXY (x, y) log

1
PXY (x, y)

,
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H(X |Y ) def.=
∑

(x,y)∈X×Y
PXY (x, y) log

1
PX|Y (x|y) .

For a set (X,Y, Z) of random variables taking values in X ×Y×Z, I(X ;Y ) and
I(X ;Y |Z) denote the mutual information betweenX and Y , and the conditional
mutual information between X and Y given Z, respectively, defined as follows:

I(X ;Y ) def.=
∑

(x,y)∈X×Y
PXY (x, y) log

PXY (x, y)
PX(x)PY (y)

,

I(X ;Y |Z) def.=
∑

(x,y,z)∈X×Y×Z
PXY Z(x, y, z) log

PXY |Z(x, y|z)
PX|Z(x|z)PY |Z(y|z) .

For a generic distribution P ∈ P(Y) and a stochastic matrix W : X → Y, H(P )
and H(W |P ) also denote the entropy of Y the conditional entropy of X given Y ,
where P = PY , W = PX|Y . For two generic distributions P,Q ∈ P(X ), D(P‖Q)
denotes the Kullback-Leibler divergence, or simply the divergence between P and
Q, defined as follows:

D(P‖Q)def.=
∑
x∈X

P (x) log
P (x)
Q(x)

.

Similarly, for two stochastic matrices V , W : X → Y and a generic distribution
P ∈ P(X ), D(V ‖W |P ) denotes the conditional Kullback-Leibler divergence, or
simply the conditional divergence between V and W given P , defined as

D(V ‖W |P ) def.=
∑
x∈X

P (x)D(V (·|x)‖W (·|x))

=
∑
x∈X

P (x)
∑
y∈Y

V (y|x) log
V (y|x)
W (y|x)

The above information measures satisfy the following properties, which are well
known as chain rules:

H(X,Y ) = H(X) +H(Y |X)
I(X,Y ;Z) = I(X ;Z) + I(Y ;Z|X)

D(PXY ‖QXY ) = D(PX‖QX) +D(PY |X‖QY |X |PX)

For an ergodic source X, the entropy rate H(X) of X is defined as

H(X)def.= lim
n→∞

1
n
H(Xn).

Similarly, for an ergodic source (X,Y ), a joint entropy rate H(X,Y ), a condi-
tional entropy rate H(X|Y ) and a mutual information rate I(X; Y ) are defined
as

H(X,Y ) def.= lim
n→∞

1
n
H(Xn, Y n),

H(X|Y ) def.= lim
n→∞

1
n
H(Xn|Y n),

13



I(X; Y ) def.= lim
n→∞

1
n
I(Xn;Y n),

respectively. The entropy rate also satisfies the chain rule:

H(X,Y ) = H(X) +H(Y |X).

For any DMS (X,Y ), the entropy rates and the mutual information rates are
reduced to ordinary information measures such as entropies and mutual infor-
mation, as follows:

H(X) = H(X),
H(X,Y ) = H(X,Y ),
H(X|Y ) = H(X |Y ),
I(X; Y ) = I(X ;Y ).

For a general source X, the entropy spectrum sup H(X) [30] of X is defined
as

H(X) def.= inf
{
α : lim

n→∞
Pr
{

1
n

log
1

PXn(Xn)
> α

}
= 0
}
.

Similarly, for a general source (X ,Y ), the joint entropy spectrum sup H(X ,Y )
of (X,Y ), and the conditional entropy spectrum sup H(X|Y ) of X given Y
are respectively defined as follows:

H(X,Y ) def.= inf
{
α : lim

n→∞
Pr
{

1
n

log
1

PXnY n(Xn, Y n)
> α

}
= 0
}
,

H(X|Y ) def.= inf
{
α : lim

n→∞
Pr
{

1
n

log
1

PXnY n(Xn|Y n)
> α

}
= 0
}
.

The sup entropy rate H̃(X) [30] of a general source X is defined as

H̃(X)def.= lim sup
n→∞

1
n
H(Xn).

Similarly, the sup joint entropy rate H̃(X,Y ) and the sup conditional entropy
rate H̃(X |Y ) are defined as

H̃(X ,Y ) def.= lim sup
n→∞

1
n
H(Xn, Y n),

H̃(X |Y ) def.= lim sup
n→∞

1
n
H(Xn|Y n).

Moreover, let me introduce another type of entropy rates. The weak sup entropy
rate H∗(X) of a general source X is defined as

H∗(X)def.= lim
ε→+0

lim sup
n→∞

1
n
H[ε](Xn),

where H[ε](X) is the ε-entropy of a random variable X for a give constant ε > 0,
defined as

H[ε](X)def.= inf
A⊆X :Pr{X∈A}≥1−ε

H(X |A).
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When a correlated ergodic source (X ,Y ) is considered, the entropy spectrum
sum, the sup entropy rate and the weak sup entropy rate all equal the entropy
rate:

Lemma 2.1.1. (Han [30])
For any ergodic source (X,Y )

H(X) = H̃(X) = H∗(X) = H(X),

H(X ,Y ) = H̃(X,Y ) = H(X,Y ),

H(X |Y ) = H̃(X|Y ) = H(X|Y ).

On the contrary, when a source (X,Y ) is a mixed source, those information
measures differ from each other.

Lemma 2.1.2. (Han [30])
For any mixed source (X,Y )

H(X) = max{H(X(1)), H(X(2))},
H̃(X) = H∗(X) = αH(X(1)) + (1 − α)H(X(2)),

H(X ,Y ) = max{H(X(1),Y (1)), H(X(2),Y (2))},
H̃(X ,Y ) = H∗(X,Y ) = αH(X(1),Y (1)) + (1 − α)H(X(2),Y (2)),

H(X |Y ) = max{H(X(1)|Y (1)), H(X(2)|Y (2))},
H̃(X |Y ) = αH(X(1)|Y (1)) + (1 − α)H(X(2)|Y (2)),

where (X(j),Y (j)) is an ergodic source whose distribution is given by {P (j)
n }∞n=1

(j = 1, 2).

2.1.4 Fundamental coding theorems

In the following, several fundamental coding theorems are introduced, which
clarify the operational meaning of the information measures defined in Section
2.1.3.

First, let us introduce coding theorems for lossless coding.

Lemma 2.1.3. (e.g. [10, Theorem 5.3.1])
A set A ⊆ B∗ is called a prefix set if no element of the set is a prefix of any
other element. Also, a code f : X → B∗ is called a prefix code if its range f(X )
is a prefix set. The expected length of any prefix code for a random variable X
must satisfy

E[l(f(X))] ≥ H(X),

with equality if and only if

exp{−l(f(x))} = PX(x) ∀x ∈ X .

Lemma 2.1.4. (Coding theorem of fixed-length lossless codes for general sources
[32])
A fixed-length lossless code is defined as a sequence {(φn, φ̂n)}∞n=1 of codes
(φn, φ̂n) that satisfies

φn : Xn → IMn ,
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φ̂n : IMn → Xn,

lim
n→∞

Pr{φ̂n(φn(Xn)) 
= Xn} = 0.

There exists a fixed-length lossless code {(φn, φ̂n)}∞n=1 for a general source X
that satisfies

lim sup
n→∞

1
n

logMn ≤ H(X).

Also, any fixed-length lossless code {(φn, φ̂n)}∞n=1 for a general source X must
satisfy

lim sup
n→∞

1
n

logMn ≥ H(X).

Lemma 2.1.5. (Coding theorem of variable-length lossless codes for general
sources [30, Theorem 1.10])
A variable-length lossless code is defined as a sequence {(φn, φ̂n)}∞n=1 of codes
(φn, φ̂n) that satisfies

φn : Xn → B∗,

φ̂n : φn(Xn) → Xn,

φ̂n(φn(x)) = x ∀x ∈ Xn.

There exists a variable-length lossless code {(φn, φ̂n)}∞n=1 for a general source
X that satisfies

lim sup
n→∞

1
n
E[l(φn(Xn))] ≤ H̃(X).

Also, any variable-length lossless code {(φn, φ̂n)}∞n=1 for a general source X
must satisfy

lim sup
n→∞

1
n
E[l(φn(Xn))] ≥ H̃(X).

Lemma 2.1.6. (Coding theorem of weak variable-length (lossless) codes for
general sources [29][30, Theorem 1.12])
A weak variable-length (lossless) code is defined as a sequence {(φn, φ̂n)}∞n=1 of
codes (φn, φ̂n) that satisfies

φn : Xn → B∗,

φ̂n : φn(Xn) → Xn,

lim
n→∞

Pr{φ̂n(φn(Xn)) 
= Xn} = 0.

There exists a weak variable-length code {(φn, φ̂n)}∞n=1 for a general source X
that satisfies

lim sup
n→∞

1
n
E[l(φn(Xn))] ≤ H∗(X).
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Also, any weak variable-length code {(φn, φ̂n)}∞n=1 for a general source X must
satisfy

lim sup
n→∞

1
n
E[l(φn(Xn))] ≥ H∗(X). (2.1)

From the above discussions, H(X), H̃(X) and H∗(X) each represents the
minimum achievable rate of fixed-length coding, variable-length coding and
weak variable-length coding, respectively.

Next, let us introduce coding theorems for lossy coding.

Lemma 2.1.7. (Coding theorem of fixed-length lossy codes [5])
A fixed-length lossy code is defined as a sequence {(φn, φ̂n)}∞n=1 of codes (φn, φ̂n)
that satisfies

φn : Xn → IMn ,

φ̂n : IMn → X̂n,

E[ΔX(Xn, φ̂n(φn(Xn)))] ≤ D,

for a given distortion criterion D > 0. There exists a fixed-length lossy code
{(φn, φ̂n)}∞n=1 for a DMS X and a given distortion criterion D that satisfies

lim sup
n→∞

1
n

logMn ≤ R(X |D),

where R(X |D) is the rate-distortion function defined as

R(X |D) def.= min
P

X̂|X
∈P(X̂ |PX ):

E[ΔX(X,X̂)]≤D

I(X ; X̂). (2.2)

Also, any fixed-length lossy code {(φn, φ̂n)}∞n=1 for a DMS X and a given dis-
tortion criterion D must satisfy

lim sup
n→∞

1
n

logMn ≥ R(X |D).

Lemma 2.1.8. (Coding theorem of fixed-length lossy codes with common side
information [5])
A fixed-length lossy code with common side information is defined as a sequence
{(φn, φ̂n)}∞n=1 of codes (φn, φ̂n) that satisfies

φn : Xn × Yn → IMn ,

φ̂n : IMn × Yn → X̂n,

E[ΔX(Xn, φ̂n(φn(Xn, Y n), Y n))] ≤ D,

for a given distortion criterion D > 0. There exists a fixed-length lossy code
{(φn, φ̂n)}∞n=1 with common side information for a DMS (X,Y ) and a given
distortion criterion D that satisfies

lim sup
n→∞

1
n

logMn ≤ RC(X |Y,D),
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where RC(X |Y,D) is the conditional rate-distortion function defined as

R(X |Y,D) def.= min
P

X̂|XY
∈P(X̂ |PXY ):

E[ΔX(X,X̂)]≤D

I(X ; X̂|Y ).

Also, any fixed-length code {(φn, φ̂n)}∞n=1 with common side information for a
DMS (X,Y ) and a distortion criterion must satisfy

lim sup
n→∞

1
n

logMn ≥ RC(X |Y,D).

Lemma 2.1.9. (Coding theorem of fixed-length lossy codes with decoder side
information [73])
A fixed-length lossy code with decoder side information is defined as a sequence
{(φn, φ̂n)}∞n=1 of codes (φn, φ̂n) that satisfies

φn : Xn → IMn ,

φ̂n : IMn × Yn → X̂n,

E[ΔX(Xn, φ̂n(φn(Xn), Y n))] ≤ D,

for a given distortion criterion D > 0. There exists a fixed-length lossy code
{(φn, φ̂n)}∞n=1 with decoder side information for a DMS (X,Y ) and a given
distortion criterion that satisfies

lim sup
n→∞

1
n

logMn ≤ RWV (X |Y,D),

where RWV (X |Y,D) is called the Wyner-Ziv rate-distortion function, which is
defined as follows:

RWV (X |Y,D) def.= min
PU|XY ∈PWV (U|PXY )

I(X ;U |Y ),

where the alphabet U satisfies |U| ≤ |X | + 1, and PWV (U|PXY ) is a subset of
P(U|PXY ) such that there exists a function ψ : U × Y → X̂ satisfying

E[ΔX(X,ψ(U, Y ))] ≤ D.

Also, any fixed-length code {(φn, φ̂n)}∞n=1 with decoder side information for a
DMS (X,Y ) and a given distortion criterion D must satisfy

lim sup
n→∞

1
n

logMn ≥ RWV (X |Y,D).

2.2 Types of sequences

Let us define a type of a sequence x ∈ Xn as the distribution Qx ∈ P(X ) where
Qx(a) is the relative frequency of the symbol a in x, i.e.

Qx(a) =
1
n
N(a|x) ∀a ∈ X ,
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where N(a|x) represents the number of occurrences of the letter a in the se-
quence x. The joint type Qx(S) ∈ P(X (S)) of the set x(S) ∈ X (S) of sequences
is similarly defined by

Qx(S)(ai1 , ai2 , · · · , ai|S|) =
1
n
N
(
ai1 , ai2 , · · · , ai|S| |x(S)

)
∀(ai1 , ai2 , · · · , ai|S|) ∈ X (S).

Further, for every x ∈ Xn and y ∈ Yn, if (x,y) has a joint type Qx,y that
satisfies

Qx,y(a, b) = Qx(a)V (b|a),

we shall say that y has a conditional type V given x. The set of types of
sequences in Xn is denoted by Pn(X ). Further, for every type Q ∈ Pn(X ) and
some sequence x of type Q, the set of conditional types of sequences in Yn given
x is denoted by Vn(Y|Q). For every type Q ∈ Pn(X ), the set of sequences of
type Q in Xn is denoted by T n

Q:

T n
Q

def.= {x ∈ Xn|Qx = Q}.

Similarly, for every x ∈ T n
Q and V ∈ Vn(Y|Q), the set of sequences of conditional

type V given x is denoted by T n
V (x):

T n
V (x) def.= {y ∈ Yn|Q(x)V (y|x) = Qx,y(x, y), ∀(x, y) ∈ X × Y}.

Hereafter, we call T n
V (x) a V-shell.

Here, let us introduce several important characteristics of types.

Lemma 2.2.1. (Type counting lemma [13, Lemma 2.2])

|Pn(X )| ≤ (n+ 1)|X |.

Lemma 2.2.2. (Size of V-shells [13, Lemma 2.5])
For every sequence x ∈ Xn and stochastic matrix V : X → Y such that the
corresponding V-shell T n

V (x) is not empty, we have

(n+ 1)−|X ||Y| exp{nH(V |PX)} ≤ |TV (x)| ≤ exp{nH(V |PX)}.

Lemma 2.2.3. (Probability of types [13, Lemma 2.6])
For every type Q ∈ Pn(X ) and every distribution PX ∈ P(X ), we have

Pn
X(x) = exp{−n(D(Q‖PX) +H(Q))} if x ∈ T n

Q,

(n+ 1)−|X | exp{−nD(Q‖PX)} ≤ Pn
X(TQ) ≤ exp{−nD(Q‖PX)}.

2.3 Typical sequences

Let us introduce a concept of typical sequences with respect to a distribution
PX ∈ P(X ) of a random variable X . For δ > 0, the set of typical sequences is
defined as

T n
X(δ) def.= {x ∈ Xn : D(Qx‖PX) ≤ δ} .
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Similarly, the set of conditional typical sequences with respect to a conditional
distribution PY |X ∈ P(Y|PX) of a random variable Y given a sequence x ∈ Xn

is defined as follows:

T n
Y |x(δ) def.=

{
y ∈ Yn : D(Vy|x‖PY |X |Px) ≤ δ

}
,

where Vy|x is the conditional type of the sequence y ∈ Yn given x ∈ Xn. Here
let us introduce several fundamental lemmas for typical sequences:

Lemma 2.3.1. [59, Theorem 2.6]
For any x ∈ T n

X(δ)

|Px(x) − PX | ≤
√

2δ ∀x ∈ X ,
Px(x) = 0 if PX(x) = 0.

Also, for any y ∈ T n
Y |x(δ)

|Pxy(x, y) − PXY (x, y)| ≤
√

2δ ∀(x, y) ∈ X × Y,
Pxy(x, y) = 0 if PY |X(y|x) = 0.

Lemma 2.3.2. (Uyematsu [59, Theorem 2.7])
For any δ satisfying 0 ≤ δ ≤ 1

8 , if x ∈ T n
X(δ) then∣∣∣∣− 1

n
logPn

X(x) −H(X)
∣∣∣∣ ≤ δ −

√
2δ log

√
2δ

|X | .

Also, for any x ∈ T n
X(δ) and any δ′ satisfying 0 ≤ δ′ ≤ 1

8 , if y ∈ T n
Y |x(δ) then∣∣∣∣− 1

n
logPn

Y |X(y|x) −H(Y |X)
∣∣∣∣ ≤ δ′ −

√
2δ′ log

2δ′

|X × Y| +
√

2δ log |Y|.

Lemma 2.3.3. (Wolfowitz [70], Csiszar-Körner[13, Lemma 2.12])
For a given δ > 0 and any DMS X,

Pr{Xn ∈ T n
X(δ)} ≥ 1 − exp

{
−n
(
δ − |X | log(n+ 1)

n

)}
.

Also, any x ∈ Xn and any DMS (X,Y ),

Pr{Y n ∈ T n
Y |x(δ)|x} ≥ 1 − exp

{
−n
(
δ − |X × Y| log(n+ 1)

n

)}
.

Remark 2.3.1. Lemmas 2.3.1, 2.3.2 and 2.3.3 can be obtained even when a
sequence {δn}∞n=1 is introduced instead of a given δ > 0, provided that

lim
n→∞

δn = 0,

lim
n→∞

nδn = ∞.

}
(2.3)
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Lemma 2.3.4. (Wolfowitz [70], Csiszar-Körner[13, Lemma 2.13])
For given sequences {(δn, δ′n)}∞n=1 satisfying Eq. (2.3) and any pair (X,Y ) of
random variables, there exists a sequence {εn = εn(|X |, |Y|, δn, δ′n)}∞n=1 that
satisfies ∣∣∣∣ 1n log |T n

X(δn)| −H(X)
∣∣∣∣ ≤ εn,∣∣∣∣ 1n log |T n

Y |x(δ′n)| −H(Y |X)
∣∣∣∣ ≤ εn, x ∈ T n

X(δn),

lim
n→∞

εn = 0.

Lemma 2.3.5. (Csiszar and Körner[13, Lemma 1.2.10])
For any δ, δ′ > 0,

x ∈ T n
X(δ1) and y ∈ T n

Y |x(δ2) ⇒ (x,y) ∈ T n
XY (δ1 + δ2), (2.4)

(x,y) ∈ T n
XY (δ1) ⇒ x ∈ T n

X(δ1|Y|), (2.5)
(x,y) ∈ T n

XY (δ1) and x ∈ T n
X(δ2) ⇒ y ∈ T n

Y |x(δ1 + δ2). (2.6)

Remark 2.3.2. Although Eq.(2.6) of Lemma 2.3.5 is not shown in [13], this
property can be easily obtained in the same way as the others.

Lemma 2.3.6. (Markov lemma [58, 6] [13, Lemma 1.2.10])
Let random variables X, Y and Z form a Markov chain X → Y → Z. If for
given δ > 0 and (y, z) ∈ T n

Y Z(δ) a random variable Xn is selected according to
the distribution Pn

X|Y , then

Pr{(Xn,y, z) ∈ T n
XY Z(δ)} > 1 − ε

for an arbitrary ε > 0 and a sufficiently large n.

Next, let us introduce weak typical sequences with respect to a distribution
PXn ∈ P(Xn) of a random variable Xn. For δ > 0, the set of weak typical
sequences is defines as

T̂ n
X(δ) def.=

{
x ∈ Xn :

∣∣∣∣ 1n log
1

PXn(x)
−H(X)

∣∣∣∣ ≤ δ

}
.

The following lemma shows a fundamental property of weak typical sequences
for ergodic sources, which corresponds to Lemma 2.3.3.

Lemma 2.3.7. (Shannon-McMillan-Breiman Theorem [10, Theorem 16.8.1])
For any ergodic source (X,Y )

lim
n→∞

1
n

log
1

PXn(Xn)
= H(X) a.s.,

lim
n→∞

1
n

log
1

PY n(Y n)
= H(Y ) a.s.,

lim
n→∞

1
n

log
1

PXnY n(Xn, Y n)
= H(X,Y ) a.s.
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These properties imply that for any ε, δ > 0 there exists an integer n0 =
n0(ε, δ,X,Y ) such that for all n ≥ n0(ε, δ,X,Y )

Pr
{
Xn ∈ T̂ n

X(ε)
}
≤ δ,

Pr
{
Y n ∈ T̂ n

Y (ε)
}
≤ δ,

Pr
{

(Xn, Y n) ∈ T̂ n
XY (ε)

}
≤ δ,

simultaneously hold.

2.4 Graph coloring

Let us introduce several notations and lemmas related to graph coloring.
An undirected graph, or simply graph, is denoted as G = (VG, EG), where VG

is a set of vertices and EG is a set of edges. The degree Δ(v) of a vertex v ∈ VG

is the number of other vertices connected to by edges, and the degree Δ(G) of
a graph G is the maximum number of degrees of vertices v ∈ VG, namely

Δ(G) = max
v∈VG

Δ(v).

A simple graph where an edge connects every pair of vertices is called as a
complete graph. A complete subgraph is called as a clique, and the largest
degree of cliques in a graph G is called the clique number ω(G) of the graph G.

An vertex coloring, or simply coloring of a graph G is that no two adjacent
vertices are assigned the same symbol, and the number of symbols necessary for
vertex coloring is called the chromatic number χ(G). Similarly, an edge coloring
of a graph G is that no two adjacent edges are assigned the same symbol, and
the number of symbols necessary for edge coloring is called the edge chromatic
number χ′(G).

The following lemmas show well known bounds of the chromatic number and
the edge chromatic number.

Lemma 2.4.1. (Brooks [8, 14])

ω(G) ≤ χ(G) ≤ Δ(G)

unless G is a complete graph or an odd cycle (a cycle graph that consists of odd
number of vertexes).

Lemma 2.4.2. (Vizing [62, 14])

Δ(G) ≤ χ′(G) ≤ Δ(G) + 1.

Lemma 2.4.3. (König [39, 14])
If a graph G is bipartite, then

χ′(G) = Δ(G).
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Chapter 3

Slepian-Wolf coding with
linked encoders

3.1 Introduction

This chapter investigates coding problems for the SWL coding system, where
there are some mutual linkages between encoders of the SW system. The SWL
system was originally investigated by Oohama [47], where each encoder can
observe the codeword generated from the other encoder. However, his setting
is rather different from the original coding problem of the SW system. On
the contrary, this chapter considers another case where the coding rate of the
mutual linkage between two encoders is negligibly small. This setting can be
regarded as a generalization of the original SW system allowing two encoders
to communicate with zero rate. This chapter shows that this mutual linkage is
enough to effectively reduce the coding rate even though the rate of the mutual
linkage is zero.

The fixed-length coding for general sources is first considered, and its achiev-
able rate region is clarified, which equals the achievable rate region of the SW
system. This implies that the linkage does not reduce the coding rate for
fixed-length codes. Next, the weak variable-length coding is considered. The
achievable rate region for mixed sources characterized by two ergodic sources
is clarified, which is strictly wider than that for fixed-length codes. This result
contrasts with that for the fixed-length coding. Even though the rate of the
mutual linkage is zero, this linkage is enough to distinguish for which ergodic
source the input sequence is typical, and therefore effectively reduces the cod-
ing rate. Further, the universal coding for DMSs is investigated in the SWL
system, and it is shown that an arbitrary pair of coding rates in the achievable
rate region depending on the source can be attained by the weak variable-length
code. In case of universal coding, the linkage is used to estimate the probability
distribution of the source, and gives drastic flexibility to weak variable-length
coding.

The organization of this chapter follows: Section 3.2 deals with fixed-length
coding problems for SW and SWL coding systems, and shows their achievable
rate regions. Section 3.3 discusses weak variable-length coding problems for the
SWL system, and presents the main results without proofs, and Section 3.4
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Figure 3.1: Slepian-Wolf coding system

gives their proofs.

3.2 Fixed-length coding problems

3.2.1 Slepian-Wolf coding system

Slepian and Wolf [54] studied the coding problem for two correlated sources,
where two sequences from correlated sources are separately encoded, sent to a
single decoder which has to output original sequence pairs (Figure 3.1). We call
this data compression system the Slepian-Wolf system (the SW system).

Definition 3.2.1. (Fixed-length SW code)
A sequence {(ϕ(1)

n , ϕ
(2)
n , ϕ̂n)}∞n=1 of codes (ϕ(1)

n , ϕ
(2)
n , ϕ̂n) is called a fixed-length

SW code (f-SW code) for the source (X,Y ), if and only if

ϕ(1)
n : Xn → I

M
(1)
n
,

ϕ(2)
n : Yn → I

M
(2)
n
,

ϕ̂n : I
M

(1)
n

× I
M

(2)
n

→ Xn × Yn,

lim
n→∞

Pr{ϕ̂n(ϕ(1)
n (Xn), ϕ(2)

n (Y n)) 
= (Xn, Y n)} = 0. (3.1)

Definition 3.2.2. (f-SW achievable rate pair)
A rate pair (R1, R2) is a f-SW achievable rate pair of the source (X,Y ), if and
only if there exists a SW code for the source (X,Y ), which satisfies

lim sup
n→∞

1
n

logM (1)
n ≤ R1,

lim sup
n→∞

1
n

logM (2)
n ≤ R2.

Definition 3.2.3. (f-SW achievable rate region)
The f-SW achievable rate region RSW (X,Y ) is defined as

RSW (X ,Y )
def.= {(R1, R2) : (R1, R2) is a f-SW achievable rate pair of (X ,Y ).}.

Miyake and Kanaya [45] investigated the SW system for correlated general
sources and clarified the f-SW achievable rate region as follows:
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Theorem 3.2.1. (Miyake and Kanaya [45])
For any correlated general source (X,Y ),

RSW (X,Y ) = {(R1, R2) : R1 ≥ H(X|Y ), R2 ≥ H(Y |X),
R1 +R2 ≥ H(X,Y )},

The next corollary can be obtained immediately from Lemmas 2.1.1 and
2.1.2.

Corollary 3.2.1. If (X ,Y ) is an ergodic source, then

RSW (X,Y ) = {(R1, R2) : R1 ≥ H(X|Y ), R2 ≥ H(Y |X),
R1 +R2 ≥ H(X,Y )}.

Further, if (X ,Y ) is a mixed source, then

RSW (X,Y ) =
{
(R1, R2) : R1 ≥ max

(
H(X(1)|Y (1)), H(X(2)|Y (2))

)
,

R2 ≥ max
(
H(Y (1)|X(1)), H(Y (2)|X(2))

)
,

R1 +R2 ≥ max
(
H(X(1),Y (1)), H(X(2),Y (2))

)}
.

3.2.2 Slepian-Wolf coding system with linked encoders

Oohama [47] considered the the SWL system in the sense of an SW system
having the linkage of two encoders. First, the fixed-length coding for the SWL
system (called f-SWL system) is defined.

Definition 3.2.4. (Fixed-length SWL code (f-SWL code))
A sequence

{(ϕ(11)
n , ϕ(12)

n , ϕ(21)
n , ϕ(22)

n , ϕ̂n)}∞n=1

of codes

(ϕ(11)
n , ϕ(12)

n , ϕ(21)
n , ϕ(22)

n , ϕ̂n)
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is called a fixed-length SWL code (f-SWL code) for the source (X ,Y ), if and
only if

ϕ(11)
n : Xn → I

M
(11)
n

,

ϕ(12)
n : Xn × I

M
(21)
n

→ I
M

(12)
n

,

ϕ(21)
n : Yn → I

M
(21)
n

,

ϕ(22)
n : Yn × I

M
(11)
n

→ I
M

(22)
n

,

ϕ̂n : I
M

(12)
n

× I
M

(22)
n

→ Xn × Yn,

lim
n→∞

Pr{ϕ̂n(A(1)
n , A(2)

n ) 
= (Xn, Y n)} = 0,

where

A
(1)
n

def.= ϕ
(12)
n (Xn, ϕ

(21)
n (Y n)),

A
(2)
n

def.= ϕ
(22)
n (Y n, ϕ

(11)
n (Xn)).

⎫⎬⎭ (3.2)

Definition 3.2.5. (f-SWL achievable rate pair)
A rate pair (R1, R2) is a f-SWL achievable rate pair of the source (X,Y ), if and
only if there exists a f-SWL code for the source (X,Y ) which satisfies

lim
n→∞

1
n

logM (11)
n = 0,

lim
n→∞

1
n

logM (21)
n = 0,

lim sup
n→∞

1
n

logM (12)
n ≤ R1,

lim sup
n→∞

1
n

logM (22)
n ≤ R2.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(3.3)

It should be noted that both rates of the first encoders ϕ(11)
n and ϕ

(21)
n are

zero. This implies that the outputs of the first encoders can be provided to the
decoder with zero-rate as suitable prefixes in the outputs of the second encoders
ϕ

(12)
n and ϕ

(22)
n . Hence, even if the outputs of the first encoders are directly

provided to the decoder, the admissible rate region remains the same. On the
other hand, Oohama [47] considered the opposite case where both rates of the
second encoders ϕ(12)

n and ϕ
(22)
n are zero, and the decoder can see the outputs

of the first encoders.

Definition 3.2.6. (f-SWL achievable rate region)
The f-SWL achievable rate region is defined as

RSWL(X ,Y )
def.= {(R1, R2) : (R1, R2) is an f-SWL achievable rate pair of (X,Y )}.

The next theorem clarifies the f-SWL achievable rate region.
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Theorem 3.2.2. (Coding theorem for the f-SWL system)
For any general source (X,Y ),

RSWL(X ,Y ) = RSW (X ,Y )
= {(R1, R2) : R1 ≥ H(X|Y ), R2 ≥ H(Y |X), R1 +R2 ≥ H(X ,Y )}.

This theorem implies that the achievable rate region does not expand when
fixed-length coding is considered even if there are mutual linkages between two
encoders.

3.3 Weak variable-length coding problems

3.3.1 Slepian-Wolf coding system with linked encoders

This section defines a weak variable-length code for the SWL system (called the
wv-SWL system).

Definition 3.3.1. (Weak variable-length SWL code (wv-SWL code))
A sequence

{(ϕ(11)
n , ϕ(12)

n , ϕ(21)
n , ϕ(22)

n , ϕ̂n)}∞n=1

of codes

(ϕ(11)
n , ϕ(12)

n , ϕ(21)
n , ϕ(22)

n , ϕ̂n)

is called a wv-SWL code for the source (X ,Y ), if and only if

ϕ(11)
n : Xn → B∗,

ϕ(12)
n : Xn × ϕ(21)

n (Yn) → B∗,

ϕ(21)
n : Yn → B∗,

ϕ(22)
n : Yn × ϕ(11)

n (Xn) → B∗,

ϕ̂n : ϕ(12)
n (Xn, ϕ(21)

n (Yn)) × ϕ(22)
n (Yn, ϕ(11)

n (Xn)) → Xn × Yn,

lim
n→∞

Pr{ϕ̂n(A(1)
n , A(2)

n ) 
= (Xn, Y n)} = 0 (3.4)

and the images of ϕ(11)
n , ϕ(12)

n , ϕ(21)
n and ϕ(22)

n are all prefix sets, where A(1)
n and

A
(2)
n are defined in Eq. (3.2).

Definition 3.3.2. (wv-SWL achievable rate pair)
A rate pair (R1, R2) is a wv-SWL achievable rate pair of the source (X,Y ), if
and only if there exists a wv-SWL code for the source (X,Y ) which satisfies

lim sup
n→∞

1
n
E[l(ϕ(11)

n (Xn))] = 0,

lim sup
n→∞

1
n
E[l(ϕ(21)

n (Y n))] = 0,

lim sup
n→∞

1
n
E
[
l(ϕ(12)

n (Xn, ϕ(21)
n (Y n)))

]
≤ R1,

lim sup
n→∞

1
n
E
[
l(ϕ(22)

n (Y n, ϕ(11)
n (Xn)))

]
≤ R2.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
(3.5)
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Definition 3.3.3. (wv-SWL achievable rate region)
The wv-SWL achievable rate region R∗

SWL(X ,Y ) is defined as

R∗
SWL(X ,Y )
def.= {(R1, R2) : (R1, R2) is a wv-SWL achievable rate pair of (X,Y )}.

3.3.2 Main results

This section clarifies the wv-SWL rate region for mixed sources. The next
theorem is our main result.

Theorem 3.3.1. If (X,Y ) is a correlated mixed source, then

R∗
SWL(X,Y )

=
{
(R1, R2) : R1 ≥ αH(X(1)|Y (1)) + (1 − α)H(X(2)|Y (2)),

R2 ≥ αH(Y (1)|X(1)) + (1 − α)H(Y (2)|X(2)),

R1 +R2 ≥ αH(X(1),Y (1)) + (1 − α)H(X(2),Y (2))
}
.

Theorems 3.3.1 and 3.2.2 imply that the wv-SWL region is strictly wider
than the f-SWL region, i.e.

R∗
SWL(X,Y ) ⊃ RSWL(X,Y ) = RSW (X ,Y )

for any mixed source (X ,Y ). This implies that wv-SWL codes can achieve
strictly lower coding rate than f-SWL codes.

It is instructive to note here how to construct the wv-SWL code. For a given
rate (R1, R2) ∈ R∗

SWL(X,Y ), two rate pairs (R(1)
1 , R

(1)
2 ) ∈ RSW (X(1),Y (1))

and (R(2)
1 , R

(2)
2 ) ∈ RSW (X(2),Y (2)) can be found such that

R1 = αR
(1)
1 + (1 − α)R(2)

1 ,

R2 = αR
(1)
2 + (1 − α)R(2)

2 .

Then, two SW codes are prepared, one of which is {(f (1)
n , f

(2)
n , f̂n)}∞n=1 for the

source (X(1),Y (1)) with rate (R(1)
1 , R

(1)
2 ), and the other of which is {(g(1)

n , g
(2)
n , ĝn)}∞n=1

for the source (X(2),Y (2)) with rate (R(2)
1 , R

(2)
2 ). The encoders ϕ(11)

n and ϕ(21)
n

send the first Nn (e.g. Nn = logn) symbols of each input sequence of length n
to the other encoder. Sharing the pair of sequences of length Nn, one of the
SW codes, i.e. (f (1)

n , f
(2)
n , f̂n) or (g(1)

n , g
(2)
n , ĝn) can be selected depending on

for which source the shared pair of sequences is typical. Then, the encoders
ϕ

(12)
n and ϕ

(22)
n send to the decoder the first Nn symbols the input sequences

and the codewords of the selected SW code. Since the decoder can have the
knowledge of which SW code the encoders employ, the estimate of the input
pair of sequences can be obtained by using the corresponding decoder.

As a special case of Theorem 3.3.1, the wv-SWL achievable rate region for
ergodic sources can be immediately obtained.

Corollary 3.3.1. If (X ,Y ) is an ergodic source, then

R∗
SWL(X,Y ) = {(R1, R2) : R1 ≥ H(X|Y ), R2 ≥ H(Y |X),

R1 +R2 ≥ H(X,Y )}.
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Theorem 3.2.2 and Corollary 3.3.1 imply that

R∗
SWL(X,Y ) = RSWL(X,Y )

for any ergodic source (X,Y ). Hence, wv-SWL codes cannot improve the coding
rate for ergodic sources compared with f-SWL codes.

3.3.3 Related results

The next theorem shows that for a restricted class of ergodic sources, the rate
pair in the region R∗

SWL(X ,Y ) can be achieved without any linkage of encoders.

Theorem 3.3.2. Assume that a mixed source (X,Y ) satisfies both H(X(1)) 
=
H(X(2)) and H(Y (1)) 
= H(Y (2)). Then, for any (R1, R2) ∈ R∗

SWL(X,Y ), we
can construct a wv-SWL code

{(ϕ(11)
n , ϕ(12)

n , ϕ(21)
n , ϕ(22)

n , ϕ̂n)}∞n=1

such that

ϕ(11)
n (x) = ϕ(21)

n (y) = λ (null string),

for any (x,y) ∈ Xn × Yn and positive integer n.

This theorem indicates that for a restricted class of mixed sources, the
wv-SWL region can be achieved by the SW code. Further, in such a case,
RSW (X,Y ) ⊂ R∗

SWL(X,Y ), that is, a weak variable-length code can achieve
smaller rate than the fixed-length code for the SW system.

Theorems 3.3.1 and 3.3.2 only considered the mixture of two ergodic sources,
but it can be easily extended to the mixture of any finite number of ergodic
sources. This implies the next corollary which shows a simple version of universal
coding for the SWL system.

Corollary 3.3.2. For a given set {(X(i),Y (i))}m
n=1 of ergodic sources and any

set {(R(i)
1 , R

(i)
2 )}m

n=1 of rate pairs which satisfies

R
(i)
1 ≥ H(X(i)|Y (i)), R

(i)
2 ≥ H(Y (i)|X(i)), R

(i)
1 +R

(i)
2 ≥ H(X(i),Y (i)),

there exists a wv-SWL code {(ϕ(11)
n , ϕ

(12)
n , ϕ

(21)
n , ϕ

(22)
n , ϕ̂n)}∞n=1 such that

lim
n→∞

1
n
E[l(ϕ(11)

n (X(i)n))] = 0,

lim
n→∞

1
n
E[l(ϕ(21)

n (Y (i)n))] = 0,

lim sup
n→∞

1
n
E[l(A(1)

n (i))] ≤ R
(i)
1 ,

lim sup
n→∞

1
n
E[l(A(2)

n (i))] ≤ R
(i)
2

for i = 1, 2, · · · ,m, where

A(1)
n (i) def.= ϕ(12)

n (X(i)n, ϕ(21)
n (Y (i)n)),

A(2)
n (i) def.= ϕ(22)

n (Y (i)n, ϕ(11)
n (X(i)n)).
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This corollary shows that only if the source is known to belong to the given
set S, a pair of sequences from the source (X(i), Y (i)) can be encoded with a rate
pair (R(i)

1 , R
(i)
2 ) which is an arbitrary point in the achievable rate region of the

source (X(i),Y (i)). Though this corollary is valid for a finite set of sources, this
result is rather different from the conventional universal coding for SW systems
with fixed length codes [13]. The next theorem shows that this property of the
weak variable-length universal coding is strengthened for DMSs.

Theorem 3.3.3. Let S be a set of DMSs. Further, for every DMS (X,Y ) ∈ S,
we correspond a rate pair (R1(PXY ), R2(PXY )) which is an inner point of the
SW region RSW (X,Y ). We assume that R1(PXY ) and R2(PXY ) are continuous
functions of PXY . Then, there exists a universal wv-SWL code

{(ϕ(11)
n , ϕ(12)

n , ϕ(21)
n , ϕ(22)

n , ϕ̂n)}∞n=1

such that for any DMS (X,Y ) ∈ S

lim
n→∞

1
n
E[l(ϕ(11)

n (Xn))] = 0,

lim
n→∞

1
n
E[l(ϕ(21)

n (Y n))] = 0,

lim sup
n→∞

1
n
E[l(A(1)

n )] ≤ R1(PXY ),

lim sup
n→∞

1
n
E[l(A(1)

n )] ≤ R2(PXY ),

where A(1)
n and A(2)

n are defined in Eq. (3.2).

This corollary shows that for each DMS, the rate pair may be arbitrarily
specified in its SW region, and that the rate pair is achievable by a universal
wv-SWL code. Without any linkage of encoders, only (universal) fixed-length
coding is realized. However, using the linkage of encoders, variable-length coding
can be realized depending on the source.

3.4 Proof of theorems

In this section, Pn denotes the distribution PXnY n of the mixed source (X ,Y ),
and P

(i)
n denotes the distribution PX(i)nY (i)n of the ergodic source (X(i),Y (i))

(i = 1, 2), for simplicity.

3.4.1 Proof of Theorem 3.2.2

Proof. The proof of the achievability part is obvious from Theorem 3.2.1.
Therefore, we shall only prove the converse part for the f-SWL system under
the condition

lim sup
n→∞

1
n

logM (11)
n M (12)

n ≤ R1

lim sup
n→∞

1
n

logM (21)
n M (22)

n ≤ R2

⎫⎪⎬⎪⎭ (3.6)
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which is weaker than the condition (3.3).
First, for any γ > 0, we define the sets T̃ (i)

n (i = 1, 2, 3) and Sn by

T̃ (1)
n

def.=
{

(x,y) ∈ Xn × Yn :
1
n

log
1

Pn(x|y)
≥ 1
n

logM (1)
n + γ

}
,

T̃ (2)
n

def.=
{

(x,y) ∈ Xn × Yn :
1
n

log
1

Pn(y|x)
≥ 1
n

logM (2)
n + γ

}
,

T̃ (3)
n

def.=
{

(x,y) ∈ Xn × Yn :
1
n

log
1

Pn(x,y)
≥ 1
n

logM (1)
n M (2)

n + γ

}
,

Sn
def.=

{
(x,y) ∈ Xn × Yn : ϕ̂n(ϕ(1)

n (x,y), ϕ(2)
n (x,y)) = (x,y)

}
,

where

ϕ(1)
n (x,y) def.= (ϕ(11)

n (x), ϕ(12)
n (x, ϕ(21)

n (y))),

ϕ(2)
n (x,y) def.= (ϕ(21)

n (y), ϕ(22)
n (y, ϕ(11)

n (x))),

M (1)
n

def.= M (11)
n M (12)

n ,

M (2)
n

def.= M (21)
n M (22)

n .

By letting

en
def.= Pr{(Xn, Y n) /∈ Sn},

we obtain

Pr{(Xn, Y n) ∈ T̃ (1)
n }

= Pr{(Xn, Y n) ∈ T̃ (1)
n ∩ Sn} + Pr{(Xn, Y n) ∈ T̃ (1)

n ∩ Sc
n}

≤ Pr{(Xn, Y n) ∈ T̃ (1)
n ∩ Sn} + Pr{(Xn, Y n) /∈ Sn}

= Pr{(Xn, Y n) ∈ T̃ (1)
n ∩ Sn} + en. (3.7)

Note that if (x,y) ∈ T̃
(1)
n then Pn(x|y) ≤ exp(−nγ)/M (1)

n . Hence, the first
term of Eq. (3.7) can be evaluated as

Pr{(Xn, Y n) ∈ T̃ (1)
n ∩ Sn} =

∑
(x,y)∈T̃

(1)
n ∩Sn

Pn(x,y)

≤
∑

(x,y)∈T̃
(1)
n ∩Sn

Pn(y)
exp(−nγ)

M
(1)
n

≤
∑

(x,y)∈Sn

Pn(y)
exp(−nγ)

M
(1)
n

=
∑

y∈Yn

Pn(y)|Sn(y)|exp(−nγ)

M
(1)
n

, (3.8)

where

Sn(y)def.= {x ∈ Xn : (x,y) ∈ Sn}.
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Since

ϕ(1)
n (x,y) = (ϕ(11)

n (x), ϕ(12)
n (x, ϕ(21)

n (y)))

and ϕ(2)
n is a function of y and ϕ(11), ϕ(2)

n is a function of y and ϕ(1)
n . Thus, for

a given y ∈ Yn, the number of sequences x ∈ Xn which satisfy

ϕ̂n(ϕ(1)
n (x,y), ϕ(2)

n (x,y)) = (x,y)

is at most the number of codewords of ϕ(1)
n . Then, we have

|Sn(y)| ≤ |ϕ(1)
n (Xn,Yn)| ≤M (1)

n ∀y ∈ Yn.

Substituting this inequality into Eq. (3.8), we obtain

Pr{(Xn, Y n) ∈ T̃ (1)
n ∩ Sn} ≤ exp(−nγ).

Hence (3.7) can be rewritten as

Pr{(Xn, Y n) ∈ T̃ (1)
n } ≤ en + exp(−nγ). (3.9)

In a similar manner, we obtain

Pr{(Xn, Y n) ∈ T̃ (2)
n } ≤ en + exp(−nγ), (3.10)

Pr{(Xn, Y n) ∈ T̃ (3)
n } ≤ en + exp(−nγ). (3.11)

Now, let (R1, R2) be admissible for the f-SWL system. Then, there exists a
fixed-length SWL code such that for any γ > 0 and sufficiently large n,

1
n

logM (1)
n ≤ R1 + γ, (3.12)

1
n

logM (2)
n ≤ R2 + γ, (3.13)

lim
n→∞

en = 0. (3.14)

Substituting Eqs. (3.12)-(3.13) into Eqs. (3.9)-(3.11), we have

en ≥ Pn

{
(x,y) ∈ Xn × Yn :

1
n

log
1

Pn(x|y)
≥ R1 + 2γ

}
− exp(−nγ),

en ≥ Pn

{
(x,y) ∈ Xn × Yn :

1
n

log
1

Pn(y|x)
≥ R2 + 2γ

}
− exp(−nγ),

en ≥ Pn

{
(x,y) ∈ Xn × Yn :

1
n

log
1

Pn(x,y)
≥ R1 +R2 + 3γ

}
− exp(−nγ).

Then, according to Eq. (3.14),

lim
n→∞

Pn

{
(x,y) ∈ Xn × Yn :

1
n

log
1

Pn(x|y)
≥ R1 + 2γ

}
= 0,

lim
n→∞

Pn

{
(x,y) ∈ Xn × Yn :

1
n

log
1

Pn(y|x)
≥ R2 + 2γ

}
= 0,

lim
n→∞

Pn

{
(x,y) ∈ Xn × Yn :

1
n

log
1

Pn(x,y)
≥ R1 +R2 + 3γ

}
= 0.
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From the definition of the entropy spectrum sup, we must have

R1 + 2γ ≥ H(X |Y ),
R2 + 2γ ≥ H(Y |X),

R1 +R2 + 3γ ≥ H(X ,Y ).

Since γ > 0 is arbitrary, we conclude

R1 ≥ H(X|Y ),
R2 ≥ H(Y |X),

R1 +R2 ≥ H(X,Y ).

This completes the proof of Theorem 3.2.2.

3.4.2 Proof of Theorem 3.3.1

[Converse part]

Proof. Here, it should be noted that from Lemma 2.1.2

H̃(X) = H∗(X) = αH(X(1)) + (1 − α)H(X(2)),

H̃(Y ) = H∗(Y ) = αH(Y (1)) + (1 − α)H(Y (2)),

H̃(X ,Y ) = H∗(X,Y ) = αH(X(1),Y (1)) + (1 − α)H(X(2),Y (2)),

H̃(X|Y ) = H∗(X|Y ) = αH(X(1)|Y (1)) + (1 − α)H(X(2)|Y (2)),

H̃(Y |X) = H∗(Y |X) = αH(Y (1)|X(1)) + (1 − α)H(Y (2)|X(2)),

where

H∗(Y |X) def.= H∗(X,Y ) −H∗(X), (3.15)

H∗(X|Y ) def.= H∗(X,Y ) −H∗(Y ), (3.16)

According to Lemma 2.1.5, there exists a variable-length code {(φn, φ̂n)}∞n=1

for the mixed source Y such that the encoder φn : Yn → B∗ and the decoder
φ̂n : B∗ → Yn satisfy

lim sup
n→∞

1
n
E[l(φn(Y n))] ≤ H̃(Y ) = H∗(Y ), (3.17)

φ̂n(φn(y)) = y ∀y ∈ Yn. (3.18)

Then, for a given wv-SWL code

{(ϕ(11)
n , ϕ(12)

n , ϕ(21)
n , ϕ(22)

n , ϕ̂n)}∞n=1,

we construct a sequence of codes {(ψn, ψ
−1
n )}∞n=1 (ψn : Xn × Yn → B∗, ψ̂n :

B∗ → Xn × Yn) for the mixed source (X,Y ) as follows (see also Figure 3.2):

ψn(x,y) def.= s1 ∗ s2 ∗ s3,
ψ̂n(s1 ∗ s2 ∗ s3) def.= ϕ̂n(s2, ϕ

(22)
n (φ̂n(s3), s1))

⎫⎬⎭ (3.19)
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for all (x,y) ∈ Xn × Yn, where

s1
def.= ϕ(11)

n (x),

s2
def.= ϕ(12)

n (x, ϕ(21)
n (y)),

s3
def.= φn(y).

Since the images of ϕ(11)
n , ϕ(12)

n , ϕ(21)
n and φn are all prefix sets, the image of

ψn is also a prefix set. Further, from Eqs. (3.4)(3.18), the error probability of
this code can be bounded as

Pr{ψ̂n(ψn(Xn, Y n)) 
= (Xn, Y n)}
= Pr{ϕ̂n(ϕ(12)

n (Xn, ϕ(21)
n (Y n)), ϕ(22)

n (Y n, ϕ(11)
n (Xn))) 
= (Xn, Y n)}

→ 0 (n→ ∞).

This implies that {(ψn, ψ
−1
n )}∞n=1 is a weak variable-length code. Hence, ac-

cording to Lemma 2.1.6, it must satisfy

lim sup
n→∞

1
n
E[l(ψn(Xn, Y n))] ≥ H∗(X ,Y ).

Hence, we have

H∗(X,Y ) ≤ lim sup
n→∞

1
n
E[l(ψn(Xn, Y n))]

(a)
= lim sup

n→∞

1
n
E[l(ϕ(11)

n (Xn)) + l(ϕ(12)
n (Xn, ϕ(21)

n (Y n))) + l(φn(Y n))]

≤ lim sup
n→∞

1
n
E[l(ϕ(11)

n (Xn))] + lim sup
n→∞

1
n
E[l(ϕ(12)

n (Xn, ϕ(21)
n (Y n)))]

+ lim sup
n→∞

1
n
E[l(φn(Y n))]

(b)
= lim sup

n→∞

1
n
E[l(ϕ(12)

n (Xn, ϕ(21)
n (Y n)))] + lim sup

n→∞

1
n
E[l(φn(Y n))]

(c)

≤ lim sup
n→∞

1
n
E[l(ϕ(12)

n (Xn, ϕ(21)
n (Y n)))] +H∗(Y ),

where the equality (a) comes from Eq. (3.19), (b) from Eq. (3.5) and (c) from
Eq. (3.17). This implies

lim sup
n→∞

1
n
E[l(ϕ(12)

n (Xn, ϕ(21)
n (Y n)))] ≥ H∗(X,Y ) −H∗(Y )

= H∗(X|Y ),

where the last equality follows from Eq. (3.16). Therefore, if a wv-SWL code
{(ϕ(11)

n , ϕ
(12)
n , ϕ

(21)
n , ϕ

(22)
n , ϕ̂n)}∞n=1 satisfies

lim sup
n→∞

1
n
E[l(ϕ(12)

n (Xn, ϕ(21)
n (Y n)))] ≤ R1,

then R1 ≥ H∗(X|Y ). In a similar manner, if

lim sup
n→∞

1
n
E[l(ϕ(22)

n (Y n, ϕ(11)
n (Xn)))] ≤ R2,

34



then R2 ≥ H∗(Y |X). Further, R1 + R2 ≥ H∗(X,Y ) is obvious from Lemma
2.1.6. This completes the proof of the converse part.

[Achievability part]

Proof. First, we consider the case where two ergodic sources (X(1),Y (1)) and
(X(2),Y (2)) cannot be discriminated by the entropy rate, i.e. a mixed source
(X,Y ) satisfies the following three conditions:

H(X(1)) = H(X(2)),

H(Y (1)) = H(Y (2)),

H(X(1),Y (1)) = H(X(2),Y (2)).

In this case, we have RSW (X,Y ) = R∗
SWL(X,Y ). Hence, for a given mixed

source (X,Y ) and any rate pair (R1, R2) ∈ R∗
SWL(X ,Y ), there exists an SW

code {(ϕ(1)
n , ϕ

(2)
n , ϕ

(−1)
n )}∞n=1 which satisfies

lim sup
n→∞

1
n

logM (1)
n ≤ R1,

lim sup
n→∞

1
n

logM (2)
n ≤ R2.

This shows the existence of wv-SWL codes for any (R1, R2) ∈ R∗
SWL(X ,Y ),

since a SW code is a special case of wv-SWL codes.
Next, we consider the case where two ergodic sources (X(1),Y (1)) and

(X(2),Y (2)) can be discriminated by the entropy rate, i.e. a mixed source
(X,Y ) satisfies at least one of the following conditions (1) − (3):

(1) H(X(1)) 
= H(X(2))
(2) H(Y (1)) 
= H(Y (2))
(3) H(X(1),Y (1)) 
= H(X(2),Y (2))

⎫⎬⎭ (3.20)

Here, we introduce the following fundamental lemma.

Lemma 3.4.1. For a mixed source (X ,Y ) and any γ > 0, we have

P (i)
n

{
(x,y) ∈ Xn × Yn :∣∣∣∣∣ 1n log

1
Pn(x,y)

− 1
n

log
1

P
(i)
n (x,y)

∣∣∣∣∣ ≤ max(γ, c0/n)

}
≥ 1 − exp(−nγ),

(3.21)

for i = 1, 2 and any integer n > 0, where c0 = − log min(α, 1 − α).

The proof of Lemma 3.4.1 is given in the last part of this chapter.

(Step 1) Preliminaries

For any subset Bn ⊂ Xn × Yn, we introduce the notations

Pr{(Xn, Y n) ∈ Bn} def.=
∑

(x,y)∈Bn

Pn(x,y),
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Pr{(X(i)n, Y (i)n) ∈ Bn} def.=
∑

(x,y)∈Bn

P (i)
n (x,y) (i = 1, 2).

By the above notations, we immediately have

Pr{(Xn, Y n) ∈ Bn}
=

∑
(x,y)∈Bn

Pn(x,y)

= α
∑

(x,y)∈Bn

P (1)
n (x,y) + (1 − α)

∑
(x,y)∈Bn

P (2)
n (x,y)

= αPr{(X(1)n, Y (1)n) ∈ Bn} + (1 − α)Pr{(X(2)n, Y (2)n) ∈ Bn}.(3.22)

From (3.20), we can choose a positive number ε such that

0 < 3ε < max{|H(X(1),Y (1)) −H(X(2),Y (2))|,
|H(X(1)) −H(X(2))|, |H(Y (1)) −H(Y (2))|}. (3.23)

Then, we define subsets T (i)
n (i = 1, 2) of Xn × Yn by

T (i)
n

def.=

{
(x,y) ∈ Xn × Yn :

∣∣∣∣ 1n log
1

Pn(x,y)
−H(X(i),Y (i))

∣∣∣∣ ≤ ε,∣∣∣∣ 1n log
1

Pn(x)
−H(X(i))

∣∣∣∣ ≤ ε,∣∣∣∣ 1n log
1

Pn(y)
−H(Y (i))

∣∣∣∣ ≤ ε,

}
. (3.24)

It should be noted that T (i)
n is characterized not by P (i)

n (x,y) but by Pn(x,y).
According to Eqs. (3.23)(3.24), it is easy to see that T (1)

n ∩ T (2)
n = ∅, i.e.

Pr{(Xn, Y n) ∈ T (1)
n ∩ T (2)

n } = 0 (3.25)

Then, from Eq. (3.22), we immediately obtain

Pr{(Xn, Y n) /∈ T (1)
n ∪ T (2)

n }
= αPr{(X(1)n, Y (1)n) /∈ T (1)

n ∪ T (2)
n } + (1 − α)Pr{(X(2)n, Y (2)n) /∈ T (1)

n ∪ T (2)
n }

≤ αPr{(X(1)n, Y (1)n) /∈ T (1)
n } + (1 − α)Pr{(X(2)n, Y (2)n) /∈ T (2)

n }. (3.26)

From the definition of T (i)
n , we have

Pr{(X(i)n, Y (i)n) /∈ T (i)
n }

≤ P (i)
n

{
(x,y) ∈ Xn × Yn :

∣∣∣∣ 1n log
1

Pn(x,y)
−H(X(i),Y (i))

∣∣∣∣ > ε

}
+P (i)

n

{
x ∈ Xn :

∣∣∣∣ 1n log
1

Pn(x)
−H(X(i))

∣∣∣∣ > ε

}
+P (i)

n

{
y ∈ Yn :

∣∣∣∣ 1n log
1

Pn(y)
−H(Y (i))

∣∣∣∣ > ε

}
. (3.27)
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According to Lemma 2.3.7 and Lemma 3.4.1 with γ = ε/2, for any δ > 0 and
sufficiently large n, the first term in Eq. (3.27) can be bounded by

P (i)
n

{
(x,y) ∈ Xn × Yn :

∣∣∣∣ 1n log
1

Pn(x,y)
−H(X(i),Y (i))

∣∣∣∣ > ε

}
≤ P (i)

n

{
(x,y) ∈ Xn × Yn :

∣∣∣∣ 1n log
1

Pn(x,y)
−H(X(i),Y (i))

∣∣∣∣ > ε

and

∣∣∣∣∣ 1n log
1

Pn(x,y)
− 1
n

log
1

P
(i)
n (x,y)

∣∣∣∣∣ ≤ max(ε/2, c0/n)

}

+P (i)
n

{
(x,y) ∈ Xn × Yn :∣∣∣∣∣ 1n log

1
Pn(x,y)

− 1
n

log
1

P
(i)
n (x,y)

∣∣∣∣∣ > max(ε/2, c0/n)

}

≤ P (i)
n

{
(x,y) ∈ Xn × Yn :

∣∣∣∣∣ 1n log
1

P
(i)
n (x,y)

−H(X(i),Y (i))

∣∣∣∣∣ > ε/2

}
+ exp

(
−nε

2

)
≤ δ.

In a similar manner, the second and third terms in Eq. (3.27) satisfy

P (i)
n

{
x ∈ Xn :

∣∣∣∣ 1n log
1

Pn(x)
−H(X(i))

∣∣∣∣ > ε

}
≤ δ,

P (i)
n

{
y ∈ Yn :

∣∣∣∣ 1n log
1

Pn(y)
−H(Y (i))

∣∣∣∣ > ε

}
≤ δ,

for sufficiently large n. Since δ > 0 can be chosen arbitrarily small, the right
hand side of Eq. (3.27) vanishes, that is,

lim
n→∞

Pr{(X(i)n, Y (i)n) /∈ T (i)
n } = 0 (i = 1, 2). (3.28)

Substituting Eq. (3.28) into Eq. (3.26), we obtain

lim
n→∞

Pr{(Xn, Y n) /∈ T (1)
n ∪ T (2)

n } = 0. (3.29)

(Step 2) Determination of rate pairs (R(1)
1 , R

(1)
2 ) and (R(2)

1 , R
(2)
2 )

Suppose that we are given a rate pair (R1, R2) which satisfies

R1 ≥ αH(X(1)|Y (1)) + (1 − α)H(X(2)|Y (2)),

R2 ≥ αH(Y (1)|X(1)) + (1 − α)H(Y (2)|X(2)),

R1 +R2 ≥ αH(X(1),Y (1)) + (1 − α)H(X(2),Y (2)).

It is easy to see that there exists a pair (R̃1, R̃2), c1 ≥ 0 and c2 ≥ 0 such that

R̃1 + R̃2 = αH(X(1),Y (1)) + (1 − α)H(X(2),Y (2))
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αH(X(1)|Y (1)) + (1 − α)H(X(2)|Y (2)) ≤ R̃1 ≤ αH(X(1)) + (1 − α)H(X(2)),

and (R1, R2) can be written as

R1 = R̃1 + c1,

R2 = R̃2 + c2.

Further, there exists 0 ≤ β ≤ 1 such that

R̃1 = β(αH(X(1)|Y (1)) + (1 − α)H(X(2)|Y (2)))

+(1 − β)(αH(X(1)) + (1 − α)H(X(2)))

R̃2 = β(αH(Y (1)) + (1 − α)H(Y (2)))

+(1 − β)(αH(Y (1)|X(1)) + (1 − α)H(Y (2)|X(2))).

By using c1 and c2 and β, define two rate pairs (R(1)
1 , R

(1)
2 ) and (R(2)

1 , R
(2)
2 ) as

R
(1)
1

def.= βH(X(1)|Y (1)) + (1 − β)H(Y (1)) + c1,

R
(1)
2

def.= βH(Y (1)) + (1 − β)H(Y (1)|X(1)) + c2,

R
(2)
1

def.= βH(X(2)|Y (2)) + (1 − β)H(Y (2)) + c1,

R
(2)
2

def.= βH(Y (2)) + (1 − β)H(Y (2)|X(2)) + c2.

We can easily confirm that

αR
(1)
1 + (1 − α)R(2)

1 = R1, (3.30)

αR
(1)
2 + (1 − α)R(2)

2 = R2, (3.31)

and

R
(1)
1 ≥ H(X(1)|Y (1)), R

(2)
1 ≥ H(X(2)|Y (2)),

R
(1)
2 ≥ H(Y (1)|X(1)), R

(2)
2 ≥ H(Y (2)|X(2)),

R
(1)
1 +R

(1)
2 ≥ H(X(1),Y (1)), R

(2)
1 +R

(2)
2 ≥ H(X(2),Y (2)).

⎫⎪⎬⎪⎭ (3.32)

(Step 3) Construction of wv-SWL code
From Eq. (3.32) and Corollary 3.2.1, we can see (R(1)

1 , R
(1)
2 ) ∈ RSW (X(1),Y (1))

and (R(2)
1 , R

(2)
2 ) ∈ RSW (X(2),Y (2)). Hence, there exists an SW code {(f (1)

n , f
(2)
n , f̂n)}∞n=1

for the ergodic source (X(1),Y (1)), where

f (1)
n : Xn → I

M
(1)
n (fn)

,

f (2)
n : Yn → I

M
(2)
n (fn)

,

and

lim sup
n→∞

1
n

logM (1)
n (fn) ≤ R

(1)
1 ,

lim sup
n→∞

1
n

logM (2)
n (fn) ≤ R

(1)
2 ,

lim
n→∞

Pr{f̂n(f (1)
n (X(1)n), f (2)

n (Y (1)n)) 
= (X(1)n, Y (1)n)} = 0.

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (3.33)
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Similarly, there exists an SW code {(g(1)
n , g

(2)
n , ĝn)}∞n=1 for the ergodic source

(X(2),Y (2)), where

g(1)
n : Xn → I

M
(1)
n (gn)

,

g(2)
n : Yn → I

M
(2)
n (gn)

,

and

lim sup
n→∞

1
n

logM (1)
n (gn) ≤ R

(2)
1 ,

lim sup
n→∞

1
n

logM (2)
n (gn) ≤ R

(2)
2 ,

lim
n→∞

Pr{ĝn(g(1)
n (X(2)n), g(2)

n (Y (2)n)) 
= (X(2)n, Y (2)n)} = 0.

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (3.34)

Further, since X is finite, for any positive integer m, we can easily construct a
binary fixed-length code (φ(1)

m , φ̂
(1)
m ) for the source X such that

E[�(φ(1)
m (x))] < m log |X | + 1 ∀x ∈ Xm,

φ̂(1)
m (φ(1)

m (x)) = x ∀x ∈ Xm.

A binary fixed-length code (φ(2)
n , φ̂

(2)
n ) for the source Y can be constructed

similarly.
Now, define the sequence of integers {Nn}∞n=1 such that

0 < Nn ≤ n, lim
n→∞

Nn = ∞, lim
n→∞

Nn

n
= 0. (3.35)

Then, we construct a wv-SWL code {(ϕ(11)
n , ϕ

(12)
n , ϕ

(21)
n , ϕ

(22)
n , ϕ̂n)}∞n=1 as fol-

lows:

ϕ
(11)
n : ϕ(11)

n (x)def.= φ
(1)
Nn

(x1), where x1 ∈ XNn is the first Nn symbols of x.

ϕ
(21)
n : ϕ(21)

n (y)def.= φ
(2)
Nn

(y1), where y1 ∈ YNn is the first Nn symbols of y.

ϕ
(12)
n : Decode y1 from a given codeword ϕ

(21)
n (y), then assign the codeword in

the following manner:

If (x1,y1) ∈ T
(1)
Nn

∩ T (2)c
Nn

, then ϕ(12)
n (x, ϕ(21)

n (y))def.= ϕ
(21)
n (y) ∗ f (1)

n (x).

If (x1,y1) ∈ T
(2)
Nn

∩ T (1)c
Nn

, then ϕ(12)
n (x, ϕ(21)

n (y))def.= ϕ
(21)
n (y) ∗ g(1)

n (x).

Otherwise, ϕ(12)
n (x, ϕ(21)

n (y))def.= λ.

ϕ
(22)
n : Decode x1 from a given codeword ϕ

(11)
n (x), then assign the codeword in

the following manner:

If (x1,y1) ∈ T
(1)
Nn

∩ T (2)c
Nn

, then ϕ(22)
n (y, ϕ(11)

n (x))def.= ϕ
(11)
n (x) ∗ f (2)

n (y).

If (x1,y1) ∈ T
(2)
Nn

∩ T (1)c
Nn

, then ϕ(22)
n (y, ϕ(11)

n (x))def.= ϕ
(11)
n (x) ∗ g(2)

n (y).

Otherwise, ϕ(22)
n (y, ϕ(11)

n (x))def.= λ.
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ϕ̂n: Since both ϕ(11)
n and ϕ(21)

n are prefix codes, for given ϕ(12)
n (x, ϕ(21)

n (y)) and
ϕ

(22)
n (y, ϕ(11)

n (x)), we have ϕ(11)
n (x), ϕ(21)

n (y), and either (f (1)
n (x), f (2)

n (y))
or (g(1)

n (x), g(2)
n (y)). We first decode (x1,y1) from (ϕ(11)

n (x), ϕ(21)
n (y))

and, output an estimate (x̂, ŷ) ∈ Xn × Yn in the following manner:

If (x1,y1) ∈ T
(1)
Nn

∩ T (2)c
Nn

, then (x̂, ŷ) = f̂n(f (1)
n (x), f (2)

n (y)).
If (x1,y1) ∈ T

(2)
Nn

∩ T (1)c
Nn

, then (x̂, ŷ) = ĝn(g(1)
n (x), g(2)

n (y)).
Otherwise, we declare an error.

The proposed code cannot reproduce the original sequence pair in the following
cases:

(i) (x1,y1) ∈ T
(1)
Nn

∩ T (2)c
Nn

and f̂n(f (1)
n (x), f (2)

n (y)) 
= (x,y)

(ii) (x1,y1) ∈ T
(2)
Nn

∩ T (1)c
Nn

and ĝ−1
n (g(1)

n (x), g(2)
n (y)) 
= (x,y)

(iii) (x1,y1) ∈ T
(1)
Nn

∩ T (2)
Nn

or (x1,y1) /∈ T
(1)
Nn

∪ T (2)
Nn

According to Eqs. (3.1)(3.22)(3.28), the probability of the event (i) can be
bounded as

Pr{(XNn , Y Nn) ∈ T
(1)
Nn

∩ T (2)c
Nn

and f̂n(f (1)
n (Xn), f (2)

n (Y n)) 
= (Xn, Y n)}

= αPr{(X(1)Nn , Y (1)Nn) ∈ T
(1)
Nn

∩ T (2)c
Nn

and f̂n(f (1)
n (X(1)n), f (2)

n (Y (1)n)) 
= (X(1)n, Y (1)n)}
+(1 − α)Pr{(X(2)Nn, Y (2)Nn) ∈ T

(1)
Nn

∩ T (2)c
Nn

and f̂n(f (1)
n (X(2)n), f (2)

n (Y (2)n)) 
= (X(2)n, Y (2)n)}
≤ αPr{f̂n(f (1)

n (X(1)n), f (2)
n (Y (1)n)) 
= (X(1)n, Y (1)n)}

+(1 − α)Pr{(X(2)Nn, Y (2)Nn) ∈ T
(1)
Nn

∩ T (2)c
Nn

}
≤ αPr{f̂n(f (1)

n (X(1)n), f (2)
n (Y (1)n)) 
= (X(1)n, Y (1)n)}

+(1 − α)Pr{(X(2)Nn, Y (2)Nn) /∈ T
(2)
Nn

}
→ 0 (n→ ∞).

In a similar manner, the probability of the event (ii) vanishes as n → ∞.
Further, the probability of the event (iii) vanishes as n → ∞ due to Eqs.
(3.25)(3.29). Therefore, the probability of decoding error vanishes as n→ ∞.

(Step 4) Evaluation of the average length of codeword

Lastly, we investigate the average length of codeword for the proposed code.
For any δ > 0 and sufficiently large n, according to Eqs. (3.22)(3.33)(3.34), we
have

1
n
E[l(ϕ(12)

n (Xn, ϕ(21)
n (Y n)))]

=
1
n
E[l(ϕ(11)

n (Xn))]

+
(

1
n

logM (1)
n (fn)

)
× Pr{(XNn , Y Nn) ∈ T

(1)
Nn

∩ T (2)c
Nn

}
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+
(

1
n

logM (1)
n (gn)

)
× Pr{(XNn , Y Nn) ∈ T

(2)
Nn

∩ T (1)c
Nn

}

≤ 1
n

(Nn log |X | + 1)

+(R(1)
1 + δ)Pr{(XNn, Y Nn) ∈ T

(1)
Nn

∩ T (2)c
Nn

}

+(R(2)
1 + δ)Pr{(XNn, Y Nn) ∈ T

(2)
Nn

∩ T (1)c
Nn

}

=
1
n

(Nn log |X | + 1)

+α(R(1)
1 + δ)Pr{(X(1)Nn , Y (1)Nn) ∈ T

(1)
Nn

∩ T (2)c
Nn

}

+(1 − α)(R(1)
1 + δ)Pr{(X(2)Nn, Y (2)Nn) ∈ T

(1)
Nn

∩ T (2)c
Nn

}

+α(R(2)
1 + δ)Pr{(X(1)Nn , Y (1)Nn) ∈ T

(2)
Nn

∩ T (1)c
Nn

}

+(1 − α)(R(2)
1 + δ)Pr{(X(2)Nn, Y (2)Nn) ∈ T

(2)
Nn

∩ T (1)c
Nn

}

≤ 1
n

(Nn log |X | + 1)

+α(R(1)
1 + δ)Pr{(X(1)Nn , Y (1)Nn) ∈ T

(1)
Nn

}

+(1 − α)(R(1)
1 + δ)Pr{(X(2)Nn, Y (2)Nn) /∈ T

(2)
Nn

}

+α(R(2)
1 + δ)Pr{(X(1)Nn , Y (1)Nn) /∈ T

(1)
Nn

}

+(1 − α)(R(2)
1 + δ)Pr{(X(2)Nn, Y (2)Nn) ∈ T

(2)
Nn

}.

By using Eqs. (3.28)(3.35), we obtain

lim sup
n→∞

1
n
E[l(ϕ(12)

n (Xn, ϕ(21)
n (Y n)))] ≤ αR

(1)
1 + (1 − α)R(2)

1 + δ.

In a similar manner,

lim sup
n→∞

1
n
E[l(ϕ(22)

n (Y n, ϕ(11)
n (Xn)))] ≤ αR

(1)
2 + (1 − α)R(2)

2 + δ.

Since δ > 0 is arbitrary, we can conclude

lim sup
n→∞

1
n
E[l(ϕ(12)

n (Xn, ϕ(21)
n (Y n)))] ≤ αR

(1)
1 + (1 − α)R(2)

1 = R1,

lim sup
n→∞

1
n
E[l(ϕ(22)

n (Y n, ϕ(11)
n (Xn)))] ≤ αR

(1)
2 + (1 − α)R(2)

2 = R2,

where the last equalities come from Eqs. (3.30)(3.31). Hence, (R1, R2) is achiev-
able for the wv-SWL system. This completes the proof of Theorem 3.3.1.

The extension of the theorem to the mixture of any finite number of er-
godic sources is immediate. Further, the proof of Corollary 3.3.2 can be done
similarly by considering a fixed length SW code for each source (X(i),Y (i))
with a rate pair (R(i)

1 , R
(i)
2 ) (i = 1, 2, · · · ,m) instead of {(f (1)

n , f
(2)
n , f̂n)}∞n=1 and

{(g(1)
n , g

(2)
n , ĝn)}∞n=1 in Step 2 and Step 3.
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3.4.3 Proof of Theorem 3.3.2

Proof. By choosing a positive number ε such that

0 < 3ε < min{|H(X(1)) −H(X(2))|, |H(Y (1)) −H(Y (2))|}

instead of (3.23), we have{
x ∈ Xn :

∣∣∣∣ 1n log
1

Pn(x)
−H(X(1))

∣∣∣∣ ≤ ε and
∣∣∣∣ 1n log

1
Pn(x)

−H(X(2))
∣∣∣∣ ≤ ε

}
{

y ∈ Yn :
∣∣∣∣ 1n log

1
Pn(y)

−H(Y (1))
∣∣∣∣ ≤ ε and

∣∣∣∣ 1n log
1

Pn(y)
−H(Y (2))

∣∣∣∣ ≤ ε

}
,

are both empty sets, which implies that we can determine whether (x,y) ∈
T

(1)
n or (x,y) ∈ T

(2)
n by seeing only x or y. Hence, by using the codes

{(f (1)
n , f

(2)
n , f̂n)}∞n=1 and {(g(1)

n , g
(2)
n , ĝn)}∞n=1 described in the proof of Theo-

rem 3.3.1, we construct a wv-SWL code {(ϕ(11)
n , ϕ

(12)
n , ϕ

(21)
n , ϕ

(22)
n , ϕ−1

n )}∞n=1 as
follows:

ϕ(11)
n (x) def.= λ

ϕ(21)
n (y) def.= λ

ϕ(12)
n (x, ϕ(21)

n (y)) def.=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0 ∗ f (1)

n (x) if
∣∣∣∣ 1n log

1
Pn(x)

−H(X(1))
∣∣∣∣ ≤ ε,

1 ∗ g(1)
n (x) if

∣∣∣∣ 1n log
1

Pn(x)
−H(X(2))

∣∣∣∣ ≤ ε,

λ otherwise,

ϕ(22)
n (y, ϕ(11)

n (x)) def.=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0 ∗ f (2)

n (y) if
∣∣∣∣ 1n log

1
Pn(y)

−H(Y (1))
∣∣∣∣ ≤ ε,

1 ∗ g(2)
n (y) if

∣∣∣∣ 1n log
1

Pn(y)
−H(Y (2))

∣∣∣∣ ≤ ε,

λ otherwise.

Lastly we describe the decoder ϕ̂n. For a given pair of codewords s1 ∗ s2 =
ϕ

(12)
n (x, λ) and s3 ∗ s4 = ϕ

(22)
n (y, λ) with s1, s3 ∈ B and s2, s4 ∈ B∗, we output

an estimate (x̂, ŷ) ∈ Xn × Yn as follows:

If s1 = s3 = 0 then (x̂, ŷ) = f̂n(s2, s4).
If s1 = s3 = 1 then (x̂, ŷ) = ĝn(s2, s4).
Otherwise, we declare an error.

By using this code, in a similar manner as the proof of Theorem 3.3.1, we can
show that the rate pair (R1, R2) is achievable for the wv-SWL system.

3.4.4 Proof of Theorem 3.3.3

Proof. We only show the construction of universal code. The proof of the
theorem can be done in a similar manner as the proof of Theorem 3.3.1.

The encoder ϕ(11)
n and ϕ

(21)
n are the same ones which defined in the proof

of Theorem 3.3.1. After sharing the pair (xNn , yNn) of sequences between two
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encoders, each encoder calculates the joint type QXY = QxNnyNn of the shared
sequence. For any δ > 0 and any type Q ∈ PNn(X ×Y), there exists a universal
SW code (f (1)

Q , f
(2)
Q , f̂Q) with block length n and a rate pair (R1(Q)+δ,R2(Q)+

δ) [13]. In the above notation, it should be noted that the joint probability Q
determines only the rate of the universal SW code. Then, we define the second
encoders as

ϕ(12)
n (x, ϕ(21)

n (y)) = ϕ(21)
n (y) ∗ f (1)

QXY
(x),

ϕ(22)
n (y, ϕ(11)

n (x)) = ϕ(11)
n (x) ∗ f (2)

QXY
(y),

where Q = QxNnyNn denotes the type of the shared sequence. This implies
that we choose the universal SW code depending on the joint type Q. Since
the decoder can have the knowledge of the type Q, it can output the estimate
f̂Q(f (1)

Q (x), f (2)
Q (y)).

3.4.5 Proof of Lemma 3.4.1

Proof. It is easy to see that for any (x,y) ∈ Xn × Yn and i = 1, 2

1
n

log
1

Pn(x,y)
≤ 1

n
log

1

min(α, 1 − α)P (i)
n (x,y)

=
1
n

log
1

P
(i)
n (x,y)

+
c0
n
.

(3.36)

On the other hand, for i = 1, 2 we have

P (i)
n

{
(x,y) ∈ Xn × Yn :

1
n

log
1

Pn(x,y)
− 1
n

log
1

P
(i)
n (x,y)

≤ −γ
}

=
∑

(x,y)∈Xn×Yn:

P (i)
n (x,y)≤Pn(x,y) exp(−nγ)

P (i)
n (x,y)

≤
∑

(x,y)∈Xn×Yn:

Pn(x,y) exp(−nγ)

≤ exp(−nγ). (3.37)

Then, by combining (3.36) and (3.37), we obtain

P (i)
n

{
(x,y) ∈ Xn × Yn :

1
n

log
1

P
(i)
n (x,y)

− γ ≤ 1
n

log
1

Pn(x,y)
≤ 1
n

log
1

P
(i)
n (x,y)

+
c0
n

}

= P (i)
n

{
(x,y) ∈ Xn × Yn :

1
n

log
1

Pn(x,y)
− 1
n

log
1

P
(i)
n (x,y)

≥ −γ
}

≥ 1 − exp(−nγ).

This completes the proof of Lemma 3.4.1.
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Chapter 4

Complementary delivery of
information

4.1 Introduction

This chapter deals with a multiterminal source coding system that we call com-
plementary delivery coding system. Figure 4.1 shows a block diagram of the
complementary delivery problem. The encoder observes messages emitted from
two correlated sources, and delivers these messages to other locations (i.e. de-
coders). Each decoder has access to one of two messages, and therefore wants
to reproduce the other message. This coding system models a communication
network via a satellite [72]. The satellite processes messages from two users
and broadcasts one common message to the users. Each user reconstructs the
data of the other user based on the broadcast message and its own stored data.
Csiszár and Körner considered a general framework that includes the comple-
mentary delivery coding system, and clarified the minimum achievable rate for
lossless coding. Figure 4.1 can be rewritten in the format of Csiszár and Körner,
as shown in Figure 4.2. Willems et al. [66, 72] independently investigated the
lossless coding problem where several users are physically separated but commu-
nicate with each other via a satellite, and determined the minimum coding rate
in transmitting to and from the satellite. The complementary delivery coding
system is a special case of the system of Willems et al. which only considers the
downstream part from the satellite. This chapter extends their results to lossy
coding, and clarify the rate-distortion function and some interesting properties.

An extended version of complementary delivery coding is also examined
(Fig. 4.3), where only an encoded sequence of a message is available as side
information at each decoder. The coding system models a sensor network with
three physically separated sensors and two destinations. Two of these three
sensors can observe one of two information sources and transmit individual
sensor readings to one of two destinations, while the other sensor can observe
both of these two sources and transmit the sensor reading to both destinations.
Both lossless and lossy configurations are considered in this setting. Inner and
outer bounds of the achievable rate region for given distortion criteria will be
clarified.
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Encoder 1

Decoder 1

Decoder 2

Input sequences

Side information 1

Decoded sequence 1

Decoded sequence 2

nX nX̂

nY

nY

nX
Side information 2

nŶ

Figure 4.1: The complementary delivery coding system (Full side information
is available at decoders)

Y

X

X

Y

X

Y

X

Y

XY

Figure 4.2: The complementary delivery coding system in the format of Csiszár
and Körner (Left) original source network (Right) normal source network

4.2 Problem formulation

First, this section formulates a coding problem of the complementary deliv-
ery coding system, and shows a fundamental bound of the coding rate when
considering lossless coding.

Definition 4.2.1. (Fixed-to-fixed fully-informed complementary delivery (f-
FCD) code)
A sequence {(ϕn, ϕ̂

(1)
n , ϕ̂

(2)
n )}∞n=1 of codes (ϕn, ϕ̂

(1)
n , ϕ̂

(2)
n ) is an f-FCD code if and

only if

ϕn : Xn × Yn → IMn

ϕ̂(1)
n : IMn × Yn → Xn,

ϕ̂(2)
n : IMn ×Xn → Yn.

Definition 4.2.2. (f-FCD achievable rate)
R is an f-FCD achievable rate of the source (X,Y ) for a given pair (D1, D2) of
distortion criteria if and only if there exists an f-FCD code such that

lim sup
n→∞

1
n

logMn ≤ R,

lim sup
n→∞

1
n
e(1)n ≤ D1, lim sup

n→∞

1
n
e(2)n ≤ D2,
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Encoder 1

Decoder 1
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Side information 1

Decoded sequence 1

Decoded sequence 2

nX nX̂

nY

nY

nX
Side information 2

nŶ

Encoder 2

Encoder 3

Figure 4.3: Complementary delivery coding (Partial side information is available
at decoders)

where

e(1)n
def.= E

[
dn

X(Xn, X̂n)
]
,

e(2)n
def.= E

[
dn

Y (Y n, Ŷ n)
]
,

X̂n def.= ϕ̂(1)
n (ϕn(Xn, Y n), Y n),

Ŷ n def.= ϕ̂(2)
n (ϕn(Xn, Y n), Xn).

Definition 4.2.3. (Inf f-FCD achievable rate)

RF (X,Y |D1, D2)
def.= inf{R : R is an f-FCD achievable rate of (X,Y ) for (D1, D2)

}
.

Definition 4.2.4. (Lossless f-FCD achievable rate)
Let X̂ = X and Ŷ = Y. Define the distortion function dn

X : Xn × X̂n → {0, 1}
is defined as

dn
X(x, x̂) =

{
0 if x = x̂,
1 if x 
= x̂.

dn
Y : Yn×Ŷn → {0, 1} is defined similarly. Then, R is a lossless f-FCD achievable

rate of the source (X ,Y ) if R is an f-FCD achievable rate of the source (X ,Y )
for a pair (D1 = 0, D2 = 0) of distortion criteria.

Definition 4.2.5. (Inf lossless f-FCD achievable rate)

RF (X,Y ) def.= inf{R : R is an lossless f-FCD achievable rate of (X ,Y )}.

As a special case of the results of Csiszár, Körner [12], and Willems et al.
[66, 72], we can immediately obtain the closed form of RF (X,Y ).

Theorem 4.2.1. (Coding theorem of lossless f-FCD code)
For any DMS (X,Y ), we have

RF (X,Y ) = max{H(X |Y ), H(Y |X)}
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4.3 Main results

Theorem 4.3.1. (Coding theorem of lossy f-FCD code)
For any DMS (X,Y ),

RF (X,Y |D1, D2) = min
PU|XY ∈PF (U|PXY )

[
max{I(X ;U |Y ), I(Y ;U |X)}

]
,

where the alphabet U satisfies |U| ≤ |X × Y| + 2 and PF (U|PXY ) is a subset of
P(U|PXY ) such that there exist functions φ(1) : U×Y → X̂ and φ(2) : U×X → Ŷ
satisfying

D1 ≥ E
[
ΔX(X,φ(1)(U, Y ))

]
,

D2 ≥ E
[
ΔY (Y, φ(2)(U,X))

]
.

From the definition of RF (X,Y |D1, D2) and Theorem 4.3.1, the following
corollary can be easily obtained:

Corollary 4.3.1.

max {RC(X |Y,D1), RC(Y |X,D2)}
≤ RF (X,Y |D1, D2)
≤ max {RWV (X |Y,D1), RWV (Y |X,D2)} , (4.1)

where RC(X |Y,D) is the conditional rate-distortion function defined in Lemma
2.1.8, and RWV (X |Y,D) is the Wyner-Ziv rate-distortion function defined in
Lemma 2.1.9.

When one of the two messages does not need to be reproduced, RF (X,Y |D1, D2)
is always reduced to the conditional rate-distortion function, namely

RF (X,Y |D1 = d1, D2) = RC1(Y |X,D2),
RF (X,Y |D2, D2 = d2) = RC1(X |Y,D1)

if d1 ≥ ΔX and d2 ≥ ΔY , where

ΔX
def.= max

(x,x̂)∈X×X̂
ΔX(x, x̂) <∞,

ΔY
def.= max

(y,ŷ)∈Y×Ŷ
ΔY (y, ŷ) <∞.

The above discussion indicates that there may be some rate losses when
sending common codewords to two decoders only for lossy coding. These prop-
erties result from the auxiliary random variable U , which characterizes the rate-
distortion function RF (X,Y |D1, D2), although messages used as side informa-
tion are available at both the encoder and decoder.

Theorem 4.3.1 has considered only two sources. However, these propositions
can be easily extended to any finite number of sources. A set of distortion
criteria is denoted by

D = {D(j)
i }j∈INd

,i∈Sj ,
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where Sj ⊆ INs , Ns is the number of sources and Nd is the number of decoders.
The inf f-FCD achievable rate RF (X|D) of the source X = X(INs) for given
distortion criteria D is defined in the same way as for two correlated sources.
Each decoder ϕ̂(j)

n has access to X(Sc
j ) as side information and therefore has to

recover X(Sj) (j ∈ INd
,Sj ⊆ INs) such that the following criteria are satisfied

for any i ∈ INs and j ∈ INd
:

D
(j)
i ≥ E

[
ΔX(i)(X(i), X̂(i;j))

]
, (4.2)

where

X̂
(Sj) def.= {X̂(i;j)}i∈Sj

def.= ϕ̂(j)
n (ϕn(Xn),X(Sc

j )).

Corollary 4.3.2. (Coding theorem of f-FCD code for any finite number of
sources)
(1) If there exists a pair (j1, j2) ∈ INd

×INd
such that Sj1 
⊆ Sj2 and Sj1 
⊇ Sj2 ,

the inf f-FCD achievable rate for a DMS X = X(INs) can be obtained as

RF (X|D) = min
PU|X∈PF (U|PX)

max
j∈INd

I
(

X(Sj);U
∣∣∣X(Sc

j )
)
,

where the alphabet U satisfies |U| ≤ |X (INs)| +Nd, and PF (U|PX ) ⊆ P(U|PX)
is a set of probability distributions such that there exist functions φ(j,i) : U ×
X (Sc

j ) → X̂ (i) for i ∈ Sj that satisfy

D
(j)
i ≥ E

[
ΔX(i)

(
X(i), φ(j,i)

(
U,X(Sc

j )
))]

.

(2) Otherwise, the inf CD-achievable rate is

RF (X|D)

= min
P

X̂|X
∈PF (X̂ (INs

)|PX)

max
j∈INd

I

(
X(Sj); X̂

(Sj)
∣∣∣∣X(Sc

j )

)
,

where PF (X̂ (INs )|PX) ⊆ P(X̂ (INs )|PX) is a set of probability distributions such
that the distortion criteria Eq.(4.2) are satisfied.

As a typical example, Corollary 4.3.2 can apply to the coding problem for-
mulated by Willems et al. [72], where the encoder sends three messages to three
decoders, and each decoder has access to one of three messages to reproduce
the other two messages. Corollary 4.3.2 indicates that the inf achievable rate
for this coding problem is obtained as

RF (X,Y, Z|D1, D2, D3)
= min

PU|XY Z∈PF (U|PXY Z)
max{I(XY ;U |Z), I(Y Z;U |X), I(XZ;U |Y )},

where the alphabet U satisfies |U| ≤ |X × Y × Z| + 3, and PF (U|PXY Z) ⊆
P(U|PXY Z) is a set of probability distributions such that there exist functions

φ(1,Y ) : U × X → Ŷ, φ(1,Z) : U × X → Ẑ,

48



φ(2,X) : U × Y → X̂ , φ(2,Z) : U × Y → Ẑ,
φ(3,X) : U × Z → X̂ , φ(3,Y ) : U × Z → Ŷ

that satisfy

D
(1)
Y ≥ E[ΔY (Y, φ(1,Y )(U,X))],

D
(1)
Z ≥ E[ΔZ(Z, φ(1,Z)(U,X))],

D
(2)
X ≥ E[ΔX(X,φ(2,X)(U, Y ))],

D
(2)
Z ≥ E[ΔZ(Z, φ(2,Z)(U, Y ))],

D
(3)
X ≥ E[ΔX(X,φ(3,X)(U,Z))],

D
(3)
Y ≥ E[ΔY (Y, φ(3,Y )(U,Z))].

4.4 Complementary delivery with partial side

information

4.4.1 Problem formulation

This section examines an extended version of the complementary delivery cod-
ing, where only an encoded sequence of a message is available as side information
at each decoder.

Definition 4.4.1. (Fixed-length partially-informed complementary delivery (f-
PCD) code)
A sequence

{(ϕ(1)
n , ϕ(2)

n , ϕ(3)
n , ϕ̂(1)

n , ϕ̂(2)
n )}∞n=1

of codes

(ϕ(1)
n , ϕ(2)

n , ϕ(3)
n , ϕ̂(1)

n , ϕ̂(2)
n )

is an f-PCD code if and only if

ϕ(1)
n : Xn × Yn → I

M
(1)
n
,

ϕ(2)
n : Yn → I

M
(2)
n
, ϕ(3)

n : Xn → I
M

(3)
n
,

ϕ̂(1)
n : I

M
(1)
n

× I
M

(2)
n

→ X̂n,

ϕ̂(2)
n : I

M
(1)
n

× I
M

(3)
n

→ Ŷn.

Definition 4.4.2. (f-PCD achievable rate triad)
(R1, R2, R3) is an f-PCD achievable rate triad of the source (X,Y ) for a pair
(D1, D2) of distortion criteria if and only if there exists an f-PCD code such
that

lim sup
n→∞

1
n

logM (i)
n ≤ Ri, (i = 1, 2, 3)

lim sup
n→∞

1
n
e(1)n ≤ D1, lim sup

n→∞

1
n
e(2)n ≤ D2.
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where

e(1)n = E
[
Δn

X(Xn, ϕ̂(1)
n (A(1)

n , A(2)
n ))
]
,

e(2)n = E
[
Δn

Y (Y n, ϕ̂(2)
n (A(1)

n , A(3)
n ))
]
,

A(1)
n = ϕ(1)

n (Xn, Y n),
A(2)

n = ϕ(2)
n (Y n), A(3)

n = ϕ(3)
n (Xn).

Definition 4.4.3. (f-PCD achievable rate region)

RP (X,Y |D1, D2)
= {(R1, R2, R3) :

(R1, R2, R3) is an f-PCD achievable rate triad of (X,Y ) for (D1, D2)}.

A lossless f-PCD achievable rate triad (resp. a lossless f-PCD achievable
rate region RP (X,Y )) is defined similarly to the lossless f-FCD achievable rate
(resp. the inf lossless f-FCD achievable rate RF (X,Y )).

4.4.2 Statement of results

As a special case of the results of Csiszár and Körner, we can obtain the closed
form of the lossless f-PCD achievable rate region.

Theorem 4.4.1. (Coding theorem of lossless f-PCD code)
For any DMS (X,Y )

RP (X,Y ) ={
(R1, R2, R3) : ∃PV W |XY ∈ PP (V ×W|PXY ),

R1 ≥ max{H(X |V ), I(Y |W )}, R2 ≥ I(Y ;V ), R3 ≥ I(X ;W )
}
,

where PP (V ×W|PXY ) is a subset of P(V ×W|PXY ) such that V → Y → X
and W → X → Y form Markov chains.

The main result of this subsection is the following, which shows inner and
outer bounds of the f-PCD achievable rate region RP (X ,Y |D1, D2).

Theorem 4.4.2. (Coding theorem of lossy f-PCD code)
For any DMS (X,Y )

RP (X,Y |D1, D2) ⊆ (outer bound){
(R1, R2, R3) : ∃PUV W |XY ∈ PP (U × V ×W|PXY ),

R1 ≥ max{I(X ;U |V ), I(Y ;U |W )}, R2 ≥ I(Y ;V ), R3 ≥ I(X ;W )
}
,

RP (X,Y |D1, D2) ⊇ (inner bound){
(R1, R2, R3) : ∃PUV W |XY ∈ PP (U × V ×W|PXY ),
R1 ≥ max{I(V X ;U), I(WY ;U)} − min{I(V ;U), I(W ;U)},
R2 ≥ I(Y ;V ), R3 ≥ I(X ;W )

}
,

where PP (U × V ×W|PXY ) is a subset of P(U × V ×W|PXY ) such that V →
Y → X and W → X → Y form Markov chains and there exist functions
φ(1) : U × V → X̂ and φ(2) : U ×W → Ŷ satisfying

D1 ≥ E
[
ΔX(X,φ(1)(U, V ))

]
,

50



D2 ≥ E
[
ΔY (Y, φ(2)(U,W ))

]
,

and PP (U × V × W|PXY ) is a subset of PP (U × V × W|PXY ) whose Markov
chains are replaced to V → Y → X →W .

Remark 4.4.1. Bounds for the alphabet sizes |U|, |V| and |W| have not been
clarified yet.

The following corollary shows that Theorem 4.3.1 can be derived as a special
case of Theorem 4.4.2.

Corollary 4.4.1. For any DMS (X,Y ), if r2 ≥ H(Y ) and r3 ≥ H(X), then

RP (X,Y |D1, D2, R2 = r2, R3 = r3)
def.= inf {R : (R, r2, r3) ∈ RP (X,Y |D1, D2)}
= RF (X,Y |D1, D2).

The above corollary provides a typical example whereby the inner bound
indicated in Theorem 4.4.2 coincides with the outer bound. Another example
occurs when X = Y, PXY (p, q) = PXY (q, p) ∀p, q ∈ X and D1 = D2. In this
case, we can identify Y as X because PX(p) = PY (p) ∀p ∈ X , and identify W as
V because D1 = D2. Therefore, the inner bound is reduced to the outer bound,
namely

RP (X,Y |D1, D2) = {(R1, R2, R3) :
R1 ≥ I(X ;U |V ) = I(Y ;U |W ),
R2 ≥ I(Y ;V ), R3 ≥ I(X ;W ) = I(Y ;V )

}
.

Also, we have the following properties:

Corollary 4.4.2.

RP (X,Y |D1 = d1, D2, R2 = r2, R3 = r3) = RC2(Y |X,D2, R2 = r3),
RP (X,Y |D1, D2 = d2, R2 = r2, R3 = r3) = RC2(X |Y,D1, R2 = r2),

for r2, r3 > 0 if d1 ≥ ΔX and d2 ≥ ΔY , where RC2(X |Y,D) is the minimum
achievable rate region when X is encoded and reproduced with encoded sequences
from Y to guarantee the distortion level D [26], and

RC2(X |Y,D,R2 = r) def.= inf{R : (R, r) ∈ RC2(X |Y,D)}.

These properties indicate that the rate region RP (X,Y |D1, D2) is always
reduced to RC2(X |Y,D1) or RC2(Y |X,D2) when one of the two messages does
not need to be reproduced. The properties also agree with the result of se-
quential coding reported by Viswanathan and Berger [61]. The only difference
between the two results is that one of the two messages does not need to be
reproduced in the situation of PCD codes.
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4.5 Proof of theorems

4.5.1 Proof of Theorem 4.3.1: converse part

Proof.
Let an f-FCD code {(ϕn, ϕ̂

(1)
n , ϕ̂

(2)
n )}∞n=1 be given that satisfies the conditions of

Definitions 4.2.1 and 4.2.2. From Definition 4.2.2, for any δ > 0 there exists an
integer n1 = n1(δ) and then for all n ≥ n1(δ), we can obtain

1
n

logMn ≤ R+ δ.

It should be remembered that An = ϕn(Xn, Y n). Then, we obtain

n(R+ δ) ≥ logMn

≥ H(An)
≥ H(An|Y n)
= I(Xn;An|Y n) (4.3)
= H(Xn|Y n) −H(Xn|AnY

n)

=
n∑

k=1

{H(Xk|Yk) −H(Xk|AnX
k−1Y n)}

=
n∑

k=1

I(Xk;AnX
k−1Y k−1Y n

k+1|Yk)

≥
n∑

k=1

I(Xk;AnX
k−1Y k−1|Yk),

where Eq. (4.3) comes from the equation An = ϕn(Xn, Y n). Let us define
random variables Uk = AnX

k−1Y k−1. With these definitions, we have

n(R + δ) ≥
n∑

k=1

I(Xk;Uk|Yk).

In a similar manner, we obtain

n(R + δ) ≥
n∑

k=1

I(Yk;Uk|Xk).

Here, let J be a random variable which is independent of (X,Y ) and uniformly
distributed over the set In. We define a random variable U = (J, UJ). This
implies that

R+ δ ≥ 1
n

n∑
k=1

I(Xk;Uk|Yk)

=
1
n

n∑
k=1

{H(Xk|Yk) −H(Xk|UkYk)}

=
1
n

n∑
k=1

{H(X |Y ) −H(X |UJY, J = k)}
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= H(X |Y ) −H(X |JUJY )
= H(X |Y ) −H(X |UY )
= I(X ;U |Y )

and

R + δ ≥ I(Y ;U |Y ).

Since δ > 0 is arbitrary for a sufficiently large n, we obtain

R ≥ max{I(X ;U |Y ), I(Y ;U |X)}.

We next show the existence of functions φ(1) and φ(2) that satisfy the con-
ditions of Theorem 4.3.1. From Definition 4.2.2, for any γ > 0, there exists an
integer n2 = n2(γ), and for all n ≥ n2(γ), we have

D1 + γ ≥ 1
n

n∑
k=1

E
[
ΔX(Xk, ϕ̂

(1)
n;k(An, Y

n))
]
,

D2 + γ ≥ 1
n

n∑
k=1

E
[
ΔY (Yk, ϕ̂

(2)
n;k(An, X

n))
]
,

where ϕ̂(i)
n;k (i = 1, 2, k ∈ In) is the output of ϕ̂(i)

n at time k. We note that
UkYk contains AnY

k, and UkXk contains AnX
k. Let Y n

k+1(Uk, Yk) be a random
variable selected to minimize the average distortion between Xk and X̂k given
UkYk, and let Xn

k+1(Uk, Xk) be a random variable selected to minimize the
average distortion between Yk and Ŷk given UkXk, namely

Y n
k+1(Uk, Yk) def.= argmin

Y n
k+1∈Yn−k

∑
Xk∈X

Q
(1)
k (Xk|Uk, Yk)Δ(Xk, ϕ̂

(1)
k (An, Y

n)),

Xn
k+1(Uk, Xk) def.= argmin

Xn
k+1∈Xn−k

∑
Yk∈Y

Q
(2)
k (Yk|Uk, Xk)Δ(Yk, ϕ̂

(2)
k (An, X

n)),

where Q
(1)
k is the distribution of Xk given UkYk, namely for any xk ∈ X k,

yk ∈ Yk, an ∈ I
M

(1)
n

and uk = anx
k−1yk−1

Q
(1)
k (xk|uk, yk) def.= Q

(1)
k (xk|an, x

k−1, yk)

=
Q

(1)
k (an, x

k, yk)

Q
(1)
k (an, xk−1, yk)

Q
(1)
k (an, x

k, yk) def.= Pr{ϕn(Xn, Y n) = an, X
k = xk, Y k = yk}

=
∑

(xn
k+1

,yn
k+1

)∈Xn−k×Yn−k:

ϕn(xn,yn)=an

Pn
XY (xn, yn),

Q
(1)
k (an, x

k−1, yk) def.= Pr{ϕn(Xn, Y n) = an, X
k−1 = xk−1, Y k = yk}

=
∑

(xn
k

,yn
k+1

)∈Xn−k+1×Yn−k:

ϕn(xn,yn)=an

Pn
XY (xn, yn),
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and Q
(2)
k is the distribution of Yk given UkXk, defined in a similar manner to

Q
(1)
k . We choose the functions φ(1) and φ(2) as follows:

φ
(1)
k (Uk, Yk) def.= ϕ̂

(1)
n;k(An, Y

k ∗ Y n
k+1(Uk, Yk)),

φ
(2)
k (Uk, Xk) def.= ϕ̂

(2)
n;k(An, X

k ∗Xn
k+1(Uk, Xk)),

φ(1)(U, Y ) def.= φ
(1)
J (UJ , Y ),

φ(2)(U,X) def.= φ
(2)
J (UJ , X).

It is easy to see that

E
[
Δ(Xk, φ

(1)
k (Uk, Yk))

]
= E

[
Δ(Xk, ϕ̂

(1)
n;k(An, Y

k ∗ Y n
k+1(Uk, Yk)))

]
≤ E

[
Δ(Xk, ϕ̂

(1)
n;k(An, Y

n))
]

E
[
Δ(Yk, φ

(2)
k (Uk, Xk))

]
= E

[
Δ(Yk, ϕ̂

(2)
n;k(An, X

k ∗Xn
k+1(Uk, Xk)))

]
≤ E

[
Δ(Yk, ϕ̂

(2)
n;k(An, X

n))
]
.

This implies

D1 + γ ≥ 1
n

n∑
k=1

E
[
ΔX(Xk, X̂k)

]
=

1
n

n∑
k=1

E
[
ΔX(Xk, ϕ̂

(1)
n;k(An, Y

n))
]

≥ 1
n

n∑
k=1

E
[
ΔX(Xk, φ

(1)
k (Uk, Yk))

]
=

1
n

n∑
k=1

E
[
ΔX(X,φ(1)

J (UJ , Y ))|J = k
]

= E
[
ΔX(X,φ(1)(U, Y ))

]
,

D2 + γ ≥ E
[
ΔY (Y, φ(2)(U,X))

]
.

Since γ > 0 is arbitrary for a sufficiently large n, we obtain

D1 ≥ E
[
ΔX(X,φ(1)(U, Y ))

]
,

D2 ≥ E
[
ΔY (Y, φ(2)(U,X))

]
.

It remains to establish that the bound on |U| specified in Theorem 4.3.1 does
not affect the determination of the inf achievable rate RF (X,Y |D1, D2). To do
this, we introduce the support lemma [13, Lemma 3.3.4]. We can see that

PXY (x, y) =
∑
u∈U

PU (u)PXY |U (x, y|u),

I(X ;U |Y )
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= H(X |Y ) −H(X |UY )

= H(X |Y ) −
∑
u∈U

PU (u)
∑

(x,y)∈X×Y
PXY |U (x, y|u) log

PY |U (y|u)
PXY |U (x, y|u)

I(Y ;U |X)
= H(Y |X) −H(Y |UX)

= H(Y |X) −
∑
u∈U

PU (u)
∑

(x,y)∈X×Y
PXY |U (x, y|u) log

PX|U (x|u)
PXY |U (x, y|u)

E[ΔX(X,φ(1)(U, Y ))]

=
∑
u∈U

PU (u)
∑

(x,y)∈X×Y
PXY |U (x, y|u)ΔX(x, φ(1)(u, y))

≥
∑
u∈U

PU (u)
∑
y∈Y

min
x̂∈X̂

∑
x∈X

PXY |U (x, y|u)ΔX(x, x̂), (4.4)

E[ΔY (Y, φ(2)(U,X))]

=
∑
u∈U

PU (u)
∑

(x,y)∈X×Y
PXY |U (x, y|u)ΔY (y, φ(2)(u, x))

≥
∑
u∈U

PU (u)
∑
x∈X

min
ŷ∈Ŷ

∑
y∈Y

PXY |U (x, y|u)ΔY (y, ŷ), (4.5)

where Eq.(4.4) (resp. Eq.(4.5)) come from the fact that for given letters (u, y) ∈
U × Y (resp. (u, x) ∈ U × X ) the output of the function φ(1) (resp. φ(2))
can be selected so as to minimize the average distortion. We then define the
following functions qi (i ∈ Imy+2) of a generic distribution Q ∈ P(X×Y), where
mx = |X |, my = |Y|, m = mx ×my:

qi(Q) = Q(x, y), (i = xmy + y ∈ Im−1)
qm(Q) = max{qm,1(Q), qm,2(Q)},

qm,1(Q) = H(X |Y ) −
∑

(x,y)∈X×Y
Q(x, y) log

∑
x′∈X

Q(x′, y)

Q(x, y)
,

qm,2(Q) = H(Y |X) −
∑

(x,y)∈X×Y
Q(x, y) log

∑
y′∈Y

Q(x, y′)

Q(x, y)
,

qm+1(Q) =
∑
y∈Y

min
x̂∈X̂

∑
x∈X

Q(x, y)ΔX(x, x̂),

qm+2(Q) =
∑
x∈X

min
ŷ∈Ŷ

∑
y∈Y

Q(x, y)ΔY (y, ŷ).

From the support lemma, we can find a generic distribution α ∈ P(Ũ) such
that Ũ ⊆ U , |Ũ | ≤ |X × Y| + 2 and the following equations are simultaneously
satisfied:∑

u∈Ũ

α(u)qi(PXY |U (·|u)) = PXY (x, y) (i = xmy + y), (4.6)
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∑
u∈Ũ

α(u)qm(PXY |U (·|u)) = max{I(X ;U |Y ), I(Y ;U |X)},

∑
u∈Ũ

α(u)qm+1(PXY |U (·|u)) =
∑
u∈Ũ

α(u)
∑
y∈Y

min
x̂∈X̂

∑
x∈X

PXY |U (x, y|u)ΔX(x, x̂),

∑
u∈Ũ

α(u)qm+2(PXY |U (·|u)) =
∑
u∈Ũ

α(u)
∑
x∈X

min
ŷ∈Ŷ

∑
y∈Y

PXY |U (x, y|u)ΔY (y, ŷ).

Here, let us define functions φ∗(1) : Ũ × Y → X̂ and φ∗(2) : Ũ × X → Ŷ which
satisfy

φ∗(1)(u, y) arg min
x̂∈X̂

∑
x∈X

PXY |U (x, y|u)ΔX(x, x̂),

φ∗(2)(u, x) arg min
ŷ∈Ŷ

∑
y∈Y

PXY |U (x, y|u)ΔY (y, ŷ).

With these definitions, we have∑
u∈Ũ

α(u)qm+1(PXY |U (·|u)) = E[ΔX(X,φ∗(1)(U, Y ))]

∑
u∈Ũ

α(u)qm+2(PXY |U (·|u)) = E[ΔX(X,φ∗(2)(U, Y ))]

and therefore

D1 ≥ E[ΔX(X,φ(1)(U, Y ))]
≥ E[ΔX(X,φ∗(1)(U, Y ))],

D2 ≥ E[ΔY (Y, φ(2)(U,X))]
≥ E[ΔY (Y, φ∗(2)(U,X))].

Also, Eq. (4.6) implies that there exists a random variable Ũ taking values in
Ũ and a joint distribution P

ŨXY
∈ P(Ũ × X × Y) which satisfy

α(u)PXY |U (x, y|u) = P
ŨXY

(u, x, y) ∀(u, x, y) ∈ Ũ × X × Y.

The new joint distribution P
ŨXY

preserves the distribution PXY because∑
u∈Ũ

P
ŨXY

(u, x, y) =
∑
u∈Ũ

α(u)PXY |U (x, y|u)

= PXY (x, y).

This completes the proof of the converse part.

4.5.2 Proof of Theorem 4.3.1: direct part

We begin by mentioning a basic fact that will be used hereafter.

Lemma 4.5.1. (Steinberg-Merhav [55])
For given sequences {(δ(1)n , δ

(2)
n )}∞n=1 each of which satisfies Eq. (2.3) and δ(1)n <
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δ
(2)
n for all n, and any x ∈ T n

X(δ(1)n ), there exist sequences {(ε(1)n , ε
(2)
n )}∞n=1 that

satisfy

ε(1)n = ε(1)n (|U|, |X |, δ(1)n , δ(2)n ),
ε(2)n = ε(2)n (|U|, |X |, δ(1)n , δ(2)n ),

lim
n→∞

ε(1)n = lim
n→∞

ε(2)n = 0

and

exp{−n(I(X ;U) + ε(1)n )} ≤
∑

u∈Un :

(u,x)∈T n
UX

(δ(2)
n )

PU (u) ≤ exp{−n(I(X ;U)− ε(2)n )}.

Remark 4.5.1. Steinberg and Merhav [55] utilized Lemma 4.5.1 as a result of
Csiszar and Körner [13] without any proofs. However, the lemma has not been
shown in [13].

The proof of Lemma 4.5.1 is presented in the last part of this chapter.
Now, we proceed with the proof of the direct part of Theorem 4.3.1.

Proof.
Let a distortion pair (D1, D2) be given, and PU|XY ∈ PF (U|PXY ). Fix arbitrary
γ > 0 and {δn}∞n=1 satisfying Eq. (2.3).

Codeword selection: ϕn

(1) Randomly generate MU independent codewords ui ∈ Un (i ∈ IMU ) ac-
cording to the distribution PU . These codewords comprises a codebook AU =
{ui}MU

i=1 .
(2) Partition the codebook AU into NU bins, each containing LU = MU/NU

members of AU . Let AU (j) denote the elements u ∈ AU assigned to bin j
(j ∈ INU ). Without loss of generality, we define

AU (j) = {ui}jLU

i=(j−1)LU+1.

Encoding: ϕn

(1) For a given input pair (x,y) ∈ Xn × Yn of sequences, the encoder seeks a
vector ui ∈ AU such that (ui,x,y) ∈ T n

UXY (2δn). If there is more than one
such vector in the codebook AU , the first one is chosen. If there is no such
vector in the codebook AU , a default vector is chosen, say u1, and an encoding
error is declared. The selected vector is denoted by u(x,y).
(2) The value assigned to the encoder ϕn(·) is the bin index to which u(x,y)
belongs, that is,

ϕn(x,y) = j, u(x,y) ∈ AU (j).

Decoding: ϕ̂(1)
n

(1) The decoder has access to the indexes jU = ϕ
(1)
n (x,y) and the sequence

y ∈ Yn.
(2) The decoder seeks a unique vector u ∈ AU (jU ) such that (u,y) ∈ T n

UY (3|X |δn).
The selected vector is denoted by û(y). If there is no or more than one vector
u ∈ AU (jU ) jointly typical with y, arbitrary û is chosen, and a decoding error
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is declared.
(3) The reconstruction vector x̂ = (x̂1, x̂2, · · · , x̂n) is given by

x̂k = φ(1)(ûk(y), ŷk) (k ∈ In).

Decoding: ϕ̂(2)
n

(1) The decoder has access to the indexes jU = ϕn(x,y) and the sequence
x ∈ Xn.
(2) In a similar manner to ϕ̂(1)

n , the decoder seeks a unique vector u ∈ AU (jU )
such that (u,x) ∈ T n

UX(3|Y|δn), and the reconstruction vector ŷ is given by

ŷk = φ(2)(ûk(x), x̂k) (k ∈ In).

Distortion evaluation: ϕ̂(1)
n

For the distortion, we obtain

Δn
X(x, x̂) =

1
n

n∑
k=1

ΔX(xk, x̂k)

=
1
n

n∑
k=1

ΔX(xk, φ
(1)(ûk(y), ŷk))

=
1
n

∑
(u,x,y)∈U×X×Y

N(u, x, y|û(y),x,y)ΔX(x, φ(1)(u, y)).

We note that (u(x,y),x,y) ∈ T n
UXY (2δn) from the encoding procedure. Also, if

no error occurs in the encoding and decoding processes, we have u(x,y) = û(y).
In this case, the following inequalities are satisfied:

Δn
X(x, x̂) ≤

∑
(u,x,y)∈U×X×Y

(PUXY (u, x, y) + 2δn)ΔX(x, φ(1)(u, y))

≤ E
[
ΔX(X,φ(1)(U, Y ))

]
+ 2δnΔX |U × X × Y|

≤ D1 + 2δnΔX |U × X × Y|.

Denoting the error probability in the encoding and decoding processes as Pn
e ,

the average distortion can be bounded as

E
[
Δn

X(Xn, X̂n)
]

≤ (1 − Pn
e )(D1 + 2δnΔX |U × X × Y|) + Pn

e ΔX .

If Pn
e vanishes as n→ ∞, we can obtain

lim sup
n→∞

E
[
Δn

X(Xn, X̂n)
]

≤ D1.

Distortion evaluation: ϕ̂(2)
n

We can obtain

lim sup
n→∞

E
[
Δn

Y (Y n, Ŷ n)
]

≤ D2

in a similar manner to ϕ̂(1)
n , if Pn

e vanishes as n→ ∞.
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Error evaluation: ϕn

If there is no ui ∈ AU such that (ui,x,y) ∈ T n
UXY (2δn), an encoding error has

occurred. This event is denoted as

E1
def.=

MU⋂
i=1

{(ui,x,y) /∈ T n
UXY (2δn)} ,

Here, let us define

E0
def.= {(x,y) ∈ T n

XY (δn)}.

From Lemma 2.3.3, we have Pr{Ec
0} → 0 as n→ ∞. Then, we obtain

Pr{E1} ≤ Pr{E1 ∪ Ec
0}

= Pr{Ec
0} + Pr{E0 ∩ E1},

Pr{E0 ∩ E1}

≤
∑

(x,y)∈T n
XY

(δn)

PXY (x,y) Pr

{
MU⋂
i=1

{(Un
i ,x,y) /∈ T n

UXY (2δn)}
∣∣∣∣∣x,y

}

=
∑

(x,y)∈T n
XY

(δn)

PXY (x,y) Pr

{
MU⋂
i=1

{(Un
i ,x,y) /∈ T n

UXY (2δn)}
}

(4.7)

≤
∑

(x,y)∈T n
XY

(δn)

PXY (x,y)
[
1 − exp

{
−n(I(XY ;U) + ε(1)n )

}]MU

(4.8)

≤
∑

(x,y)∈T n
XY

(δn)

PXY (x,y) exp
[
−MU exp

{
−n(I(XY ;U) + ε(1)n )

}]
(4.9)

≤ exp
[
−MU exp

{
−n(I(XY ;U) + ε(1)n )

}]
,

where Eq.(4.7) comes from the fact that ui is selected independently of (x,y),
Eq.(4.8) from Lemma 4.5.1 Eq.(4.9) from the equation (1 − a)n ≤ exp(−an),
and

ε(1)n = ε(1)n (|X × Y|, |U|, δn, 2δn)
→ 0 (n→ ∞).

By setting MU as

MU ≥ exp{n(I(XY ;U) +m1γ)}, m1 > 0,

m1γ > ε
(1)
n , we have

lim
n→∞

Pr{E1} = 0

.

Error evaluation: ϕ̂(1)
n

If there is no or more than one ui ∈ AU (jU ) such that (ui,y) ∈ TUY (3|X |δn),
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a decoding error is declared. This event is classified into two cases.
(1) The first case: (u(x,y),y) /∈ T n

UY (3|X |δn). However, this error does
not occur because (u(x,y),x,y) ∈ T n

UXY (2δn) and therefore (u(x,y),y) ∈
T n

UXY (2|X |δn) from Lemma 2.3.5.
(2) The second case: If there exists u ∈ AU (jU ) such that u 
= u(x,y) and
(u,y) ∈ T n

UY (3|X |δn). This event is denoted as

E2
def.=

⋃
u∈AU (jU ),u�=u(x,y)

{(u,y) ∈ T n
UY (3|X |δn)}.

Let i(j, k) be the index i of k-th ui, which belongs to AU (j). Since if (x,y) ∈
T n

XY (δn) then y ∈ T n
Y (|X |δn), we have

Pr{E2} ≤ Pr{E2 ∪ Ec
0}

= Pr{Ec
0} + Pr{E0 ∩ E2},

Pr{E0 ∩ E2}

≤
|AU (jU )|∑

k=1

∑
y∈T n

Y
(|X |δn)

PY (y) Pr
{
(Un

i(jU ,k),y) ∈ T n
UY (3|X |δn)

}
(4.10)

≤
|AU (jU )|∑

k=1

∑
y∈T n

Y
(|X |δn)

PY (y) exp{−n(I(Y ;U) − ε(2)n )} (4.11)

≤ |AU (jU )| exp{−n(I(Y ;U) − ε(2)n )}
= LU exp{−n(I(Y ;U) − ε)}.

where Eq.(4.10) comes from the fact that ui is selected independently of y,
Eq.(4.11) from Lemma 4.5.1, and

ε(2)n = ε(2)n (|Y|, |U|, |X |δn, 3|X |δn)
→ 0 (n→ ∞).

By setting LU as

LU ≤ exp{n(I(Y ;U) − l1γ)}, l1 > 0,

l11γ > ε
(2)
n , we have

lim
n→∞

Pr{E2} = 0

.

Error evaluation: ϕ̂(2)
n

This is almost the same as the case of ϕ̂(1)
n . We have to set

LU ≤ exp{n(I(X ;U)− l2γ)}, l2 > 0

to vanish the encoding and decoding errors.
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Rate evaluation: ϕ(1)
n

The encoder sends the bin indexes using

R1 =
1
n

logNU

=
1
n

log
MU

LU

≥ I(XY ;U) +m1γ − min{I(Y ;U) − l1γ, I(X ;U)− l2γ}
= max{I(X ;U |Y ) + l1γ, I(Y ;U |X) + l2γ} +m1γ

bits per letter. Since γ > 0 is arbitrary, we obtain the coding rate as
max{I(X ;U |Y ), I(Y ;U |X)}.

This completes the proof of Theorem 4.3.1.

4.5.3 Proof of Theorem 4.4.2: converse part

Proof.
Let an f-PCD code{

(ϕ(1)
n , ϕ(2)

n , ϕ(3)
n , ϕ̂(1)

n , ϕ̂(2)
n )
}∞

n=1

be given that satisfy the conditions of Definitions 4.4.1 and 4.4.2. From Defini-
tion 4.4.2, for δ > 0 there exists an integer n1 = n1(δ) and then for all n ≥ n1(δ),
we can obtain

1
n

logM (i)
n ≤ Ri + δ (i = 1, 2, 3). (4.12)

First, we evaluate Eq. (4.12) for i = 1. Let us define A(1)
n = ϕ

(1)
n (Xn, Y n),

A
(2)
n = ϕ

(2)
n (Y n) and A(3)

n = ϕ
(3)
n (Xn). Then, we obtain

n(R1 + δ) ≥ logM (1)
n

≥ H(A(1)
n )

≥ H(A(1)
n |A(2)

n )
= I(XnY n;A(1)

n |A(2)
n ) (4.13)

=
n∑

k=1

I(XkYk;A(1)
n |A(2)

n Xk−1Y k−1)

≥
n∑

k=1

I(Xk;A(1)
n |A(2)

n Xk−1Y k−1), (4.14)

where Eq. (4.13) comes from the fact that A(1)
n = ϕ

(1)
n (Xn, Y n). Let us de-

fine the random variables Uk = A
(1)
n and Vk = A

(2)
n Xk−1Y k−1. With these

definitions, we have the Markov structure Vk → Yk → Xk because

I(Vk;Xk|Yk) = I(A(2)
n Xk−1Y k−1;Xk|Yk)

≤ I(A(2)
n Xk−1Y k−1Y n

k+1;Xk|Yk)

= I(Xk−1Y k−1Y n
k+1;Xk|Yk) (4.15)

≤ I(Xk−1Y k−1Y n
k+1;XkYk)
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= 0,

where Eq. (4.15) comes from the fact that A(2)
n = ϕ

(2)
n (Y n). Substituting Uk

and Vk into Eq. (4.14), we obtain

n(R1 + δ) ≥
n∑

k=1

I(Xk;Uk|Vk).

In a similar manner, by letting Wk = A
(3)
n Xk−1Y k−1 we obtain

n(R1 + δ) ≥
n∑

k=1

I(Yk;Uk|Wk)

and the Markov structure Wk → Xk → Yk. Here, let J be a random variable,
independent of X and Y , and uniformly distributed over the set In. We define
the random variables U = (J, UJ), V = (J, VJ ) and W = (J,WJ ). The Markov
structures V → Y → X and W → X → Y still hold, and we have

R1 + δ ≥ 1
n

n∑
k=1

I(Xk;Uk|Vk)

=
1
n

n∑
k=1

{H(Xk|Vk) −H(Xk|UkVk)}

=
1
n

n∑
k=1

{H(X |VJ , J = k) −H(X |UJVJ , J = k)}

= H(X |JVJ ) −H(X |JUJVJ )
= H(X |V ) −H(X |UV )
= I(X ;U |V )

and

R1 + δ ≥ I(Y ;U |W ).

Since δ > 0 is arbitrary for a sufficient large n, we obtain

R1 ≥ max{I(X ;U |V ), I(Y ;U |W )}.

Next, we evaluate Eq. (4.12) for i = 2.

n(R2 + δ) ≥ logM (2)
n

≥ H(A(2)
n )

≥ I(XnY n;A(2)
n )

=
n∑

k=1

I(XkYk;A(2)
n Xk−1Y k−1)

≥
n∑

k=1

I(Yk;A(2)
n Xk−1Y k−1)

=
n∑

k=1

I(Yk;Vk).
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In the same way as with the above discussion, we have R2 ≥ I(Y ;V ). In a
similar manner, we also obtain R3 ≥ I(X ;W ).

We next show the existence of functions φ(1) and φ(2) that satisfy the con-
ditions of Theorem 4.4.2. From Definition 4.4.2, for any γ > 0, there exists an
integer n2 = n2(γ), and for all n ≥ n2(γ), we have

D1 + γ ≥ 1
n

n∑
k=1

E
[
ΔX(Xk, ϕ̂

(1)
n;k(A(1)

n , A(2)
n ))
]
,

D2 + γ ≥ 1
n

n∑
k=1

E
[
ΔY (Yk, ϕ̂

(2)
n;k(A(1)

n , A(3)
n ))
]
.

Now, we denote the output of ϕ̂n
(j) at time k (k ∈ In) by ϕ̂(j)

n;k (j = 1, 2). From

the fact that UkVk contains A(1)
n A

(2)
n , and UkWk contains A(1)

n A
(3)
n , we choose

the functions φ(1) and φ(2) as follows:

φ
(1)
k (Uk, Vk) def.= ϕ̂

(1)
n;k(A(1)

n , A(2)
n ),

φ
(2)
k (Uk,Wk) def.= ϕ̂

(2)
n;k(A(1)

n , A(3)
n ),

φ(1)(U, V ) def.= φ
(1)
J (UJ , VJ ),

φ(2)(U,W ) def.= φ
(2)
J (UJ ,WJ ).

This implies that

D1 + γ ≥ 1
n

n∑
k=1

E
[
ΔX(Xk, ϕ̂

(1)
n;k(A(1)

n , A(2)
n ))
]

=
1
n

n∑
k=1

E
[
ΔX(Xk, φ

(1)
k (Uk, Vk))

]
=

1
n

n∑
k=1

E
[
ΔX(X,φ(1)

J (UJ , VJ ))|J = k
]

= E
[
ΔX(X,φ(1)(U, V ))

]
and

D2 + γ ≥ E
[
ΔY (Y, φ(2)(U,W ))

]
.

Since γ > 0 is arbitrary for a sufficiently large n, we obtain

D1 ≥ E
[
ΔX(X,φ(1)(U, V ))

]
,

D2 ≥ E
[
ΔY (Y, φ(2)(U,W ))

]
.

This completes the proof of the converse part.
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4.5.4 Proof of Theorem 4.4.2: direct part

Proof.
Let a distortion pair (D1, D2) be given, and let U , V , W and PUV W |XY ∈
PP (U×V×W|PXY ). Fix arbitrary γ > 0 and {δn}∞n=1 satisfying the conditions
shown in Remark 2.3.1.

Codeword selection: ϕ(2)
n (ϕ(3)

n )
Randomly generate MV (resp. MW ) independent codewords AV = {vi}MV

i=1 ,
vi ∈ Vn (resp. AW = {wi}MW

i=1 , wi ∈ Wn) according to PV (resp. PW ).

Codeword selection: ϕ(1)
n

(1) Randomly generate MU independent codewords AU = {ui}MU

i=1 , ui ∈ Un

according to PU .
(2) Partition the codebook AU into NU bins, each containing LU = MU/NU

members of AU . Let AU (j) denote the elements u ∈ AU assigned to bin j
(j ∈ INU ). Without loss of generality, we define

AU (j) = {ui}jLU

i=(j−1)LU+1.

Encoding: ϕ(2)
n

(1) For a given y ∈ Yn, the encoder seeks a vector vi ∈ AV such that (vi,y) ∈
T n

V Y (2|X |δn). If there is more than one such vector in the codebook AV , the
first one is chosen. If there is no such vector in the codebook AV , a default
vector is chosen, say v1, and an error is declared. We denote the selected vector
by v(y).
(2) The value assigned to the encoder ϕ(2)

n (·) is the index of the selected vector,
that is,

ϕ(2)
n (y) = i, v(y) = vi.

Encoding: ϕ(3)
n

In a similar manner to ϕ(2)
n , the encoder seeks a vector w(x) = wi ∈ AW such

that (wi,x) ∈ T n
WX(2|Y|δn), and the value assigned to the encoder ϕ(3)

n (·) is
the index of the selected vector.

ϕ(3)
n (x) = i, w(x) = wi.

Encoding: ϕ(1)
n

(1) For a given (x,y) ∈ Xn ×Yn, the encoder seeks a vector ui ∈ AU such that
(ui,v(y),x) ∈ T n

UV X(3|X × Y|δn) and (ui,w(x),y) ∈ T n
UWY (3|X × Y|δn). If

there is more than one such vector in the codebook AU , the first one is chosen.
If there is no such vector in the codebook AU , a default vector is chosen, say
u1, and an error is declared. The selected vector is denoted by u(x,y).
(2) The value assigned to the encoder ϕ(1)

n (·) is the bin index to which u(x,y)
belongs, that is,

ϕ(1)
n (x,y) = j, u(x,y) ∈ AU (j).

Decoding: ϕ̂(1)
n

(1) The decoder has access to the indexes jU = ϕ
(1)
n (x,y) and jV = ϕ

(2)
n (y).
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(2) We can recover the unique vector v̂ = v(y) = vjV ∈ AV (jV ) from the index
jV .
(3) The decoder seeks a unique vector u ∈ AU (jU ) such that (u, v̂) ∈ T n

UV (4|X ||X×
Y|δn). This vector is denoted by û(v̂). If there is no or more than one vector
u ∈ AU (jU ) jointly typical with v̂, arbitrary û is chosen, and an error is de-
clared.
(4) The reconstruction vector x̂ = (x̂1, x̂2, · · · , x̂n) is given by

x̂k = φ(1)(ûk(v̂), v̂k) (k ∈ In).

Decoding: ϕ̂(2)
n

(1) The decoder has access to the indexes jU = ϕ
(1)
n (x,y) and jW = ϕ

(3)
n (x).

(2) In a similar manner to ϕ̂(1)
n , the decoder seeks a unique vector u ∈ AU (jU )

such that (u, ŵ = wjV ) ∈ T n
UW (4|Y||X × Y|δn), and the reconstruction vector

ŷ is given by

ŷk = φ(1)(ûk(ŵ), ŵk) (k ∈ In).

Distortion evaluation: ϕ̂(1)
n

For the distortion, we obtain

Δn
X(x, x̂) =

1
n

n∑
k=1

ΔX(xk, x̂k)

=
1
n

n∑
k=1

ΔX(xk, φ
(1)(ûk(v̂), v̂k))

=
1
n

∑
(u,v,x)∈U×V×X

N(u, v, x|û(v̂), v̂,x)ΔX(x, φ(1)(u, v)).

Noting that (u(x,y),v(y),x) ∈ T n
UV X(3|X × Y|δn), if no error occurs in the

encoding/decoding process (u(x,y),v(y),x) = (û(v̂), v̂,x), and therefore the
following inequalities are satisfied:

Δn
X(x, x̂) ≤

∑
(u,v,x)∈U×V×X

(PUV X(u, v, x) + 3|X × Y|δn)ΔX(x, φ(1)(u, v))

≤ E
[
ΔX(X,φ(1)(U, V ))

]
+ 3|X × Y|δnΔX |U × V × X|

≤ D1 + 3|X × Y|δnΔX |U × V × X|.

Denoting error probabilities in the encoding/decoding process as Pn
e , the average

distortion can be bounded as

E
[
Δn

X(Xn, X̂n)
]

≤ (1 − Pn
e )(D1 + 3|X × Y|δnΔX |U × V × X|) + Pn

e ΔX .

If Pn
e vanishes as n→ ∞, we can obtain

lim sup
n→∞

E
[
Δn

X(Xn, X̂n)
]

≤ D1.

Distortion evaluation: ϕ̂(2)
n

We can obtain

lim sup
n→∞

E
[
Δn

Y (Y n, Ŷ n)
]

≤ D2
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in a similar manner to ϕ̂(1)
n .

Error evaluation: ϕ(2)
n

If there is no vi ∈ AV such that (vi,y) ∈ T n
V Y (2|X |δn), an encoding error has

occurred. This event is denoted as

E1
def.=

MV⋂
i=1

{(vi,y) /∈ T n
V Y (2|X |δn)} .

Here, let us define

E0
def.= {(x,y) ∈ T n

XY (δn)}.

From Lemma 2.3.3, Pr{Ec
0} → 0 as n → ∞. Also, we note that (x,y) ∈

T n
XY (δn) ⇒ y ∈ T n

Y (|X |δn) from Lemma 2.3.5. Then, we have

Pr{E1} ≤ Pr{Ec
0 ∪ E1}

= Pr{Ec
0} + Pr{E0 ∩ E1},

Pr{E0 ∩ E1}

≤
∑

y∈T n
Y

(|X |δn)

PY (y) Pr

{
MV⋂
i=1

{(V n
i ,y) /∈ T n

V Y (2|X |δn)}
∣∣∣∣∣y
}

=
∑

y∈T n
Y

(|X |δn)

PY (y) Pr

{
MV⋂
i=1

{(V n
i ,y) /∈ T n

V Y (2|X |δn)}
}

(4.16)

≤
∑

y∈T n
Y

(|X |δ)
PY (y)

[
1 − exp

{
−n(I(Y ;V ) + ε(1)n )

}]MV

(4.17)

≤
∑

y∈T n
Y

(|X |δn)

PY (y) exp
[
−MV exp

{
−n(I(Y ;V ) + ε(1)n )

}]
, (4.18)

where Eq.(4.16) comes from the fact that vi is selected independently of y,
Eq.(4.17) from Lemma 4.5.1, Eq.(4.18) from the equation (1− a)n ≤ exp(−an),
and

ε(1)n = ε(1)n (|Y|, |V|, |X |δn, 2|X |δn)
→ ∞ (n→ ∞).

By setting MV as

MV ≥ exp{n(I(Y ;V ) +m1γ)}, m1 > 0,

m1γ > ε
(1)
n , we have

lim
n→∞

Pr{E1} = 0

.

Error evaluation: ϕ(3)
n

If there is no wi ∈ AW such that (wi,x) ∈ T n
WX(2|Y|δn), an encoding error has

occurred. The probability of this event vanishes as n→ ∞ by setting MW as

MW ≥ exp{n(I(X ;W ) +m2γ)}, m2 > 0. (4.19)
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Error evaluation: ϕ(1)
n

If there is no ui ∈ AU such that (ui,v(y),x) ∈ T n
UV X(3|X × Y|δn) and

(ui,w(x),y) ∈ T n
UWY (3|X ×Y|δn), an encoding error has occurred. This event

is denoted as

E2
def.= E21 ∪ E22,

E21
def.=

MU⋂
i=1

{(ui,v(y),x) /∈ T n
UV X(3|X × Y|δn)} ,

E22
def.=

MU⋂
i=1

{(ui,w(x),y) /∈ T n
UWY (3|X × Y|δn)} .

Here, let us define

E31
def.= {(v(y),x,y) /∈ T n

V XY (2|X |δn)},

E32
def.= {(w(x),x,y) /∈ T n

WXY (2|Y|δn)}.

Since V → Y → X forms a Markov chain and (v(y),y) ∈ T n
V Y (2|X |δn), we

obtain

Pr{E31} ≤ Pr{Ec
0 ∪ E31}

= Pr{Ec
0} + Pr{E0 ∩E31}

→ 0 (n→ ∞)

from Lemma 2.3.6. We also note that (v(y),x,y) ∈ T n
V XY (2|X |δn) ⇒ (v(y),x) ∈

T n
V X(2|X × Y|δn) from Lemma 2.3.5. Then, we have

Pr{E21} ≤ Pr{E31 ∪ E21}
= Pr{E31} + Pr{Ec

31 ∩ E21},

Pr{Ec
31 ∩E21}

≤
∑

(v,x,y)∈T n
V XY

(2|X |δn)

PV XY (v,x,y) Pr

{
MU⋂
i=1

{(Un
i ,v,x) /∈ T n

UV X(3|X × Y|δn)}
∣∣∣∣∣v,x
}

=
∑

(v,x,y)∈T n
V XY

(2|X |δn)

PV XY (v,x,y) Pr

{
MU⋂
i=1

{(Un
i ,v,x) /∈ T n

UV X(3|X × Y|δn)}
}
(4.20)

≤
∑

(v,x,y)∈T n
V XY

(2|X |δn)

PV XY (v,x,y)
[
1 − exp

{
−n(I(VX ;U) + ε(2)n )

}]MU

(4.21)

(4.22)

≤
∑

(v,x,y)∈T n
V XY

(2|X |δn)

PV XY (v,x,y) exp
[
−MU exp

{
−n(I(V X ;U) + ε(2)n )

}]
, (4.23)

(4.24)

where Eq.(4.20) comes from the fact that ui is selected independently of (v,x),
Eq.(4.22) from Lemma 4.5.1, Eq.(4.24) from the equation (1− a)n ≤ exp(−an),
and

ε(2)n = ε(2)n (|V × X |, |U|, 2|X × Y|δn, 3|X × Y|δn)
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→ ∞ (n→ ∞).

By setting MU as

MU ≥ exp{n(I(V X ;U) +m21γ)}, m21 > 0,

m21γ > ε
(2)
n , we have

lim
n→∞

Pr{E21} = 0.

In a similar manner, we have

lim
n→∞

Pr{E22} = 0

by setting MU as

MU ≥ exp{n(I(WY ;U) +m22γ)}, m22 > 0.

Error evaluation: ϕ̂(1)
n

If there is no or more than one ui ∈ AU (jU ) such that (ui, v̂) ∈ T n
UV (4|X ||X ×

Y|δn), a decoding error is declared. This event is classified into two cases.
(1) The first case: (u(x,y),v(y)) /∈ T n

UV (4|X ||X × Y|δn). However, this error
does not occur because (u(x,y),v(y),x) ∈ T n

UV X(3|X × Y|δn) and therefore
(u(x,y),v(y)) ∈ T n

UV (3|X ||X × Y|δn) from Lemma 2.3.5.
(2) The second case: If there exists u ∈ AU (jU ), u 
= u(x,y) such that (u, v̂) ∈
T n

UV (4|X ||X × Y|δn). This event is denoted as

E4
def.=

⋃
u∈AU (jU ),u �=u(x,y)

{(u, v̂) ∈ T n
UV (4|X ||X × Y|δn)}.

Let i(j, k) be the index i of k-th ui, which belongs to AU (j). Since (v(y),y) ∈
T n

V Y (2|X |δn) and therefore v(y) ∈ T n
V (2|X × Y|δn) from Lemma 2.3.5, we have

Pr{E4} ≤
|AU (jU )|∑

k=1

∑
(v,y)∈T n

V Y
(2|X |δn)

PV Y (v,y) Pr
{

(Un
i(jU ,k),v) ∈ T n

UV (4|X ||X × Y|δn)
}

(4.25)

≤
|AU (jU )|∑

k=1

∑
(v,y)∈T n

V Y
(2|X |δn)

PV Y (v,y) exp{−n(I(V ;U) − ε(3)n )} (4.26)

≤ |AU (jU )| exp{−n(I(V ;U) − ε(3)n )}
= LU exp{−n(I(V ;U) − ε(3)n )}.

where Eq.(4.25) comes from the fact that ui is selected independently of (v,y),
Eq.(4.26) from Lemma 4.5.1, and

ε(3)n = ε(3)n (|V , |U|, 2|X × Y|δn, 4|X ||X × Y|δn)
→ ∞ (n→ ∞).

By setting LU as

LU ≤ exp{n(I(V ;U) − l21γ)}, l21 > 0,
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l21γ > ε
(3)
n , we have

lim
n→∞

Pr{E4} = 0

.

Error evaluation: ϕ̂(2)
n

This is almost the same as the case of ϕ̂(1)
n . We have to set

LU ≤ exp{n(I(W ;U) − l22γ)}, l22 > 0

to vanish the encoding/decoding errors.

Rate evaluation: ϕ(2)
n

The encoder sends the indexes of the bin using

R2 =
1
n

logMV ≥ I(Y ;V ) +m1γ

bits per letter. Since γ > 0 is arbitrary, we obtain the coding rate as 1/n logMV ≥
I(Y ;V ).

Rate evaluation: ϕ(3)
n

In the same way as ϕ(2)
n , we obtain the coding rate as R3 = 1/n logMW ≥

I(X ;W ).

Rate evaluation: ϕ(1)
n

The encoder sends the indexes of the bin using

R1 =
1
n

logNU

=
1
n

log
MU

LU

≥ max{I(V X ;U) +m21γ, I(WY ;U) +m22γ}
−min{I(V ;U) − l21γ, I(W ;U) − l22γ}

bits per letter. Since γ > 0 is arbitrary, we obtain the coding rate as
max{I(VX ;U), I(WY ;U)} − min{I(V ;U), I(W ;U)}.

This completes the proof of Theorem 4.4.2.

4.5.5 Proof of Lemma 4.5.1

Proof. First, we show the right inequality. For any x ∈ T n
X(δ(1)n ), we have∑

u∈Un:

(u,x)∈TUX (δ(2)
n )

Pn
U (u)

=
∑

u∈Un:

(u,x)∈T n
UX

(δ(2)
n ),u∈T n

U
(|X|δ(2)

n )

Pn
U (u) (4.27)

≤
∑

u∈Un:

(u,x)∈T n
UX

(δ(2)
n ),u∈T n

U
(|X|δ(2)

n )

exp{−n(H(U) − ε̃(1)n )} (4.28)
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=
∑

u∈Un :

(u,x)∈T n
UX

(δ(2)
n )

exp{−n(H(U)− ε̃(1)n )} (4.29)

≤
∑

u∈T n
U|x(δ

(1)
n +δ

(2)
n )

exp{−n(H(U) − ε̃(1)n )} (4.30)

≤ exp{n(H(U |X) + ε̃(2)n )} exp{−n(H(U) − ε̃(1)n )} (4.31)
= exp{−n(I(X ;U)− (ε̃(1)n + ε̃(2)n ))}
= exp{−n(I(X ;U)− ε(2)n )}

where Eqs. (4.27)(4.29) (4.30) come from Lemma 2.3.5, Eq. (4.28) from Lemma
2.3.2, Eq. (4.31) from Lemma 2.3.4, and

ε̃(1)n = ε̃(1)n (|X |δ(2)n , |U|),
ε̃(2)n = ε̃(2)n (|U|, |X |, δ(1)n , δ(1)n + δ(2)n ),
ε(2)n = ε̃(1)n + ε̃(2)n .

Next, we show the left inequality. From Lemma 2.3.5 for δ2 > δ1 > 0 we have

u ∈ T n
U|x(δ2 − δ1) and x ∈ T n

X(δ1) ⇒ (u,x) ∈ T n
UX(δ2). (4.32)

Then, we obtain ∑
u∈Un:

(u,x)∈T n
UX

(δ(2)
n )

PU (u)

=
∑

u∈Un:

(u,x)∈T n
UX

(δ(2)
n ),u∈T n

U
(|X|δ(2)

n )

PU (u) (4.33)

≥
∑

u∈Un:

(u,x)∈T n
UX

(δ(2)
n ),u∈T n

U
(|X|δ(2)

n )

exp{−n(H(U) + ε̃(1)n )} (4.34)

=
∑

u∈Un :

(u,x)∈T n
UX

(δ(2)
n )

exp{−n(H(U) + ε̃(1)n )} (4.35)

≥
∑

u∈TU|x−n(δ
(2)
n −δ

(1)
n )

exp{−n(H(U) + ε̃(1)n )} (4.36)

≥ exp{n(H(U |X) − ε̃(3)n )} exp{−n(H(U) + ε̃(1)n )} (4.37)
= exp{−n(I(X ;U) + (ε̃(1)n + ε̃(3)n ))}
= exp{−n(I(X ;U) + ε(1)n )},

where Eqs. (4.33)(4.35) comes from Lemma 2.3.5, Eq. (4.34) from Lemma 2.3.2,
Eq. (4.36) from Eq. (4.32), Eq. (4.37) from Lemma 2.3.4,

ε̃(3)n = ε̃(2)n (|U|, |X |, δ(1)n , δ(2)n − δ(1)n ),
ε(1)n = ε̃(1)n + ε̃(3)n .

This completes the proof of Lemma 4.5.1.
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Chapter 5

Universal coding for
complementary delivery

5.1 Introduction

This chapter deals with a universal coding problem for the complementary de-
livery coding system investigated in Chapter 4. Although Chapter 4 considered
lossy configurations, this chapter considers a lossless configuration. An explicit
construction of fixed-to-fixed length (FF) universal codes is presented. In this
construction, a codebook can be converted into a bipartite graph, and there-
fore encoding can be regarded as edge coloring of the bipartite graphs. The
upper and lower bounds of the error probabilities are clarified by methods of
types. Next, a construction of fixed-to-variable (FV) universal codes is consid-
ered. This can also be constructed in a similar manner to FF codes. Overflow
and underflow probabilities are also evaluated.

The complementary delivery coding system can be easily extended to coding
systems that comprise multiple messages and decoders: Messages from multiple
correlated sources are jointly encoded, and each decoder has access to some of
the messages to enable the decoder to reproduce the other messages. Hence-
forth we call such kind of coding systems generalized complementary delivery
coding systems. Willems et al. [66, 72] considered an example of the generalized
complementary delivery coding system that includes three sources and three
decoders. Fig. 5.1 shows a block diagram of the coding systems investigated
by Willems et al. This chapter also deals with a universal coding scheme for
generalized complementary delivery coding systems. First, an explicit construc-
tion of FF universal codes is presented. In this construction, a codebook can
be expressed as a certain kind of graphs, and therefore encoding is equivalent
to vertex coloring of the graphs. When the number of decoders is 2, the graph
can be translated into an equivalent bipartite graph, and therefore the encoding
scheme equals one for the (original) complementary delivery coding system. The
upper and lower bounds of the error probabilities are also clarified by methods
of types. Next, a construction of FV universal codes is considered. This can
also be constructed in a similar manner to FF codes. Overflow and underflow
probabilities are also evaluated. FV universal codes can be also constructed in
a similar manner.
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ZY ˆˆ

Z

Y
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Figure 5.1: The generalized complementary delivery coding system investigated
by Willems et al.

5.2 Fixed-length coding for two sources

5.2.1 Code construction

This section shows an explicit construction of universal lossless codes for the
complementary delivery coding system defined by Definition 4.2.1. The coding
scheme is as follows:
[Encoding]

1. Determine a set Tn(R) of joint types as

Tn(R) = {QXY ∈ Pn(X × Y) :
max{H(V |QX), H(W |QY )} ≤ R,

QXY = QXV = QYW,

V ∈ Vn(Y|QX),W ∈ Vn(X|QY )},

where R > 0 is a given coding rate. We note that the joint type QXY

specifies the types QX , QY , and the conditional types V and W .

2. Create a table (henceforth we call this a coding table, see Figure 5.2 left) for
each joint type QXY ∈ Tn(R). Each row of the coding table corresponds to
a sequence x ∈ T n

QX
, and each column corresponds to a sequence y ∈ T n

QY
.

3. Mark cells that correspond to sequence pairs (x,y) ∈ T n
QXY

(see Figure 5.2
middle). Codewords will be given only to sequence pairs that correspond
to marked cells.

4. Fill the marked cells with exp(nR) different symbols such that each symbol
occurs at most once in each row and at most once in each column. An
example of symbol filling is shown on the right in Figure 5.2 right.

5. For a given pair of sequences (x,y) ∈ X × Y with the joint type QXY , if
QXY ∈ Tn(R), the index assigned to the joint type QXY of (x,y) is the
first part of the codeword, and the symbol filling the cell of (x,y) in the
coding table ofQXY is determined as the second part of the codeword. For
the sequence pairs (x,y) whose joint type QXY does not belong to Tn(R),
the corresponding codeword is determined arbitrarily and an encoding
error is declared.
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Figure 5.2: Example of coding scheme (left) Coding table (middle) Positions
where codewords will be provided (right) Provided codewords

[Decoding: ϕ̂(1)
n ] (Almost the same as for ϕ̂(2)

n )

1. Find the coding table of the type Q̂XY that corresponds to the first part
of the received codeword. The decoder can find the coding table used in
the encoding scheme if no encoding error occurs. In this case, Q̂XY should
be QXY .

2. Find the cell filled with the second part of the received codeword from the
column of the side information sequence y ∈ T n

QY
. The sequence x̂ ∈ T n

QX

that corresponds to the row of the cell found in this step is reproduced.

First, we show the existence of such coding tables. To do this, we introduce
the following two lemmas.

Lemma 5.2.1. For a given coding table of a joint type QXY ∈ Pn(X ×Y), the
number of marked cells in every row of the coding table, Ny(QXY ), is a constant
value that is less than exp(nR), and the number of marked cells in every column
of the coding table, Nx(QXY ), is also a constant value of less than exp(nR),
both of which depend solely on the joint type QXY .

Proof. Note that the number of marked cells in each row equals the cardinality
of the V-shell T n

V (x) for the sequence x ∈ T n
QX

that corresponds to the row.
The cardinality of V-shells T n

V (x) is constant for a given joint type QXY and
any sequences x ∈ T n

QX
, this cardinality is bounded as follows:

Ny(QXY ) = |T n
V (x)|

≤ exp{nH(V |QX)} (5.1)
≤ exp(nR),

where Eq. (5.1) comes from Lemma 2.2.2. In the same way, the number of
marked cells in each column equals the cardinality of the V-shell TW (y) for
the sequence y ∈ T n

QY
that corresponds to the column, and therefore it can be

bounded as

Ny(QXY ) = |T n
W (y)| ≤ exp(nR).

This concludes the proof of Lemma 5.2.1.
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row

column

1x 2x 3x 4x 5x

1y 2y 3y 4y 5y

Figure 5.3: Example of a bipartite graph (mx = my = 5, nx = ny = 3,
equivalent to the table in Fig. 5.2 right)

Lemma 5.2.2. For given integers mx, my, nx and ny that satisfy mx ≥ nx

and my ≥ ny, there exists an mx × my table filled with max(nx, ny) different
symbols such that

• at most ny cells are filled with a certain symbol for each row (blank cells
are possible),

• at most nx cells are filled with a certain symbol for each column (blank
cells are possible),

• each symbol occurs at most once in each row and at most once in each
column.

Proof. The table mentioned in this lemma is equivalent to a bipartite graph
such that

• each node in one set corresponds to a row in the table, and each node in
the other set corresponds to a column in the table,

• each edge corresponds to a cell in the table, to which a certain symbol is
assigned

• max(nx, ny) different symbols are assigned to edges,

• each symbol occurs at most once on edges linked to each node.

Figure 5.3 shows an example of such a graph. Since the degree of the above
bipartite graph is max(nx, ny), Lemma 2.4.3 ensures the existence of the above
bipartite graph. This concludes the proof of Lemma 5.2.2.

From Lemmas 5.2.1 and 5.2.2, we can easily show the existence of coding
tables by setting mx = |T n

QX
|, my = |T n

QY
|, nx = |T n

W (y)| and ny = |T n
V (x)| in

Lemma 5.2.2.
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5.2.2 Coding theorems

We can obtain the following theorem for universal lossless f-FCD codes con-
structed in Section 5.2.1. The proof is similar to that of the theorem of universal
coding for a single source.

Theorem 5.2.1. For a given real number R > 0, there exists a universal lossless
f-FCD code {(ϕn, ϕ̂

(1)
n , ϕ̂

(2)
n )}∞n=1 such that for any integer n ≥ 1 and any DMS

(X,Y ) with a generic distribution PXY ∈ M(X × Y)

1
n

logMn ≤ R + εn(1), (5.2)

e(1)n + e(2)n ≤ exp
{
−n
(
−εn(2) + min

QXY ∈T c
n (R)
D(QXY ‖PXY )

)}
, (5.3)

where

εn(N) def.=
1
n
{|X × Y| log(n+ 1) + logN} (5.4)

→ 0 (n → ∞).

Note that T c
n (R) = Pn(X × Y) − Tn(R).

Proof. Lemmas 5.2.1 and 5.2.2 ensure the existence of a coding table for every
joint type QXY ∈ P(X ×Y). From the coding scheme, the size of the codeword
set is bounded as

Mn ≤ |Pn(X × Y)| exp(nR)
≤ (n+ 1)|X×Y| exp(nR),

where the last inequality comes from Lemma 2.2.1. This implies Eq.(5.2). Next,
we evaluate decoding error probabilities. Since every sequence pair (x,y) ∈
T n

QXY
that satisfies QXY ∈ Tn(R) is reproduced correctly at the decoder, the

sum of error probabilities is bounded as

e(1)n + e(2)n

≤ 2 Pr
{
(Xn, Y n) ∈ T n

QXY
: QXY ∈ T c

n (R)
}

≤ 2
∑

QXY ∈T c
n (R)

exp{−nD(QXY ‖PXY )} (5.5)

≤ 2
∑

QXY ∈T c
n (R)

exp
{
−n min

QXY ∈T c
n (R)

D(QXY ‖PXY )
}

≤ 2(n+ 1)|X×Y| exp
{
−n min

QXY ∈T c
n (R)

D(QXY ‖PXY )
}

(5.6)

≤ exp
{
−n
(
−εn(2) + min

QXY ∈T c
n (R)

D(QXY ‖PXY )
)}

,

where Eq.(5.5) comes from Lemma 2.2.3 and Eq.(5.6) comes from Lemma 2.2.1.
This completes the proof of Theorem 5.2.1.

We can see that for any real value R ≥ Rf (X,Y ) we have

min
QXY ∈T c

n (R)
D(QXY ‖PXY ) > 0.
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This implies that any real value R ≥ Rf (X,Y ) is a universal lossless f-FCD
achievable rate of (X,Y ), namely, there exists a universal lossless f-FCD code
{(ϕn, ϕ̂

(1)
n , ϕ̂

(2)
n )}∞n=1 such that

lim sup
n→∞

1
n

logMn ≤ R,

lim
n→∞

e(1)n = lim
n→∞

e(2)n = 0.

The following converse theorem indicates that the error exponent obtained
in Theorem 5.2.1 is tight.

Theorem 5.2.2. Any lossless f-FCD code {(ϕn, ϕ̂
(1)
n , ϕ̂

(2)
n )}∞n=1 for the DMS

(X,Y ) must satisfy

e(1)n + e(2)n ≥ exp
{
−n
(
εn(2) + min

QXY ∈T c
n (R+εn(2))

D(QXY ‖PXY )
)}

for any integer n ≥ 1 and a given coding rate R = 1/n logMn > 0, where εn(N)
is defined in Eq. (5.4).

Proof. Note that the number of sequences to be decoded correctly for each
decoder are at most exp(nR). Here, let us consider a joint type QXY ∈ T c

n (R+
εn(2)). Lemma 2.2.2 and the definition of T c

n (R+ εn(2)) imply that for (x,y) ∈
T n

QXY
we have

max{|T n
V (x)|, |T n

W (y)|}
≥ (n+ 1)−|X×Y| max[exp{nH(V |QX)}, exp{nH(W |QY )}]
≥ (n+ 1)−|X×Y| exp{n(R+ εn(2))}
= 2 exp(nR).

Therefore, at least half of the sequences in the V-shell T n
V (x) will not be decoded

correctly at the decoder ϕ(2)
n , or at least half of sequences in the V-shell T n

W (y)
will not be decoded correctly at the decoder ϕ(1)

n . Thus, the sum of error
probabilities is bounded as

e(1)n + e(2)n

≥ 1
2

∑
QXY ∈T c

n (R+εn(2))

Pr{(Xn, Y n) ∈ TQXY }

≥ 1
2
(n+ 1)−|X×Y|

∑
QXY ∈T c

n (R+εn(2))

exp{−nD(QXY ‖PXY )} (5.7)

≥ 1
2
(n+ 1)−|X×Y| exp

{
−n min

QXY ∈T c
n (R+εn(2))

D(QXY ‖PXY )
}

= exp
{
−n
(
εn(2) + min

QXY ∈T c
n (R+εn(2))

D(QXY ‖PXY )
)}

,

where Eq. (5.7) comes from Lemma 2.2.3. This concludes the proof of Theorem
5.2.2.

The following corollary is directly derived from Theorems 5.2.1 and 5.2.2.
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Corollary 5.2.1. For a given real number R > 0, there exists a universal
lossless f-FCD code {(ϕn, ϕ̂

(1)
n , ϕ̂

(2)
n )}∞n=1 such that for any DMS (X,Y )

lim sup
n→∞

1
n

logMn ≤ R,

lim
n→∞

− 1
n

log(e(1)n + e(2)n ) = min
QXY ∈T c(R)

D(QXY ‖PXY ),

where

T (R) = {QXY ∈ M(X × Y) :
max{H(V |QX), H(W |QY )} ≤ R,

QXY = QXV = QYW,

V ∈ M(Y|QX),W ∈ M(X|QY )}.

In a similar manner, we can investigate the probability such that the original
sequence pair is correctly reproduced. The following theorem shows the lower
bound of the probability that can be attained by the proposed coding scheme.

Theorem 5.2.3. For a given real number R > 0, there exists a universal lossless
f-FCD code {(ϕn, ϕ̂

(1)
n , ϕ̂

(2)
n )}∞n=1 such that for any integer n ≥ 1 and any DMS

(X,Y )

1
n

logMn ≤ R + εn(1),

1 − (e(1)n + e(2)n ) ≥ exp
{
−n
(
εn(1) + min

QXY ∈Tn(R)
D(QXY ‖PXY )

)}
,

where εn(N) is defined in Eq. (5.4).

Proof. The first inequality is derived in the same way as the proof of Theo-
rem 5.2.1. Next, we evaluate the probability such that the original sequence
pair is correctly reproduced. Since every sequence pair (x,y) ∈ T n

QXY
that

satisfies QXY ∈ Tn(R) is reproduced correctly at the decoder, the sum of the
probabilities is bounded as

1 − (e(1)n + e(2)n )
≥ Pr

{
(Xn, Y n) ∈ T n

QXY
: QXY ∈ Tn(R)

}
≥

∑
QXY ∈T n(R)

(n+ 1)−|X×Y| exp{−nD(QXY ‖PXY )} (5.8)

≥ (n+ 1)−|X×Y| exp
{
−n min

QXY ∈T n(R)
D(QXY ‖PXY )

}
= exp

{
−n
(
εn(1) + min

QXY ∈Tn(R)
D(QXY ‖PXY )

)}
,

where Eq. (5.8) comes from Lemma 2.2.3. This completes the proof of Theorem
5.2.3.

The following converse theorem indicates that the error exponent obtained
in Theorem 5.2.3 might not be tight.

77



Theorem 5.2.4. Any lossless f-FCD code {(ϕn, ϕ̂
(1)
n , ϕ̂

(2)
n )}∞n=1 for the DMS

(X,Y ) must satisfy

1 − (e(1)n + e(2)n )

≤ exp
{
−n
(
−εn(1) + min

QXY ∈Pn(X×Y)

|max(H(V |QX), H(W |QY )) − (R+ εn(1))|+ +D(QXY ‖PXY )
)}

for any integer n ≥ 1 and a given coding rate R = 1/n logMn > 0, where εn(N)
is defined in Eq. (5.4).

Proof. Note that the number of sequences to be decoded correctly for each
decoder are at most exp(nR). Here, let us consider a joint type QXY ∈ Pn(X ×
Y) such that QXY = QXV = QYW , V ∈ M(Y|QX) and W ∈ M(X|QY )}. The
ratio rc(QXY ) of sequences in the sequence set TQXY such that the sequences
are correctly reproduced is at most

rc(QXY )

≤ min
{

min
(

exp(nR)
|T n

V (x)| ,
exp(nR)
|T n

W (y)|

)
, 1
}

≤ min
[
exp(nR) · (n+ 1)|X×Y| exp{−nmax(H(V |QX), H(W |QY ))}, 1

]
(5.9)

(5.10)

= min
[
exp {n (R+ γn)} exp{−nmax(H(V |QX), H(W |QY ))}, 1

]
= exp

{
−n |max{H(V |QX), H(W |QY )} − (R+ γn)|+

}
where Eq. (5.10) comes from Lemma 2.2.2. Therefore, the probability Pc(QXY )
such that the original sequence pair with type QXY is correctly reproduced is
bounded as

Pc(QXY )
≤ rc(QXY ) Pr{(Xn, Y n) ∈ T n

QXY
}

≤ exp
{
−n
∣∣max(H(V |QX), H(W |QY )) − (R+ γn)

∣∣+ +D(QXY ‖PXY )
}
.

Thus, the sum of the probabilities is obtained as

1 − (e(1)n + e(2)n )

≤
∑

QXY ∈Pn(X×Y)

Pc(QXY )

≤
∑

QXY ∈Pn(X×Y)

exp
[
−n
∣∣max{H(V |QX), H(W |QY )} − (R+ γn)

∣∣+ +D(QXY ‖PXY )
]

≤ exp
[
−n min

QXY ∈Pn(X×Y)

(∣∣max{H(V |QX), H(W |QY )}

− (R+ γn)
∣∣+ +D(QXY ‖PXY )

)]
.

This completes the proof of Theorem 5.2.4.
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We can see that for any real value R ≥ Rf (X,Y ) we have

min
QXY ∈M(X×Y)

[∣∣max{H(V |QX), H(W |QY )} −R
∣∣+ +D(QXY ‖PXY )

)]
=
∣∣max(H(PY |X |PX), H(PX|Y |PY )) −R

∣∣+
= 0.

On the other hand, for any real value R < Rf (X,Y ) we have

min
QXY ∈T (R)

D(QXY ‖PXY )

≥ min
QXY ∈M(X×Y)

(∣∣max(H(V |QX), H(W |QY )) −R
∣∣+ +D(QXY ‖PXY )

)}
≥ 0.

This implies that the error exponent obtained in Theorem 5.2.3 might not be
tight.

5.3 Variable-length coding for two sources

This section discusses variable-length coding for the complementary delivery
coding system, and shows an explicit construction of universal variable-length
codes. The coding scheme is similar to that of fixed-length codes, and also
utilizes the coding tables defined in Section 5.2.1.

5.3.1 Formulation

Definition 5.3.1. (Lossless fixed-to-variable fully-informed complementary de-
livery (lossless v-FCD) code)
A sequence {(ϕn, ϕ̂

(1)
n , ϕ̂

(2)
n )}∞n=1 of codes (ϕn, ϕ̂

(1)
n , ϕ̂

(2)
n ) is a lossless v-FCD code

for the source (X ,Y ) if and only if

ϕn : Xn × Yn → B∗

ϕ̂(1)
n : ϕn(Xn,Yn) × Yn → Xn,

ϕ̂(2)
n : ϕn(Xn,Yn) ×Xn → Yn,

e(1)n = Pr
{
Xn 
= X̂n

}
= 0,

e(2)n = Pr
{
Y n 
= Ŷ n

}
= 0,

where

X̂n def.= ϕ̂(1)
n (ϕn(Xn, Y n), Y n),

Ŷ n def.= ϕ̂(2)
n (ϕn(Xn, Y n), Xn),

and the image of ϕn is a prefix set.

Definition 5.3.2. (Lossless v-FCD achievable rate)
R is a lossless v-FCD achievable rate of the source (X,Y ) if and only if there
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exists a lossless v-FCD code {(ϕn, ϕ̂
(1)
n , ϕ̂

(2)
n )}∞n=1 for the source (X,Y ) such

that

lim sup
n→∞

1
n
E [l(ϕn(Xn, Y n))] ≤ R,

where l(·) : B∗ → R is a length function.

Definition 5.3.3. (Inf lossless v-FCD achievable rate)

Rv(X,Y ) = inf{R :
R is a lossless v-FCD achievable rate of (X,Y )}.

5.3.2 Code construction

We can construct universal lossless v-FCD codes in a similar manner to universal
lossless f-FCD codes. Note that the coding rate depends on the type of sequence
pair to be encoded, whereas the coding rate is fixed beforehand for fixed-length
coding. The coding scheme is described as follows:
[Encoding]

1. Create a coding table for each joint type QXY ∈ Pn(X × Y) in the same
way as Step 2 of Section 5.2.1.

2. Mark cells that correspond to sequence pairs (x,y) ∈ TQXY .

3. Fill the marked cells on the coding table with different max{|T n
V (x)|, |T n

W (y)|}
symbols such that each symbol occurs at most once in each row and at
most once in each column, where x ∈ T n

QX
, y ∈ T n

QY
.

4. For a given pair of sequences (x,y) ∈ Xn × Yn, the number (index)
assigned to the joint type QXY of (x,y) is the first part of the codeword,
and the symbol filling the cell of (x,y) in the coding table of QXY is
determined as the second part of the codeword.

[Decoding]
Decoding can be accomplished in almost the same way as the fixed-length cod-
ing. Note that the decoder can always find the coding table used in the encoding
scheme.

5.3.3 Coding theorems

We begin by showing a theorem for (non-universal) variable-length coding,
which indicates that the inf coding rate of variable-length coding is the same as
that of fixed-length coding.

Theorem 5.3.1. (Coding theorem of lossless v-FCD code)
For any DMS (X,Y ), we have

Rv(X,Y ) = Rf (X,Y ) = max{H(X |Y ), H(Y |X)}.
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Proof.
[Direct part]
We can apply an achievable lossless f-FCD codes (fixed-length codes). The
encoder ϕn assigns the same codeword as that of the fixed-length code to a
sequence pair (x,y) ∈ Xn ×Yn that is correctly reproduced by the fixed-length
code. Otherwise, the encoder sends the sequence pair itself as a codeword.

The above lossless v-FCD code can always reproduce the original sequence
pair at the decoders, and it attains the desired coding rate.

[Converse part]
We can prove the converse part in a similar manner to that for fixed-length
coding. Let a lossless v-FCD code {(ϕn, ϕ̂

(1)
n , ϕ̂

(2)
n )}∞n=1 be given that satisfies

the conditions of Definitions 5.3.1 and 5.3.2. From Definition 5.3.2, for any
δ > 0 there exists an integer n1 = n1(δ) and then for all n ≥ n1(δ), we can
obtain

1
n
E[l(ϕn(Xn, Y n))] ≤ R+ δ. (5.11)

Here, let us define An = ϕn(Xn, Y n). Since the decoder ϕ̂(1)
n can always re-

produce the original sequence Xn from the received codeword An and side
information Y n, we can see that

H(Xn|AnY
n) = 0. (5.12)

Similarly, we can obtain

H(Y n|AnX
n) = 0.

Substituting An into Eq.(5.11), we have

n(R + δ) ≥ E[l(An)]
≥ H(An) (5.13)
≥ H(An|Y n)
≥ I(Xn;An|Y n)
= H(Xn|Y n), (5.14)

where Eq. (5.13) comes from Lemma 2.1.3, and Eq. (5.14) from Eq. (5.12).
Since we can select an arbitrarily small δ > 0 for a sufficient large n, we can
obtain

R ≥ 1
n
H(Xn|Y n) = H(X |Y ).

In the same way, we also obtain

R ≥ H(Y |X).

This completes the proof of Theorem 5.3.1.

The following direct theorem for universal coding indicates that the coding
scheme presented in Section 5.3.2 can achieve the inf achievable rate.
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Theorem 5.3.2. There exists a universal lossless v-FCD code {(ϕn, ϕ̂
(1)
n , ϕ̂

(2)
n )}∞n=1

such that for any integer n ≥ 1 and any DMS (X,Y ), the overflow probability
ρn(R), namely the probability that the length of a codeword exceeds a given real
number R > 0, is bounded as

ρn(R) def.= Pr {l(ϕn(Xn, Y n)) > nR}

≤ exp
{
−n
(
−εn(1) + min

QXY ∈T c
n (R−εn(1))

D(QXY ‖PXY )
)}

,

where εn(N) is defined in Eq. (5.4). This implies that there exists a universal
lossless v-FCD code {(ϕn, ϕ̂

(1)
n , ϕ̂

(2)
n )}∞n=1 that satisfies

lim sup
n→∞

1
n
l(ϕn(Xn, Y n)) ≤ Rv(X,Y ) a.s. (5.15)

Proof. The overflow probability can be obtained in the same way as an upper
bound of the error probability of lossless f-FCD codes, which has been shown
in the proof of Theorem 5.2.1. Thus, we have

∞∑
n=1

Pr
{

1
n
l(ϕn(Xn, Y n)) > Rv(X,Y ) + δ

}
< ∞

for a given δ > 0. From Borel-Cantelli’s lemma [25, Lemma 4.6.3], we immedi-
ately obtain Eq.(5.15). This completes the proof of Theorem 5.3.2.

The following converse theorem for variable-length coding indicates that the
exponent of the overflow probability obtained in Theorem 5.3.2 is tight. This
can be easily obtained in almost the same way as Theorem 5.2.2.

Theorem 5.3.3. Any lossless v-FCD code {(ϕn, ϕ̂
(1)
n , ϕ̂(2)

n )}∞n=1 for the DMS
(X,Y ) must satisfy

ρn(R)

≥ exp
{
−n
(
εn(1) + min

QXY ∈T c
n (R+εn(2))

D(QXY ‖PXY )
)}

.

for a given real number R > 0 and any integer n ≥ 1, where εn(N) is defined in
Eq. (5.4).

The following corollary is directly derived from Theorems 5.3.2 and 5.3.3.

Corollary 5.3.1. There exists a universal lossless v-FCD code {(ϕn, ϕ̂
(1)
n , ϕ̂

(2)
n )}∞n=1

such that for any DMS (X,Y )

lim sup
n→∞

1
n
l(ϕn(Xn, Y n)) ≤ Rv(X,Y ) a.s.

lim
n→∞

− 1
n

log ρn(R) = min
QXY ∈T c(R)

D(QXY ‖PXY )

Next, we investigate the underflow probability, namely the probability that
the length of a codeword falls below a given real number R > 0. For this
purpose, we present the following two theorems. The proofs are almost the
same as those of Theorems 5.2.3 and 5.2.4.
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Theorem 5.3.4. There exists a universal lossless v-FCD code {(ϕn, ϕ̂
(1)
n , ϕ̂

(2)
n )}∞n=1

such that for any integer n ≥ 1 and any DMS (X,Y ), the underflow probability
ρ

n
(R) is bounded as

ρ
n
(R) def.= Pr{l(ϕn(Xn, Y n)) < nR}

≤ exp
{
−n
(
εn(1) + min

QXY ∈Tn(R−εn(2))
D(QXY ‖PXY )

)}
,

where εn(N) is defined in Eq. (5.4). This implies that there exists a universal
lossless v-FCD code {(ϕn, ϕ̂

(1)
n , ϕ̂

(2)
n )}∞n=1 that satisfies

lim inf
n→∞

1
n
l(ϕn(Xn, Y n)) ≥ Rv(X,Y ) a.s. (5.16)

Theorem 5.3.5. Any lossless v-FCD code {(ϕn, ϕ̂
(1)
n , ϕ̂(2)

n )}∞n=1 for the DMS
(X,Y ) must satisfy

ρ
n
(R)

≤ exp
{
−n
(
−εn(1) + min

QXY ∈Pn(X×Y)

|max(H(V |QX), H(W |QY )) − (R+ εn(1))|+ +D(QXY ‖PXY )
)}

for a given real number R > 0 and any integer n ≥ 1, where εn(N) is defined in
Eq. (5.4).

5.4 Fixed-length coding for multiple sources

5.4.1 Problem formulation

This section formulates the generalized complementary delivery coding problem,
and shows the fundamental bound of the coding rate.

First, we formulate the coding problem. Fig. 5.4 represents a generalized
complementary delivery coding system formulated in the following. This system
is composed of Ns sources, one encoder and Nd decoders.

Definition 5.4.1. (Fixed-to-fixed fully-informed generalized complementary
delivery (f-FGCD) code)

A sequence
{
(ϕn, {ϕ̂(j)

n }Nd

j=1)
}∞

n=1
of codes (ϕn, {ϕ̂(j)

n }Nd

j=1) is an f-FGCD code

for indices S = {Sj}Nd
j=1 of side information sequences if and only if

ϕn :
{
X (INs)

}n

→ IMn

ϕ̂(j)
n : IMn ×

{
X (Sc

j )
}n

→
{
X (Sj)

}n

∀j1, j2 ∈ INd
,

Sj1 
= Sj2 ∀j1, j2 ∈ INd
,

where Sj ⊆ INs ∀j ∈ INd
. Since indices S of side information sequences

determine the coding system, in the following we identify S with the coding
system.
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( )sNIXX =

( )1SI sN −X

( )1SX

( )jSX

( )dNSX

( )jsN SI −X

( )dNsN SI −X

Figure 5.4: The generalized complementary delivery coding system

Definition 5.4.2. (Lossless f-FGCD achievable rate)
R is a lossless f-FGCD achievable rate of the source X = X(INs) for the system
S if and only if there exists an f-FGCD code{

(ϕn, {ϕ̂(j)
n }Nd

j=1)
}∞

n=1
,S

for the system S such that

lim sup
n→∞

1
n

logMn ≤ R,

lim
n→∞

e(j)n = 0 ∀j ∈ INd
,

where

X̂
(Sj)n def.= ϕ̂(j)

n (ϕn(Xn),X(Sc
j )n),

e(j)n = Pr
{

X(Sj)n 
= X̂
(Sj)n
}
.

Definition 5.4.3. (Inf lossless f-FGCD achievable rate)

RF (X |S)
= inf{R|R is a lossless f-FGCD achievable rate of X for S}.

Willems et al. [66, 72] investigated a coding problem where three users are
physically separated but communicate with each other via a satellite, and de-
termined the minimum coding rate when transmitting to and from the satellite.
The downstream part of the coding system investigated by Willems et al. cor-
responds to the generalized complementary coding system, where Ns = Nd = 3,
S1 = {1}, S2 = {2} and S3 = {3}. Therefore, the following coding theorem can
be obtained from the previous work by Willems et al.:
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(0001, 0100)

(0001,0010)

(0001,1000)

(1000, 0100)

(0010, 0100)(0010,1000)

(0100,1000)

(0010,0001)

(0010,0100)

(0100,0010) (1000,0010)

(0100,1000)

(0100,0001)

(1000,0001)

(1000,0100)

(0010,0001)

(0100,0001)

Figure 5.5: Example of coding graph, where each vertex whose center is colored
with gray corresponds to another vertex whose verge is colorer with gray (Also
see 2) of the encoding scheme)

Theorem 5.4.1. (Coding theorem of lossless f-FGCD codes for three users
[72])
If Ns = Nd = 3, S1 = {1, 2}, S2 = {1, 3} and S3 = {2, 3}, then for any DMS
(X,Y )

RF (X,Y, Z|S) = max{H(X,Y |Z), H(Y, Z|X), H(X,Z|Y )}

It is easy to extend Theorem 5.4.1 to the following coding theorem for general
cases:

Theorem 5.4.2. (Coding theorem of lossless f-FGCD codes for general cases)
For any DMS (X,Y ), we have

RF (X |S) = max
j∈INd

H
(
X(Sj)

∣∣∣X(Sc
j )
)

5.4.2 Code construction

This section shows an explicit construction of universal codes for the generalized
complementary delivery coding system. The construction is similar to that for
the (original) complementary delivery coding system. The proposed coding
scheme is described as follows:

[Encoding]

1. Determine a set Tn(R) of joint types as

Tn(R) = {QX ∈ Pn(X (INs )) :

85



32

2 3

1

2

13

1

3

1 1

2 3

1

2

3

(0001, 0100)

(0001,0010)

(0001,1000)

(1000, 0100)

(0010, 0100)(0010,1000)

(0100,1000)

(0010,0001)

(0010,0100)

(0100,0010) (1000,0010)

(0100,1000)

(0100,0001)

(1000,0001)

(1000,0100)

(0010,0001)

(0100,0001)

Figure 5.6: Provided codewords for coding graph of Fig. 5.5

max
j∈INd

{H(Vj |Qj)} ≤ R, QX = QjVj ,

Qj ∈ Pn(X (Sc
j )), Vj ∈ Vn(X (Sj)|Qj) ∀j ∈ INd

},

where R > 0 is a given coding rate. We note that the joint type QX

specifies the types Qj and the conditional types Vj (j ∈ INd
).

2. Create a graph for each joint type QX ∈ Tn(R) as follows: Each vertex
of the graph corresponds to a sequence set x(INs) ∈ T n

QX
(henceforth we

denote a vertex by referring its corresponding sequence set x(INs)). An
edge is placed between every pair of vertices whose subsequences x(Sj)

are included in the set T n
Vj

(x(Sc
j )) for some j, where x(Sc

j ) ∈ T n
Qj

. In the
following, we denote this graph the coding graph G(QX). An example of
coding graphs is shown in Fig. 5.5, where the (original) complementary
delivery coding system is considered, n = 4, and Q is defined as follows:

Q(0, 0) = 2/4, Q(0, 1) = 1/4,
Q(1, 0) = 1/4, Q(1, 1) = 0/4.

The large circle in Fig. 5.5 corresponds to a sequence set T n
Vj

(x(Sc
j )), where

Sc
j = {2} and x(Sc

j ) = {0001}.

3. Assign a symbol to each vertex of the coding graph G(QX) so that the
same symbol are not assigned to any pairs of adjacent vertices. An exam-
ple of codeword assignments to the coding graph in Figure 5.5 is given as
Figure 5.6.

4. For an input sequence set x(INs ) ∈ T n
QX

, if QX ∈ Tn(R), the index as-
signed to the joint type QX is the first part of the codeword, and the
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symbol assigned to the corresponding vertex of the coding graph is deter-
mined as the second part of the codeword. For a sequence set x(INs ) ∈
T n

QX
such that QX /∈ Tn(R), the corresponding codeword is determined

arbitrarily and an encoding error is declared.

[Decoding: ϕ̂(j)
n ]

1. From the first part of the received codeword, find the coding graph Ĝ(Q̂X)
of the joint type Q̂X . If no encoding error occurs, then Q̂X should be QX ,
and therefore the decoder ϕ̂(j)

n can find the coding graph Ĝ(Q̂X) = G(QX)
used in the encoding scheme.

2. For a given side information x(Sc
j ) and the joint type QX , find the ver-

tex of the coding graph G(QX), to which the second part of the received
codeword is assigned. Such vertex is searched from the clique that corre-
sponds to the set T n

Vj
(x(Sc

j )). Note that the conditional type Vj has been

determined by Q̂X = QX . The sequence set x̂(Sj) ∈ T n
Qj

found in this
step is reproduced.

It should be noted that the above coding scheme is universal since this does
not depend on a distribution PX of a source X.

The coding rate of the above proposed coding scheme is determined by the
chromatic number of the coding graph G(QX). To this end, we introduce the
following lemmas.

Lemma 5.4.1. The coding graph G(Q) of the joint type Q = QX satisfies the
following properties:

1. Every vertex x(INs) ∈ T n
Q belongs to Nd cliques, each of which corresponds

to the vertex set

T n
Vj

(x(Sc
j )). (j ∈ INd

)

2. The vertex x(INs) ∈ T n
Q has no edges from vertices not included in the

vertex sets T n
Vj

(x(Sc
j )) (j ∈ INd

).

3. From the coding graph G(Q) of a given joint type Q ∈ Pn(X (INs )), both
the clique number ω(G(Q)) and the degree Δ(G(Q)) of the coding graph
G(Q) are constant and obtained as follows:

ω(G(Q)) = max
j∈INd

|T n
Vj

(x(Sc
j ))|,

Δ(G(Q)) =
∑

j∈INd

|T n
Vj

(x(Sc
j ))|,

Proof. 1) 2) Easily obtained from the first and second steps of the above en-
coding scheme.
3) Easily obtained from the above properties.

Lemma 5.4.2. The chromatic number of the coding graph G(Q) of the joint
type Q ∈ Tn(R) is bounded as

χ(G(Q)) ≤ Nd exp(nR).
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Proof. This property is directly derived from Lemmas 2.2.2, 2.4.1 and 5.4.1 as
follows:

χ(G(Q)) ≤ Δ(G(Q)) (5.17)

=
∑

j∈INd

|T n
Vj

(x(Sc
j ))| (5.18)

≤
∑

j∈INd

exp{nH(Vj |Qj)} (5.19)

≤ Nd max
j∈INd

exp{nH(Vj|Qj)}

≤ Nd exp(nR). (5.20)

where Eq. (5.17) comes from Lemma 2.4.1, Eq. (5.18) from Lemma 5.4.1, Eq.
(5.19) from Lemma 2.2.2, and Eq. (5.20) from the definition of Tn(R). This
concludes the proof of Lemma 5.4.2.

From the above discussions, we obtain

ω(G(Q)) ≤ χ(G(Q)) ≤ Δ(G(Q)) ≤ Nd exp(nR).

5.4.3 Coding theorems

We can obtain the following theorem for the universal lossless f-FGCD codes
constructed in Section 5.4.2.

Theorem 5.4.3. For a given real number R > 0, there exists a universal lossless
f-FGCD code

{(ϕn, {ϕ̂(j)
n }Nd

j=1)}∞n=1

for the system S such that for any integer n ≥ 1 and any DMS X = X(INs )

with a generic distribution PX ∈ M(X (INs ))

1
n

logMn ≤ R + εn(Nd), (5.21)

Nd∑
j=1

e(j)n ≤ exp
{
−n
(
−εn(Nd) + min

QX∈T c
n (R)

D(QX‖PX)
)}

,

where εn(N) is defined in Eq. (5.4).

Proof. From the coding scheme, the size of the codeword set is bounded as

Mn ≤ |Pn(X (INs ))| ·Nd exp(nR)

≤ Nd(n+ 1)|X
(INs

)| exp(nR),

where the second inequality comes from Lemma 2.2.1. This implies Eq. (5.21).
Next, we evaluate decoding error probabilities. Since every sequence set Xn ∈
T n

Q̃X

that satisfies Q̃X ∈ Tn(R) is reproduced correctly at the decoder, the sum
of error probabilities is bounded as

Nd∑
j=1

e(j)n ≤ Nd Pr
{
Xn ∈ T n

Q̃X
: Q̃X ∈ T c

n (R)
}
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≤ Nd

∑
Q̃X∈T c

n (R)

exp{−nD(Q̃X‖PX)} (5.22)

≤ Nd

∑
Q̃X∈T c

n (R)

exp
{
−n min

QX∈T c
n (R)

D(QX‖PX)
}

≤ Nd(n+ 1)|X
(INs

)| exp
{
−n min

QX∈T c
n (R)

D(QX‖PX)
}

(5.23)

= exp
{
−n
(
−εn(Nd) + min

QX∈T c
n (R)

D(QX‖PX)
)}

,

where Eq. (5.22) comes from Lemma 2.2.3, and Eq. (5.23) from Lemma 2.2.1.
This completes the proof of Theorem 5.4.3.

We can see that for any real value R ≥ RF (X |S) we have

min
QX∈T c

n (R)
D(QX‖PX) > 0.

This implies that any real value R ≥ RF (X|S) is a universal lossless f-FGCD
achievable rate for the system S, namely, there exists a universal lossless f-
FGCD code for the system S that satisfies the conditions shown in Definition
5.4.2.

The following converse theorem indicates that the error exponent obtained
in Theorem 5.4.3 is tight.

Theorem 5.4.4. Any lossless f-FGCD code

{(ϕn, {ϕ̂(j)
n }Nd

j=1)}∞n=1

for the system S and the DMS X must satisfy

Nd∑
j=1

e(j)n ≥ exp
{
−n
(
εn(2) + min

QX∈T c
n (R+εn(2))

D(QX‖PX)
)}

for any integer n ≥ 1 and a given coding rate R = 1/n logMn > 0, where εn(N)
is defined in Eq. (5.4).

Proof. Note that the number of sequences to be decoded correctly for each
decoder are at most exp(nR). Here, let us consider a joint type QX ∈ T c

n (R +
εn(2)). The definition of T c

n (R+εn(2)) and Lemma 2.2.2 imply that for (x(INs)) ∈
T n

QX
we have

max
j∈INd

{|T n
Vj

(x(Sc
j ))|} ≥ (n+ 1)−|X (INs

)| max
j∈INd

exp{nH(Vj|Qj)} (5.24)

≥ (n+ 1)−|X (INs
)| exp{n(R+ εn(2))} (5.25)

= 2 exp(nR),

where Eq. (5.24) comes from Lemma 2.2.2, and Eq. (5.25) from the definition
of T c

n (R + εn(2)). Therefore, at least half of the sequence set in the V-shell

89



T n
Vj

(x(Sc
j )) will not be decoded correctly at the decoder ϕ̂(j)

n . Thus, the sum of
the error probabilities is bounded as∑

j∈INd

e(j)n ≥ 1
2

∑
QX∈T c

n (R+εn(2))

Pr{Xn ∈ T n
QX

}

≥ 1
2
(n+ 1)−|X (INs

)|
∑

QX∈T c
n (R+εn(2))

exp{−nD(QX‖PX)}(5.26)

≥ 1
2
(n+ 1)−|X (INs

)| exp
{
−n min

QX∈T c
n (R+εn(2))

D(QX‖PX)
}

= exp
{
−n
(
εn(2) + min

QX∈T c
n (R+εn(2))

D(QX‖PX)
)}

,

where Eq. (5.26) comes from Lemma 2.2.3. This concludes the proof of Theorem
5.4.4.

The following corollary is directly derived from Theorems 5.4.3 and 5.4.4.
This shows the asymptotic optimality of the proposed coding scheme.

Corollary 5.4.1. For a given real number R > 0, there exists a universal
lossless f-FGCD code

{(ϕn, {ϕ̂(j)
n }Nd

j=1)}∞n=1

for the system S such that for any DMS X

lim sup
n→∞

1
n

logMn ≤ R,

lim
n→∞

− 1
n

log
∑

j∈INd

e(j)n = min
QX∈T c(R)

D(QX‖PX),

where

T (R) = {QX ∈ M(X (INs )) :
max

j∈INd

H(Vj |Qj) ≤ R, QX = QjVj ,

Qj ∈ Pn(X (Sc
j )), Vj ∈ V(X (Sj)|Qj), ∀j ∈ INd

}.

In a similar manner, we can investigate a probability such that the original
sequence set is correctly reproduced. The following theorem shows the lower
bound of the probability of correct decoding that can be attained by the pro-
posed coding scheme.

Theorem 5.4.5. For a given real number R > 0, there exists a universal lossless
f-FGCD code

{(ϕn, {ϕ̂(j)
n }Nd

j=1)}∞n=1

for the system S such that for any integer n ≥ 1 and any DMS X

1
n

logMn ≤ R+ εn(Nd), (5.27)
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1 −
Nd∑
j=1

e(j)n ≥ exp
{
−n
(
εn(1) + min

QX∈T c
n (R)

D(QX‖PX)
)}

,

where εn(N) is defined in Eq. (5.4).

Proof. Eq. (5.27) is derived in the same way as the proof of Theorem 5.4.3.
Next, we evaluate the probability such that the original sequence set is correctly
reproduced. Since every sequence set x(INs ) ∈ T n

QX
that satisfies QX ∈ Tn(R)

is reproduced correctly at the decoder, the sum of the probabilities is bounded
as

1 −
Nd∑
j=1

e(j)n ≥ Pr
{
Xn ∈ T n

QX
: QX ∈ Tn(R)

}
≥

∑
QX∈T n(R)

(n+ 1)−|X (INs
)| exp{−nD(QX‖PX)} (5.28)

≥ (n+ 1)−|X (INs
)| exp

{
−n min

QX∈T n(R)
D(QX‖PX)

}
= exp

{
−n
(
εn(1) + min

QX∈T c
n (R)

D(QX‖PX)
)}

,

where Eq. (5.28) comes from Lemma 2.2.3. This completes the proof of Theorem
5.4.5.

The following converse theorem indicates that the error exponent obtained
in Theorem 5.4.5 might not be tight.

Theorem 5.4.6. Any lossless f-FGCD code

{(ϕn, {ϕ̂(j)
n }Nd

j=1)}∞n=1

for the system S and the DMS X must satisfy

1 −
Nd∑
j=1

e(j)n ≤ exp
[
−n
{
−εn(1)+

min
QX∈Pn(X (INs

))

(∣∣∣∣ max
j∈INd

H(Vj |Qj) − (R + εn(1))
∣∣∣∣+ +D(QX‖PX)

)}]

for any integer n ≥ 1 and a given coding rate R = 1/n logMn > 0, where

QX = QjVj , ∀j ∈ INd

Qj ∈ Pn(X (Sc
j )), Vj ∈ V(X (Sj)|Qj)

}
(5.29)

where εn(N) is defined in Eq. (5.4).

Proof. Note that the number of sequences to be decoded correctly for each de-
coder are at most exp(nR). Here, let us consider a joint type QX ∈ Pn(X (INs ))
that satisfies Eq. (5.29). The ratio rc(QX) of sequences in the sequence set
TQX such that the sequences are correctly reproduced is at most

rc(QX)
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≤ min

{
min

j∈INd

(
exp(nR)

|T n
Vj

(x(Sc
j
))|

)
, 1

}

≤ min
[
exp(nR) · (n+ 1)|X

(INs )| exp{−n max
j∈INd

H(Vj |Qj)}, 1
]

(5.30)

= min
[
exp{−n{ max

j∈INd

H(Vj |Qj)} − (R+ εn(1))}, 1
]

= exp

{
−n
∣∣∣∣max
j∈INd

H(Vj |Qj) − (R+ εn(1))
∣∣∣∣+
}

where Eq. (5.30) comes from Lemma 2.2.2. Therefore, the probability Pc(QX)
such that the original sequence pair with type QX is correctly reproduced is
bounded as

Pc(QX)
≤ rc(QX) Pr{Xn ∈ T n

QX
}

≤ exp
{
−n
∣∣max
j∈INd

H(Vj |Qj) − (R+ εn(1))
∣∣+ +D(QX‖PX)

}
, (5.31)

where Eq. (5.31) comes from Lemma 2.2.3. Thus, the sum of the probabilities
is obtained as

1 −
Nd∑
j=1

e(j)n

≤
∑

QX∈Pn(X (INs
))

Pc(QX)

≤
∑

QX∈Pn(X (INs
))

exp
{
−n
∣∣max
j∈INd

H(Vj |Qj) − (R+ εn(1))
∣∣+ +D(QX‖PX)

}
≤ (n+ 1)|X

(INs
)| exp

{
−n min

QX∈Pn(X (INs
))(∣∣ max

j∈INd

H(Vj |Qj) − (R+ εn(1))
∣∣+ +D(QX‖PX)

)}
. (5.32)

= exp
[
−n
{
−εn(1) + min

QX∈Pn(X (INs
))(∣∣∣max

j∈INd

H(Vj |Qj) − (R+ εn(1))
∣∣∣+ +D(QX‖PX)

)}]
where Eq. (5.32) comes from Lemma 2.2.1. This completes the proof of Theorem
5.4.6.

We can see that for any real value R ≥ RF (X) and sufficiently large n we
have

min
QX∈M(XINs )

(∣∣ max
j∈INd

H(Vj |Qj) − (R+ εn(1))
∣∣+ +D(QX‖PX)

)}
=
∣∣∣∣ max
j∈INd

H
(
P

XSj |XSc
j
|P

X
Sc

j

)
− (R+ εn(1))

∣∣∣∣+
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Figure 5.7: Bipartite graph equivalent to the coding graph shown in Fig. 5.6

= 0.

On the other hand, for any real value R < RF (X) we have

min
QX∈T (R)

D(QX‖PX)

≥ min
QX∈M(X (INd

)
)

(∣∣ max
j∈INd

H(Vj |Qj) − (R+ εn(1))
∣∣+ +D(QX‖PX)

)}
≥ 0.

This implies that the error exponent obtained in Theorem 5.4.5 might not be
tight.

5.4.4 Comparison with results shown in Section 5.2

The chromatic number of a coding graph is explicitly determined when Nd =
2. A representative special case is the situation considered in Section 5.2. In
the case of Nd = 2, the coding graph G(Q) can translated into an equivalent
bipartite graph G̃(Q) such that

• each vertex in one set corresponds to a sequence set x(Sc
1) ∈ T n

Q1
, and each

vertex in the other set corresponds to a sequence set x(Sc
2) ∈ T n

Q2
.

• each edge corresponds to a sequence set x(INs) ∈ T n
Q, and the edge links

between two vertices, each of which corresponds to the sequence subset
x(Sc

j ) ∈ T n
Qj

(j = 1, 2) of the sequence set x(INs ).

Fig. 5.3 shows an example of such bipartite graphs, which is equivalent to the
coding graph shown in Fig. 5.6. From the nature of the equivalent bipartite
graph G̃(Q), we can easily obtain

χ(G) = χ′(G̃).
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Therefore, the coding rate of the proposed coding scheme is determined by the
edge chromatic number of the equivalent bipartite graph G̃(Q). To this end, we
introduce the following lemmas.

Lemma 5.4.3. If the number of decoders equals Nd = 2, then the degree of the
bipartite graph G̃(Q) equivalent to the coding graph G(Q) is constant for a given
joint type Q ∈ Pn(X (INs )), obtained as follows:

Δ(G̃(Q)) = max
j=1,2

|T n
Vj

(x(Sc
j ))|,

where x(Sc
j ) ∈ T n

Qj
. This equals the clique number ω(G(Q)) of the coding graph

G(Q).

Proof. Note that the number of edges connected to the node x(Sc
j ) equals

|T n
Vj

(x(Sc
j ))|.

Lemma 5.4.4. If the number of decoders equals Nd = 2, then the edge chro-
matic number of the bipartite graph G̃(Q) equivalent to the coding graph G(Q)
of a joint type Q ∈ Tn(R) is bounded as

χ′(G̃(Q)) ≤ exp(nR).

Proof. This property is directly derived from Lemmas 2.2.2, 2.4.3 and 5.4.4 as
follows:

χ′(G̃(Q)) = Δ(G̃(Q)) (5.33)
= max

j=1,2
|T n

Vj
(x(Sc

j ))| (5.34)

≤ max
j=1,2

exp{nH(Vj |Qj)} (5.35)

≤ exp(nR), (5.36)

where Eq. (5.33) comes from Lemma 2.4.3, Eq. (5.34) from Lemma 5.4.4, Eq.
(5.35) from Lemma 2.2.2, and Eq. (5.36) from the definition of Tn(R). This
concludes the proof of Lemma 5.4.4.

To summarize the above discussions, we obtain

χ(G(Q)) = ω(G(Q)) ≤ exp(nR).

From the above discussions, we can obtain the following direct theorems
for universal lossless f-FGCD codes of Nd = 2, which cannot be derived as
corollaries of the theorems shown in the previous section.

Theorem 5.4.7. If the number of decoders equals Nd = 2, then for a given real
number R > 0 there exists a universal lossless f-FGCD code

{(ϕn, ϕ̂
n
(1), ϕ̂

n
(2), )}∞n=1

for the system S such that for any integer n ≥ 1 and any DMS X with a generic
distribution PX ∈ M(X (INs ))

1
n

logMn ≤ R+ εn(1),

e(1)n + e(2)n ≤ exp
{
−n
(
−εn(2) + min

QX∈T c
n (R)

D(QX‖PX)
)}

.
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Theorem 5.4.8. For a given real number R > 0, there exists a universal lossless
f-FGCD code

{(ϕn, ϕ̂
n
(1), ϕ̂

n
(2))}∞n=1

for the system S such that for any integer n ≥ 1 and any DMS X

1
n

logMn ≤ R+ εn(1),

1 − (e(1)n + e(2)n ) ≥ exp
{
−n
(
εn(1) + min

QX∈Tn(R)
D(QX‖PX)

)}
,

5.5 Variable-length coding for multiple sources

This section discusses variable-length coding for the generalized complementary
delivery coding system, and shows an explicit construction of universal variable-
length codes. The coding scheme is similar to that of fixed-length codes, and
also utilizes the coding graphs defined in Section 5.4.2.

5.5.1 Formulation

Definition 5.5.1. (Lossless fixed-to-variable fully-informed generalized com-
plementary delivery (lossless v-FGCD) code)

A sequence
{
(ϕn, {ϕ̂(j)

n }Nd
j=1)
}∞

n=1
of codes (ϕn, {ϕ̂(j)

n }Nd
j=1) is a lossless v-FGCD

code for the system (i.e. indices of side information sequences) S = {Sj}Nd

j=1

and the source X if and only if

ϕn : {X (INs)}n → B∗

ϕ̂(j)
n : ϕn({X (INs)}n) × {X (Sc

j )}n → {X (Sj)}n,

e(j)n = Pr
{

X(Sj)n 
= X̂
(Sj)n
}

= 0, ∀j ∈ INd
,

Sj1 
= Sj2 ∀j1, j2 ∈ INd
,

where

X̂
(Sj)n def.= ϕ̂(j)

n (ϕn(Xn),X(Sc
j )n).

and the image of ϕn is a prefix set.

Definition 5.5.2. (Lossless f-FGCD achievable rate)
R is an lossless v-FGCD achievable rate of the source X for the system S if and
only if there exists a lossless v-FGCD code

{(ϕn, {ϕ̂(j)
n }Nd

j=1)}∞n=1

for the system S and the source X such that

lim sup
n→∞

1
n
E [l(ϕn(Xn))] ≤ R.

Definition 5.5.3. (Inf lossless v-FGCD achievable rate)

Rv(X|S) = inf{R : R is an lossless v-FGCD achievable rate of X for S}.
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5.5.2 Code construction

We can construct universal lossless v-FGCD codes in a similar manner to uni-
versal lossless f-FGCD codes (fixed-length codes). Note that the coding rate
depends on the type of sequence set to be encoded when constructing variable-
length codes, whereas the coding rate is fixed beforehand for fixed-length coding.
The coding scheme is described as follows:
[Encoding]

1. Create a coding graph for each joint type QX ∈ Pn(X (INs )) and assign
a symbol to each vertex of the coding graph G(QX) in the same way as
Step 2 and 3 of Section 5.4.2. Note that a coding graph is created for
every joint type QX ∈ Pn(X (INs )).

2. For an input sequence set x(INs) ∈ T n
QX

, the index assigned to the joint
type QX is the first part of the codeword, and the symbol assigned to
the corresponding vertex of the coding graph is determined as the second
part of the codeword. Note that a codeword is assigned to every input
sequence set x(INs) ∈ X (INs)n.

[Decoding]
Decoding can be accomplished in almost the same way as the fixed-length cod-
ing. Note that the decoder can always find the coding table used in the encoding
scheme, and therefore it can always reconstruct the original sequence.

5.5.3 Coding theorems

We begin by showing a theorem for (non-universal) variable-length coding,
which indicates that the inf coding rate of variable-length coding is the same as
that of fixed-length coding. The proof is almost the same as Theorem 5.3.1.

Theorem 5.5.1. (Coding theorem of lossless v-FGCD code)

Rv(X|S) = RF (X|S)

= max
j∈INd

H(X(Sj)|X(INs−Sj))

The following direct theorem for universal coding indicates that the coding
scheme presented in Section 5.5.2 can achieve the inf achievable rate.

Theorem 5.5.2. There exists a universal lossless v-FGCD code

{(ϕn, {ϕ̂(j)
n }Nd

j=1)}∞n=1

for the system S such that for any integer n ≥ 1 and any DMS X, the overflow
probability ρn(R) is bounded as

ρn(R) def.= Pr {l(ϕn(Xn)) > nR}

≤ exp
{
−n
(
−εn(Nd) + min

QX∈T c
n (R−εn(Nd))

D(QX‖PX)
)}

,

where εn(N) is defined in Eq. (5.4). This implies that there exists a universal
lossless v-FGCD code

{(ϕn, {ϕ̂(j)
n }Nd

j=1)}∞n=1
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for the system S that satisfies

lim sup
n→∞

1
n
l(ϕn(Xn)) ≤ Rv(X|S) a.s. (5.37)

The converse theorem for variable-length coding can be easily obtained in the
same way as Theorem 5.4.4.

Theorem 5.5.3. Any lossless v-FGCD code

{(ϕn, {ϕ̂(j)
n }Nd

j=1)}∞n=1

for the system S and the DMS X must satisfy

ρn(R) ≥ exp
{
−n
(
εn(2) + min

QX∈T c
n (R+εn(2))

D(QX‖PX)
)}

for a given real number R > 0 and any integer n ≥ 1, where εn(N) is defined in
Eq. (5.4).

The following corollary is directly derived from Theorems 5.5.2 and 5.5.3.

Corollary 5.5.1. There exists a universal lossless v-FGCD code

{(ϕn, {ϕ̂n
(j)}

Nd
j=1)}∞n=1

for the system S such that for any DMS X

lim sup
n→∞

1
n
l(ϕn(Xn)) ≤ Rv(X|S) a.s.

lim
n→∞

− 1
n

log ρn(R) = min
QX∈T c(R)

D(QX‖PX)

Next, we investigate the underflow probability. For this purpose, we present
the following two theorems. The proofs are almost the same as those of Theo-
rems 5.4.5 and 5.4.6.

Theorem 5.5.4. There exists a universal lossless f-FGCD code

{(ϕn, {ϕ̂n
(j)}

Nd
j=1)}∞n=1

for the system S such that for any integer n ≥ 1 and any DMS X, the underflow
probability ρ

n
(R) is bounded as

ρ
n
(R) def.= Pr {l(ϕn(Xn)) < nR}

≤ exp
{
−n
(
εn(1) + min

QX∈T c
n (R−εn(Nd))

D(QX‖PX)
)}

,

where εn(N) is defined in Eq. (5.4). This implies that there exists a universal
lossless v-FGCD code

{(ϕn, {ϕ̂n
(j)}

Nd
j=1)}∞n=1

for the system S that satisfies

lim inf
n→∞

1
n
l(ϕn(Xn)) ≥ Rv(X|S) a.s.
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Theorem 5.5.5. Any lossless f-FGCD code

{(ϕn, {ϕ̂n
(j)}

Nd
j=1)}∞n=1

for the system S and the DMS X must satisfy

ρ
n
(R) ≤ exp

[
−n
{
−εn(1) + min

QX∈Pn(X (INs
))(∣∣∣∣ max

j∈INd

H(Vj |Qj) − (R+ εn(1))
∣∣∣∣+ +D(QX‖PX)

)}]

for a given real number R > 0 and any integer n ≥ 1, where εn(N) is defined in
Eq. (5.4).
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Chapter 6

Conclusions

This thesis investigated multiterminal source coding for a general framework
that involve the SW system, called coding systems with cooperation. Especially,
two types of coding systems that incorporate cooperation with encoders were
focused on.

First, a coding system that extends the SW system is presented, where there
are some mutual linkages between two encoders. Coding problems for this cod-
ing system called the SW system with linkage (SWL system) were considered,
where the coding rate of the mutual linkage between two encoders is negligible.
It is shown that this mutual linkage is enough to effectively reduce the coding
rate in several cases even though the rate of the mutual linkage is zero.

Next, a coding system that contrasts with the SW system in the sense of
cooperation, called the complementary delivery coding system. In this coding
system, the encoder delivers messages emitted from two correlated sources to
decoders, and each decoder has access to one of two messages to reproduce
the other message. Lossy coding problems and universal coding problems were
investigated for this coding system. First, lossy coding problems for the comple-
mentary delivery coding system were considered, and the minimum achievable
rate for given distortion criteria was clarified. Next, universal coding schemes
were proposed for the complementary delivery coding system and its extensions
called generalized complementary delivery coding systems. Explicit construc-
tions of universal lossless codes and the bounds of the error probabilities are
clarified via methods of types and graph-theoretical analyses.

The above results clarified several parts of fundamental limits for multiter-
minal source coding systems with cooperation. However, a lot of open problems
remain in a general framework of coding systems with cooperation.

First, the achievable rate region has not been clarified for some communica-
tion systems in the presence of cascading and/or feedback information channels
from a decoder so as to refine reproduced messages, which correspond to the
lower half part of Figure 1.3. This framework provides another type of refine-
ment structures which is different from the successive refinement coding sys-
tem [43, 19], and is known as an information-theoretical model of information
retrieval with index structures [41]. Kimura and Uyematsu [42] first consid-
ered this framework, and clarified inner and outer bounds of the achievable
rate regions for given distortion criteria in several special cases. However, the
achievable rate regions have not fully settled yet.
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Two important problems still remain in universal coding for the complemen-
tary delivery coding system: First, the coding scheme proposed in Chapter 5
must be off from practical use due to the difficulty in finding codewords from
the coding table (the coding graph) and a huge amount of storage space needed
for storing the coding table (the coding graph). Practical coding schemes with
less computations should be addressed. Recently, Kuzuoka et al. [44] proposed
a simple coding scheme for the complementary delivery coding system with 2
sources which universally attains the minimum achievable rate. However, uni-
versal coding schemes for generalized complementary delivery coding systems
still remains as an open problem. Second, this paper dealt with only lossless
coding. Recent results by Kuzuoka et al. [44] also presented a simple lossy cod-
ing scheme for the complementary delivery coding system, however, this cod-
ing scheme does not attain the minimum achievable rate for a given distortion
criterion. Therefore constructing universal lossy codes for the complementary
delivery coding system that attain the optimal coding rate still remains as an
open problem.
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