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Chapter 1

Introduction

Coding problems for correlated information sources were �rst investigated

by Slepian and Wolf [1], where sequences from two correlated sources are

separately encoded, sent to a single decoder and decoded with a arbitrarily

small probability of error. Their result is now regarded as a starting point

of multiterminal information theory, and many variations of their source

coding problems have been investigated. After the original proof of coding

theorem by Slepian and Wolf, Cover [2] showed a simple proof based on the

random coding argument called bin coding. Recently, Miyake and Kanaya [3]

extended the theorem to the class of non-ergodic or non-stationary sources

called general source by using the method developed by Han and Verd�u [4, 5].

Slepian and Wolf have considered the case where neither of the encoders

can observe the encoded sequence from the other encoder. On the other hand,

Kaspi and Berger [6], Ericson and K�orner [7] have studied the case, where one

of two encoders can observe not only the sequence from its own source but

also the encoded sequence generated from the other encoder. Later, Oohama

[8] has investigated more general case, where there are some mutual linkages

between two encoders of the coding system proposed by Slepian and Wolf.

However, in the above mentioned coding systems, only �xed-length source

coding is investigated, and variable-length source coding still remains open

in spite of their signi�cance. In coding problem for single general source,

it is known that weak variable-length code, i.e. variable-length code having

vanishing error, may achieve lower coding rate than �xed-length code [9].

Hence, we can expect a similar result for correlated sources.

In this paper, we investigate weak variable-length coding problems for

correlated two sources which is a special case of the system considered by
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Oohama. We clarify the achievable rate region for mixed sources charac-

terized by two ergodic sources, and show that this region is strictly wider

than that of �xed-length code in the system proposed by Slepian and Wolf.

The organization of this paper is as follows: In Section II, we describe some

coding systems for correlated sources, and describe the formulation of the

problem. In Section III, we show the main result without proof, and give the

proofs in Section IV.
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Chapter 2

Coding Systems for Correlated

Sources

2.1 Basic De�nitions

Let X and Y be �nite or in�nitely countable sets and B be a binary set. With-

out loss of generality, we assume that X = Y = f1; 2; � � � g and B = f0; 1g.

Let B� be a set of all sequences of �nite length. Let (X;Y ) = f(Xj; Yj)g
1

j=1

be a stationary-ergodic process of random variables (Xj ; Yj) (j = 1; 2; � � � )

which takes values in X � Y. Then, both X = fXjg
1

j=1
and Y = fYjg

1

j=1

are stationary-ergodic processes. We shall call X or Y ergodic source, and

(X;Y ) correlated ergodic source. We de�ne a correlated mixed source (X;Y )

by the following distribution:

Pn(x;y) = �P
(1)

n (x;y) + (1� �)P (2)

n (x;y) 8(x;y) 2 X n � Yn
;

where 0 < � < 1 and P
(i)
n (i = 1; 2) are the distributions of the jointly ergodic

process
�
X

n
(i)
; Y

n
(i)

�
=
��
X(i)j; Y(i)j

�	n
j=1

. Further, we introduce the notation

(X(i);Y (i)) =
��
X(i)j ; Y(i)j

�	
1

j=1
(i = 1; 2). For an ergodic source X, we

de�ne a entropy rate by

H(X)
4

= lim
n!1

1

n

H(Xn)

= lim
n!1

1

n

H(X1;X2; � � � ;Xn);

where H(X1; X2; � � � ;Xn) denotes the standard information-theoretic quan-

tity as de�ned in [10]. Similarly, for a correlated ergodic source (X;Y ) we
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denote a joint entropy rate and a conditional entropy rate by

H(X;Y )
4

= lim
n!1

1

n

H(Xn
; Y

n)

= lim
n!1

1

n

H(X1;X2; � � � ;Xn; Y1; Y2; � � � ; Yn);

H(XjY )
4

= lim
n!1

1

n

H(XnjY n);

H(Y jX)
4

= lim
n!1

1

n

H(Y njXn);

respectively. In what follows, all logarithms and exponentials are to the base

two.

2.2 Slepian-Wolf Coding System

Slepian and Wolf [1] have studied the coding problem for correlated two

sources, where sequences from correlated sources are separately encoded, sent

to a single decoder and decoded (Figure 2.1). We call this code a Slepian-

Wolf code (SW code). First, we introduce �xed-length SW code.

De�nition 1: A sequence f('
(1)

n ; '

(2)

n ; '
�1

n )g1n=1
of triples is called a �xed-

length SW code, if the encoders '
(1)

n : X n !M
(1)

n , '
(2)

n : Yn !M
(2)

n and the

decoder '�1n :M
(1)

n �M
(2)

n ! X n � Yn satisfy

lim
n!1

Prf'�1n ('(1)

n (Xn); '(2)

n (Y n)) 6= (Xn
; Y

n)g = 0; (2.1)

where M
(1)

n = f1; 2; � � � ;M
(1)

n g and M
(2)

n = f1; 2; � � � ;M
(2)

n g. 2

X
n

Y
n

-

-

'

(1)

n

'

(2)

n

-

-

R1

R2

'
�1

n

-

-

b
X

n

b
Y
n

Figure 2.1: Slepian-Wolf coding system

5



De�nition 2: A rate pair (R1; R2) is called an achievable �xed-length SW

rate pair, if there exists a �xed-length SW code which satis�es

lim sup
n!1

1

n

logM (1)

n � R1;

lim sup
n!1

1

n

logM (2)

n � R2:

2

De�nition 3 (Achievable �xed-length SW rate region):

RSW (X;Y ) = f(R1; R2) :

(R1; R2) is the achievable �xed-length SW rate pairg;

we call RSW (X;Y ) as �xed-length SW rate region. 2

Miyake and Kanaya [3] investigated the �xed-length SW rate region, and

showed the following result.

Theorem 1 [3]:

RSW (X;Y ) = f(R1; R2) : R1 � H

HV
(XjY );

R2 � H

HV
(Y jX);

R1 +R2 � H

HV
(X;Y )g;

where H
HV

(X;Y ) is the joint sup-entropy rate [5] de�ned by

H

HV
(X;Y )

4

= inf

�
� : lim

n!1
Pr

�
1

n

log
1

Pn(Xn
; Y

n)
> �

�
= 0

�
;

H

HV
(XjY ) and H

HV
(Y jX) are the conditional sup-entropy rate [5] de�ned

by

H

HV
(XjY )

4

= inf

�
� : lim

n!1
Pr

�
1

n

log
1

Pn(XnjY n)
> �

�
= 0

�
;

H

HV
(Y jX)

4

= inf

�
� : lim

n!1
Pr

�
1

n

log
1

Pn(Y njXn)
> �

�
= 0

�
;

respectively. 2
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We obtain the following corollary immediately from the nature of sup-

entropy rate.

Corollary 1 [5]: If (X;Y ) is a correlated ergodic source, then

RSW (X;Y ) = f(R1; R2) : R1 � H(XjY );

R2 � H(Y jX);

R1 +R2 � H(X;Y )g:

Further, if (X;Y ) is a correlated mixed source, then

RSW (X;Y ) =
�
(R1; R2) :

R1 � max
�
H(X(1)jY (1));H(X(2)jY (2))

�
;

R2 � max
�
H(Y (1)jX(1));H(Y (2)jX(2))

�
;

R1 +R2 � max
�
H(X(1);Y (1)); H(X(2);Y (2))

� 	
:

2

2.3 Slepian-Wolf Coding System with Linked

Encoders

Oohama [8] studied the coding problem for correlated sources, where two

separate encoders of the SW code are mutually linked (Figure 2.2). We call

this code a Slepian-Wolf code with linked encoders (SWL code). Especially,

when both switches are closed, we call it a SWL-I code. Also, when both

switches are open, we call it a SWL-II code. First, we de�ne weak variable-

length SWL-I code.

De�nition 4: A sequence f('
(11)

n ; '

(12)

n ; '

(21)

n ; '

(22)

n ; '
�1

n )g1n=1
of sets is called

a weak variable-length SWL-I code, if the encoders

'
(11)

n : X n ! B�;

'
(12)

n : X n � '
(21)

n (Yn)! B�;

'
(21)

n : Yn ! B�;

'
(22)

n : Yn � '
(11)

n (X n)! B�

and the decoder

'
�1

n : B� � B� � B� � B� ! X n � Yn

satisfy the following conditions:
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X
n

Y
n

-

-

'

(11)

n

'

(21)

n

q

q

-

-

q

q

-

-

'

(12)

n

'

(22)

n

a

a

�

�

�

�

a

a

-

-

-

-

R1

R2

'
�1

n

-

-

b
X

n

b
Y
n

Figure 2.2: Slepian-Wolf coding system with linked encoders

1. The images of '
(11)

n , '
(12)

n , '
(21)

n and '
(22)

n are all pre�x sets.

2. lim
n!1

Prf'�1n ('(11)

n (Xn); '(12)

n (Xn
; '

(21)

n (Y n));

'
(21)

n (Y n); '(22)

n (Y n
; '

(11)

n (Xn))) 6= (Xn
; Y

n)g = 0: (2.2)

2

De�nition 5: A rate pair (R1; R2) is called an achievable weak variable-

length SWL-I rate pair, if there exists a weak variable-length SWL-I code

which satis�es

lim sup
n!1

1

n

E[l('(11)

n (Xn))] = 0;

lim sup
n!1

1

n

E[l('(21)

n (Y n))] = 0;

lim sup
n!1

1

n

E

�
l('(12)

n (Xn
; '

(21)

n (Y n)))
�
� R1;

lim sup
n!1

1

n

E

�
l('(22)

n (Y n
; '

(11)

n (Xn)))
�
� R2;

9>>>>>>>>>=>>>>>>>>>;
(2.3)

where E[�] denotes the expected value and l : B� ! f0; 1; � � � g denotes the

length function. 2

Remark: In [8], Oohama considered the �xed-length coding under the dif-
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ferent constraints of rates for SWL-I code. Especially, (2.3) is replaced by

lim sup
n!1

1

n

E

�
l('(11)

n (Xn)) + l('(12)

n (Xn
; '

(21)

n (Y n)))
�
� R1;

lim sup
n!1

1

n

E

�
l('(21)

n (Y n)) + l('(22)

n (Y n
; '

(11)

n (Xn)))
�
� R2:

De�nition 6: (Achievable weak variable-length SWL-I rate region)

R�SWL�I(X;Y ) = f(R1; R2) :

(R1; R2) is the achievable weak variable-length SWL-I rate pairg;

we call R�SWL�I(X;Y ) as weak variable-length SWL-I rate region. 2

Similarly, we de�ne weak variable-length SWL-II code.

De�nition 7: A sequence f('
(11)

n ; '

(12)

n ; '

(21)

n ; '

(22)

n ; '
�1

n )g1n=1
of sets is called

a weak variable-length SWL-II code, if the encoders

'
(11)

n : X n ! B�;

'
(12)

n : X n � '
(21)

n (Yn)! B�;

'
(21)

n : Yn ! B�;

'
(22)

n : Yn � '
(11)

n (X n)! B�;

and the decoder

'
�1

n : B� � B� ! X n � Yn

satisfy the following conditions:

1. The images of '
(11)

n , '
(12)

n , '
(21)

n and '
(22)

n are all pre�x sets.

2. lim
n!1

Prf'�1n ('(12)

n (Xn
; '

(21)

n (Y n));

'
(22)

n (Y n
; '

(11)

n (Xn))) 6= (Xn
; Y

n)g = 0:

2

De�nition 8: A rate pair (R1; R2) is called an achievable weak variable-

length SWL-II rate pair, if there exists a weak variable-length SWL-II code

which satis�es (2.3). 2
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De�nition 9: (Achievable weak variable-length SWL-II rate region)

R�SWL�II(X;Y ) = f(R1; R2) :

(R1; R2) is the achievable weak variable-length SWL-II rate pairg

we call R�SWL�II(X;Y ) as weak variable-length SWL-II rate region. 2
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Chapter 3

Main Results

In this chapter, we shall investigate the weak variable-length SWL rate region

for correlated mixed sources. Before we describe our main result, we impose

a following assumption for the correlated mixed source.

Assumption: A correlated mixed source (X;Y ) satis�es

(1) H(X(1)1; Y(1)1) <1; H(X(2)1; Y(2)1) <1

and at least one of the following conditions (2)� (4):

(2) H(X(1)) 6= H(X(2))

(3) H(Y (1)) 6= H(Y (2))

(4) H(X(1);Y (1)) 6= H(X(2);Y (2))

2

(1) in Assumption indicates the �niteness of the entropy. (2)� (4) indicate

that two ergodic sources (X(1);Y (1)) and (X(2);Y (2)) can be discriminated

by the entropy rate.

The next theorem is our main result.

Theorem 2: If (X;Y ) is a correlated mixed source satisfying Assumption,

then

R�SWL�I(X;Y ) =
n
(R1; R2) :

R1 � �H(X(1)jY (1)) + (1� �)H(X(2)jY (2));

R2 � �H(Y (1)jX(1)) + (1� �)H(Y (2)jX(2));

R1 +R2 � �H(X(1);Y (1)) + (1� �)H(X(2);Y (2))
o
:
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2

According to Theorem 2 and Corollary 1, R�SWL�I(X;Y ) � RSW (X;Y )

for any correlated mixed source (X;Y ) satisfying Assumption, i.e. weak

variable-length SWL-I code can achieve strictly lower coding rate than �xed-

length SW code.

As a special case of Theorem 2, we immediately obtain the weak variable-

length SWL-I rate region for a correlated ergodic source.

Corollary 2: If (X;Y ) is a correlated ergodic source, then

R�SWL�I(X;Y ) = f(R1; R2) : R1 � H(XjY );

R2 � H(Y jX);

R1 +R2 � H(X;Y )g:

2

Comparing Corollary 1 and 2, we haveR�SWL�I(X;Y ) = RSW (X;Y ) for

any correlated ergodic source (X;Y ), i.e. weak variable-length SWL code

can achieve no less coding rate than �xed-length SW code.

In a similar manner as Theorem 2, we obtain the weak variable-length

SWL-II rate region for a correlated mixed source.

Corollary 3: If (X;Y ) is a correlated mixed source satisfying Assumption,

then

R�SWL�II(X;Y ) =
n
(R1; R2) :

R1 � �H(X(1)jY (1)) + (1� �)H(X(2)jY (2));

R2 � �H(Y (1)jX(1)) + (1� �)H(Y (2)jX(2));

R1 +R2 � �H(X(1);Y (1)) + (1� �)H(X(2);Y (2))
o
:

2

Comparing Corollary 1 and 3, we haveR�SWL�II(X;Y ) = R�SWL�I(X;Y )

for any correlated mixed source (X;Y ) satisfying Assumption, i.e. weak

variable-length SWL-II code can achieve the same coding rate as weak variable-

length SWL-I code.
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Chapter 4

Proof of Theorems

4.1 Proof of Theorem 2

(a) Converse part

For simplicity, we �rst de�ne the following notations:

H
�(X)

4

= �H(X(1)) + (1� �)H(X(2));

H
�(Y )

4

= �H(Y (1)) + (1� �)H(Y (2));

H
�(X;Y )

4

= �H(X(1);Y (1)) + (1� �)H(X(2);Y (2));

H
�(XjY )

4

= �H(X(1)jY (1)) + (1� �)H(X(2)jY (2));

H
�(Y jX)

4

= �H(Y (1)jX(1)) + (1� �)H(Y (2)jX(2)):

It should be noted that all these values are �nite from Assumption.

According to [5, Theorem 1.13] there exists a weak variable-length code

f(b'n; b'�1n )g1n=1
such that the encoder b'n : Yn ! B� and the decoder b'�1n :

B� ! Yn satisfy

lim sup
n!1

1

n

E[l(b'n(Y n))] � H
�(Y ) <1; (4.1)

lim
n!1

Prfb'�1n (b'n(Y n)) 6= Y
ng = 0: (4.2)

Then, for a given weak variable-length SWL-I code f('
(11)

n ; '

(12)

n ; '

(21)

n ; '

(22)

n ;

'
�1

n )g1n=1
, we construst a variable-length code for a correlated mixed source
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(X;Y ). De�ne a sequence of codes f( n;  
�1

n )g1n=1
( n : X n � Yn !

B�;  �1n : B� ! X n � Yn) as follows (see also Figure 2):

 n(x;y)
4

= '
(11)

n (x) � '(12)

n (x; '(21)

n (y))

�'(21)

n (y) � b'n(y); (4.3)

 
�1

n (s1 � s2 � s3 � s4)
4

= '
�1

n (s1; s2; s3; '
(22)

n (b'�1n (s4); s1));

for all (x;y) 2 X n � Yn, where � represents a concatination and

s1

4

= '
(11)

n (x);

s2

4

= '
(12)

n (x; '(21)

n (y));

s3

4

= '
(21)

n (y);

s4

4

= b'n(y):
Note that both f('

(11)

n ; '

(12)

n ; '

(21)

n ; '

(22)

n ; '
�1

n )g1n=1
and f(b'n; b'�1n )g1n=1

are weak

variable-length codes. Since the images of '
(11)

n ; '

(12)

n ; '

(21)

n and b'n are all

pre�x sets, the image of  n is also a pre�x set. Further, from (2.2) and (4.2),

the error probability of this code can be bounded as

Prf �1n ( n(X
n
; Y

n)) 6= (Xn
; Y

n)g

= Prfb'�1n (b'n(Y n)) 6= Y
n or '�1n ('(11)

n (Xn); '(12)

n (Xn
; '

(21)

n (Y n));

'
(21)

n (Y n); '(22)

n (Y n
; '

(11)

n (Xn))) 6= (Xn
; Y

n)g

� Prfb'�1n (b'n(Y n)) 6= Y
ng+ Prf'�1n ('(11)

n (Xn); '(12)

n (Xn
; '

(21)

n (Y n));

'
(21)

n (Y n); '(22)

n (Y n
; '

(11)

n (Xn))) 6= (Xn
; Y

n)g

! 0 (n!1):

This implies that f( n;  
�1

n )g1n=1
is a weak variable-length code. Hence,

according to [5, Theorem 1.13] or [9, Theorem 4.1] it must satisfy

lim sup
n!1

1

n

E[l( n(X
n
; Y

n))] � H
�(X;Y ): (4.4)
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Hence, we obtain

H
�(X;Y )

� lim sup
n!1

1

n

E[l( n(X
n
; Y

n))]

a

= lim sup

n!1

1

n

E[l('(11)

n (Xn)) + l('(12)

n (Xn
; '

(21)

n (Y n)))

+l('(21)

n (Y n)) + l(b'n(Y n))]

� lim sup
n!1

1

n

E[l('(11)

n (Xn))] + lim sup
n!1

1

n

E[l('(12)

n (Xn
; '

(21)

n (Y n)))]

+ lim sup
n!1

1

n

E[l('(21)

n (Y n))] + lim sup
n!1

1

n

E[l(b'n(Y n))]

b

= lim sup

n!1

1

n

E[l('(12)

n (Xn
; '

(21)

n (Y n)))] + lim sup
n!1

1

n

E[l(b'n(Y n))]

c

� lim sup

n!1

1

n

E[l('(12)

n (Xn
; '

(21)

n (Y n)))] +H
�(Y )

where the equality a
 from (4.3), the equality b
 from (2.3) and the equality

c
 from (4.1). This implies

lim sup
n!1

1

n

E[l('(12)

n (Xn
; '

(21)

n (Y n)))] � H
�(X;Y )�H

�(Y )

= H
�(XjY ):

Therefore, if a weak variable-length SWL code f('
(11)

n ; '

(12)

n ; '

(21)

n ; '

(22)

n ;

'
�1

n )g1n=1
satis�es

lim sup
n!1

1

n

E[l('(12)

n (Xn
; '

(21)

n (Y n)))] = R1;

then R1 � H
�(XjY ). In a similar manner, we can prove that if

lim sup
n!1

1

n

E[l('(22)

n (Y n
; '

(11)

n (Xn)))] = R2;

then R2 � H
�(Y jX). Further, R1 +R2 � H

�(X;Y ) is obvious from (4.4).

(b) Achievability part

Before the proof of this part, we introduce two lemmas:
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Lemma 1 (Asymptotic Equipartition Property (AEP)) [10]: Assume that

a correlated ergodic source (X;Y ) satis�es H(X1) < 1; H(Y1) < 1 and

H(X1; Y1) <1. Then, for arbitrary " > 0 and � > 0, there exists an integer

n0("; �) (which depends on the source) such that for all n � n0("; �)

Pn

�
(x;y) 2 X n � Yn :

���� 1
n

log
1

Pn(x)
�H(X)

���� � "

�
� �;

Pn

�
(x;y) 2 X n � Yn :

����1
n

log
1

Pn(y)
�H(Y )

���� � "

�
� �;

Pn

�
(x;y) 2 X n � Yn :

���� 1
n

log
1

Pn(x;y)
�H(X;Y )

���� � "

�
� �;

simultaneously hold. 2

Lemma 2: For arbitrary � > 0; " > 0, and an arbitrary correlated mixed

source (X;Y ),

P
(i)
n

(
(x;y) 2 X n � Yn : �"+ 
n �

1

n

log
1

P

(i)
n (x;y)

� � � "�
c0

n

)
� exp(�n
n)

� P
(i)
n

�
(x;y) 2 X n � Yn :

���� 1
n

log
1

Pn(x;y)
� �

���� � "

�
�

P
(i)
n

(
(x;y) 2 X n � Yn : �"� 
n �

1

n

log
1

P

(i)
n (x;y)

� � � "+
c0

n

)
+exp(�n
n); (4.5)

where c0 = � logmin(�; 1� �), and f
ng
1

n=1
satis�es 
1 > 
2 > � � � > 0 and


n ! 0; n
n !1 (n!1). 2

The proof of Lemma 2 is given in Section 4.3.

(Step 1) Preliminaries

First, for an arbitrary subset An � X
n � Yn, we use the notations

Prf(Xn
; Y

n) 2 Ang
4

=
X

(x;y)2An

Pn(x;y);

Prf(Xn
(i); Y

n
(i)) 2 Ang

4

=
X

(x;y)2An

P
(i)
n (x;y): (i = 1; 2)

16



By using these notations, we obtain

Prf(Xn
; Y

n) 2 Ang

=
X

(x;y)2An

Pn(x;y)

= �

X
(x;y)2An

P
(1)

n (x;y) + (1� �)
X

(x;y)2An

P
(2)

n (x;y)

= �Prf(Xn
(1)
; Y

n
(1)
) 2 Ang+ (1� �)Prf(Xn

(2)
; Y

n
(2)
) 2 Ang: (4.6)

Next, for an arbitrary " > 0, de�ne subsets T
(1)

n and T
(2)

n of X n � Yn as

T
(1)

n

4

=

(
(x;y) 2 X n � Yn :

���� 1
n

log
1

Pn(x;y)
�H(X(1);Y (1))

���� � ";���� 1
n

log
1

Pn(x)
�H(X(1))

���� � ";���� 1
n

log
1

Pn(y)
�H(Y (1))

���� � ";

)
; (4.7)

T
(2)

n

4

=

(
(x;y) 2 X n � Yn :

���� 1
n

log
1

Pn(x;y)
�H(X(2);Y (2))

���� � ";���� 1
n

log
1

Pn(x)
�H(X(2))

���� � ";���� 1
n

log
1

Pn(y)
�H(Y (2))

���� � ";

)
; (4.8)

and T
(1)

n (resp. T
(2)

n ) denotes a complement of T
(1)

n (resp. T
(2)

n ). From (4.6),

we immediately obtain

Prf(Xn
; Y

n) =2 T (1)

n [ T (2)

n g

= �Prf(Xn
(1)
; Y

n
(1)
) =2 T (1)

n [ T (2)

n g+ (1� �)Prf(Xn
(2)
; Y

n
(2)
) =2 T (1)

n [ T (2)

n g

� �Prf(Xn
(1)
; Y

n
(1)
) =2 T (1)

n g+ (1� �)Prf(Xn
(2)
; Y

n
(2)
) =2 T (2)

n g: (4.9)

17



According to (4.7), the �rst term in (4.9) can be upperbouded by

Prf(Xn
(1)
; Y

n
(1)
) =2 T (1)

n g

� P
(1)

n

�
(x;y) 2 X n � Yn :

���� 1
n

log
1

Pn(x;y)
�H(X (1);Y (1))

���� > "

�
+P (1)

n

�
x 2 X n :

���� 1
n

log
1

Pn(x)
�H(X (1))

���� > "

�
+P (1)

n

�
y 2 Yn :

���� 1
n

log
1

Pn(y)
�H(Y (1))

���� > "

�
: (4.10)

According to Lemma 1 and 2, the �rst term in (4.10) can be evaluated as

P
(1)

n

�
(x;y) 2 X n � Yn :

���� 1
n

log
1

Pn(x;y)
�H(X (1);Y (1))

���� > "

�
� P

(1)

n

(
(x;y) 2 X n � Yn :

1

n

log
1

P

(1)

n (x;y)
�H(X (1);Y (1)) < �"+ 
n or

1

n

log
1

P

(1)

n (x;y)
�H(X (1);Y (1)) > "�

c0

n

)
+ exp(�n
n)

! 0 (n!1):

In a similar manner, the second and third terms in (4.10) satisfy

P
(1)

n

�
x 2 X n :

���� 1
n

log
1

Pn(x)
�H(X(1))

���� > "

�
! 0 (n!1);

P
(1)

n

�
y 2 Yn :

���� 1
n

log
1

Pn(y)
�H(Y (1))

���� > "

�
! 0 (n!1):

Therefore, the �rst term in (4.9) satis�es

Prf(Xn
(1)
; Y

n
(1)
) =2 T (1)

n g ! 0 (n!1): (4.11)

In a similar manner, the second term in (4.9) also satis�es

Prf(Xn
(2)
; Y

n
(2)
) =2 T (2)

n g ! 0 (n!1): (4.12)
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Therefore, we have

Prf(Xn
; Y

n) =2 T (1)

n [ T (2)

n g ! 0 (n!1): (4.13)

On the other hand, according to (4.6), we have

Prf(Xn
; Y

n) 2 T (1)

n \ T (2)

n g

= �Prf(Xn
(1)
; Y

n
(1)
) 2 T (1)

n \ T (2)

n g

(1� �)Prf(Xn
(2)
; Y

n
(2)
) 2 T (1)

n \ T (2)

n g

� �Prf(Xn
(1)
; Y

n
(1)
) 2 T (2)

n g+ (1� �)Prf(Xn
(2)
; Y

n
(2)
) 2 T (1)

n g: (4.14)

Here, we show Prf(Xn
(2)
; Y

n
(2)
) 2 T

(1)

n g ! 0 (n!1).

Case i) H(X(1);Y (1)) 6= H(X(2);Y (2))

In this case, according to Lemma 1 and Lemma 2, we have

Prf(Xn
(1)
; Y

n
(1)
) 2 T (2)

n g

� P
(1)

n

�
(x;y) 2 X n � Yn :

���� 1
n

log
1

Pn(x;y)
�H(X (2);Y (2))

���� � "

�
� P

(1)

n

(
(x;y) 2 X n � Yn :

�"� 
n �
1

n

log
1

P

(1)

n (x;y)
�H(X(2);Y (2)) � "+

c0

n

)
+ exp(�n
n)

! 0 (n!1):

Case ii) H(X(1)) 6= H(X(2)) or H(Y (1)) 6= H(Y (2))

If H(X(1)) 6= H(X(2)), according to Lemma 1 and Lemma 2 again, we

have

Prf(Xn
(1)
; Y

n
(1)
) 2 T (2)

n g

� P
(1)

n

�
x 2 X n :

���� 1
n

log
1

Pn(x)
�H(X (2))

���� � "

�
� P

(1)

n

(
x 2 X n : �"� 
n �

1

n

log
1

P

(1)

n (x)
�H(X (2)) � "+

c0

n

)
+exp(�n
n)

! 0 (n!1):
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If H(Y (1)) 6= H(Y (2)), we obtain the same result by replacing X with Y .

In a similar manner, the second term in (4.14) satis�es

Prf(Xn
(2)
; Y

n
(2)
) 2 T (1)

n g ! 0 (n!1):

Hence, we have

Prf(Xn
; Y

n) 2 T (1)

n \ T (2)

n g ! 0 (n!1): (4.15)

(Step 2) Construction of codes

Suppose that we are given a set of rates (R1; R2) which satis�es

R1 � �H(X(1)jY (1)) + (1� �)H(X(2)jY (2));

R2 � �H(Y (1)jX(1)) + (1� �)H(Y (2)jX(2));

R1 +R2 � �H(X(1);Y (1)) + (1� �)H(X(2);Y (2)):

First, we de�ne a set of rates (R11; R12; R21; R22) as

R11 = H(X(1)jY (1));

R12 = min

�
H(Y (1)jX(1)) +

�2

1� �

; H(Y (1)) +
�3

�

�
;

R21 = H(X(2)jY (2)) +
�1

1� �

;

R22 = max

�
H(Y (2)jX(2)); H(Y (2))�

�1

1� �

�
;

where �1; �2 and �3 are nonnegative numbers de�ned by

�1

4

= R1 � �H(X(1)jY (1))� (1� �)H(X (2)jY (2));

�2

4

= R2 � �H(Y (1)jX(1))� (1� �)H(Y (2)jX(2));

�3

4

= R1 +R2 � �H(X(1);Y (1))� (1� �)H(X(2);Y (2)):

Then, it is easy to verify that

�R11 + (1� �)R21 = R1;

�R12 + (1� �)R22 = R2;

�
(4.16)
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and

R11 � H(X(1)jY (1)); R21 � H(X(2)jY (2));

R12 � H(Y (1)jX(1)); R22 � H(Y (2)jX(2));

R11 +R12 � H(X(1);Y (1)); R21 +R22 � H(X(2);Y (2)):

9=; (4.17)

According to Corollary 1, we have (R11; R12) 2 RSW (X(1);Y (1)) and

(R21; R22) 2 RSW (X(2);Y (2)). Hence, there are �xed-length SW codes for

the source (X(1);Y (1)) and (X(2);Y (2)). Denote the �xed-length SW code

for the source (X(1);Y (1)) as f(f
(1)

n ; f

(2)

n ; f
�1

n )g1n=1
where

f
(1)

n : X n !M(1)

n (fn);

f
(2)

n : Yn !M(2)

n (fn);

M(i)
n (fn) = f1; 2; � � � ;M (i)

n (fn)g (i = 1; 2):

Similarly, denote the �xed-length SW code for the source (X(2);Y (2)) as

f(g
(1)

n ; g

(2)

n ; g
�1

n )g1n=1
where

g
(1)

n : X n !M(1)

n (gn);

g
(2)

n : Yn !M(2)

n (gn);

M(i)
n (gn) = f1; 2; � � � ;M (i)

n (gn)g (i = 1; 2):

These SW codes satis�es

lim sup
n!1

1

n

logM (1)

n (fn) � R11;

lim sup
n!1

1

n

logM (2)

n (fn) � R12;

lim sup
n!1

1

n

logM (1)

n (gn) � R21;

lim sup
n!1

1

n

logM (2)

n (gn) � R22:

Further, de�ne the sequence of integers fNng
1

n=1
such that

0 < Nn � n; lim
n!1

Nn =1; lim
n!1

1

n

Nn = 0: (4.18)

Then, we construct a code f('
(11)

n ; '

(12)

n ; '

(21)

n ; '

(22)

n ; '
�1

n )g1n=1
as follows:
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'

(11)

n : '
(11)

n (x) = b'(1)

Nn
(x1), where x = x1 � x2 2 X

n
; x1 2 X

Nn
; x2 2 X

n�Nn

and f(b'(1)

n ; b'(1)�1

n )g1n=1
is a variable-length code for X which satis�es

lim sup
n!1

1

n

E[l(b'(1)

n (Xn))] <1.

'

(21)

n : '
(21)

n (y) = b'(2)

Nn
(y

1
), where y = y

1
� y

2
2 Yn

; y
1
2 YNn

; y
2
2 Yn�Nn

and f(b'(2)

n ; b'(2)�1

n )g1n=1
is a variable-length code for Y which satis�es

lim sup
n!1

1

n

E[l(b'(2)

n (Y n))] <1.

'

(12)

n : Decode y
1
(2 YNn) from a given codeword '

(21)

n (y), then assign the

codeword in the following manner:

If (x1;y1
) 2 T

(1)

Nn
\ T

(2)

Nn
, then '(12)

n (x; '(21)

n (y)) = f
(1)

n (x):

If (x1;y1
) 2 T

(2)

Nn
\ T

(1)

Nn
, then '(12)

n (x; '(21)

n (y)) = g
(1)

n (x):

Otherwise, '(12)

n (x; '(21)

n (y)) may assign any codeword:

'

(22)

n : Decode x1 2 XNn from a given codeword '

(11)

n (x), then assign the

codeword in the following manner:

If (x1;y1
) 2 T

(1)

Nn
\ T

(2)

Nn
, then '(22)

n (y; '(11)

n (x)) = f
(2)

n (y):

If (x1;y1
) 2 T

(2)

Nn
\ T

(1)

Nn
, then '(22)

n (y; '(11)

n (x)) = g
(2)

n (y):

Otherwise, '(22)

n (y; '(11)

n (x)) may assign any codeword:

'
�1

n : For given s1 2 '

(11)

n (X n); s2 2 '

(12)

n (X n
; '

(21)

n (Yn)); s3 2 '

(21)

n (Yn);

and s4 2 '

(22)

n (Yn
; '

(11)

n (X n)), we �rst decode (x1;y1
) 2 XNn � YNn

from (s1; s3). Then, output an estimate (bx; by) 2 X n � Yn in the fol-

lowing manner:

If (x1;y1
) 2 T

(1)

Nn
\ T

(2)

Nn
, then (x;y) = f

�1

n (s2; s4):

If (x1;y1
) 2 T

(2)

Nn
\ T

(1)

Nn
, then (x;y) = g

�1

n (s2; s4):

Otherwise, we declare an error.

In the proposed code, we cannot obtain the encoded sequence in the following

cases:
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(i) (x1;y1
) 2 T

(1)

Nn
\ T

(2)

Nn
and f�1n (f

(1)

n (x); f
(2)

n (y)) 6= (x;y)

(ii) (x1;y1
) 2 T

(2)

Nn
\ T

(1)

Nn
and g�1n (g

(1)

n (x); g
(2)

n (y)) 6= (x;y)

(iii) (x1;y1
) 2 T

(1)

Nn
\ T

(2)

Nn
or (x1;y1

) =2 T
(1)

Nn
[ T

(2)

Nn

According to (2.1), (4.6) and (4.11), the probability of the event (i) can be

bounded as

Prf(XNn
; Y

Nn) 2 T
(1)

Nn
\ T

(2)

Nn

and f�1n (f (1)

n (Xn); f (2)

n (Y n)) 6= (Xn
; Y

n)g

= �Prf(XNn

(1)
; Y

Nn

(1)
) 2 T

(1)

Nn
\ T

(2)

Nn

and f�1n (f (1)

n (Xn
(1)
); f (2)

n (Y n
(1)
)) 6= (Xn

(1)
; Y

n
(1)
)g

+(1� �)Prf(XNn

(2)
; Y

Nn

(2)
) 2 T

(1)

Nn
\ T

(2)

Nn

and f�1n (f (1)

n (Xn
(2)
); f (2)

n (Y n
(2)
)) 6= (Xn

(2)
; Y

n
(2)
)g

� �Prff�1n (f (1)

n (Xn
(1)
); f (2)

n (Y n
(1)
)) 6= (Xn

(1)
; Y

n
(1)
)g

+(1� �)Prf(XNn

(2)
; Y

Nn

(2)
) 2 T

(1)

Nn
\ T

(2)

Nn
g

� �Prff�1n (f (1)

n (Xn
(1)
); f (2)

n (Y n
(1)
)) 6= (Xn

(1)
; Y

n
(1)
)g

+(1� �)Prf(XNn

(2)
; Y

Nn

(2)
) =2 T

(2)

Nn
g

! 0 (n!1):

In a similar manner, according to (2.1), (4.6) and (4.12), the probability of

the event (ii) vanishes as n ! 1. Further, the probability of the event (iii)

vanishes as n ! 1 due to (4.13) and (4.15). Therefore, the probability of

decoding error vanishes as n!1.

(Step 3) Evaluation of the average length of codeword

Lastly, we investigate the average length of codeword. For an arbitrary
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� > 0 and a su�ciently large n0(�), if n � n0(�), according to (4.6), we have

1

n

E[l('(12)

n (Xn
; '

(21)

n (Y n)))]

=

�
1

n

logM (1)

n (fn)

�
� Prf(XNn

; Y
Nn) 2 T

(1)

Nn
\ T

(2)

Nn
g

+

�
1

n

logM (1)

n (gn)

�
� Prf(XNn

; Y
Nn) 2 T

(2)

Nn
\ T

(1)

Nn
g

� (R11 + �)Prf(XNn
; Y

Nn) 2 T
(1)

Nn
\ T

(2)

Nn
g

+(R21 + �)Prf(XNn
; Y

Nn) 2 T
(2)

Nn
\ T

(1)

Nn
g

� �(R11 + �)Prf(XNn

(1)
; Y

Nn

(1)
) 2 T

(1)

Nn
\ T

(2)

Nn
g

+(1� �)(R11 + �)Prf(XNn

(2)
; Y

Nn

(2)
) 2 T

(1)

Nn
\ T

(2)

Nn
g

+�(R21 + �)Prf(XNn

(1)
; Y

Nn

(1)
) 2 T

(2)

Nn
\ T

(1)

Nn
g

+(1� �)(R21 + �)Prf(XNn

(2)
; Y

Nn

(2)
) 2 T

(2)

Nn
\ T

(1)

Nn
g

� �(R11 + �)Prf(XNn

(1)
; Y

Nn

(1)
) 2 T

(1)

Nn
g

+(1� �)(R11 + �)Prf(XNn

(2)
; Y

Nn

(2)
) =2 T

(2)

Nn
g

+�(R21 + �)Prf(XNn

(1)
; Y

Nn

(1)
) =2 T

(1)

Nn
g

+(1� �)(R21 + �)Prf(XNn

(2)
; Y

Nn

(2)
) 2 T

(2)

Nn
g:

Hence, by using (4.11) and (4.12), we obtain

lim sup
n!1

1

n

E[l('(12)

n (Xn
; '

(21)

n (Y n)))] � �R11 + (1� �)R21 + �:

In a similar manner, we obtain

lim sup
n!1

1

n

E[l('(22)

n (Y n
; '

(11)

n (Xn)))] � �R12 + (1� �)R22 + �:

Since � > 0 is arbitrary, (4.16) yields

lim sup
n!1

1

n

E[l('(12)

n (Xn
; '

(21)

n (Y n)))] � �R11 + (1� �)R21 = R1;

lim sup
n!1

1

n

E[l('(22)

n (Y n
; '

(11)

n (Xn)))] � �R12 + (1� �)R22 = R2:
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Therefore, (R1; R2) is the achievable weak variable-length SWL rate pair.

Finally, for some constant K <1, we have

1

n

E[l('(11)

n (Xn))] =
1

n

E[l(b'(1)

Nn
(Xn))]

=
Nn

n

�
1

Nn

E[l(b'(1)

Nn
(Xn))]

<

Nn

n

�K:

Combining the above inequality and (4.18), we immediately obtain

lim sup
n!1

1

n

E[l('(11)

n (Xn))] = 0:

Similarly, we have

lim sup
n!1

1

n

E[l('(21)

n (Y n))] = 0:

This completes the proof of Theorem 2. 2

4.2 Proof of Corollary 3

The proof of the converse part is obvious. So, we only gives the achievability

part.

For a weak variable-length achievable SWL-I rate pair (R1; R2), there

exists a weak varible-length SWL-I code f(e'(11)

n ; e'(12)

n ; e'(21)

n ; e'(22)

n ; e'�1n )g1n=1
.

By using this SWL-I code, we construct a weak variable-length SWL-II code

f('
(11)

n ; '

(12)

n ; '

(21)

n ;

'

(22)

n ; '
�1

n )g1n=1
as follows:

'
(11)

n (x)
4

= e'(11)

n (x);

'
(21)

n (y)
4

= e'(21)

n (y);

'
(12)

n (x; '(21)

n (y))
4

= '
(21)

n (y) � e'(12)

n (x; '(21)

n (y));

= e'(21)

n (y) � e'(12)

n (x; e'(21)

n (y));

'
(22)

n (y; '(11)

n (x))
4

= '
(11)

n (x) � e'(22)

n (y; '(11)

n (x));

= e'(11)

n (x) � e'(22)

n (y; e'(11)

n (x)):

Then, it is easy to show that this code is achievable.
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4.3 Proof of Lemma 2

For any 0 < � < 2, any positive integer n, and any u > 0; v > 0, it is easy

to see

1

n

logmin(�; 1� �) + max(u; v)

�
1

n

logf� exp(nu) + (1� �) exp(nv)g � max(u; v):

Substituting u =
1

n

logP (1)

n (x;y); v =
1

n

logP (2)

n (x;y), we obtain

�n(x;y) �
1

n

log
1

Pn(x;y)
� �n(x;y) +

c0

n

8(x;y) 2 X n � Yn
;

(4.19)

where

�n(x;y)
4

= min

 
1

n

log
1

P

(1)

n (x;y)
;

1

n

log
1

P

(2)

n (x;y)

!
:

On the other hand, we have

P
(1)

n

�
(x;y) 2 X n � Yn :

1

n

logP (1)

n (x;y)�
1

n

logP (2)

n (x;y) � �
n

�
=

X
(x;y)2X

n
�Y

n
:

1
n
log

P
(1)
n (x;y)

P
(2)
n (x;y)

��
n

P
(1)

n (x;y)

�
X

(x;y)2X
n
�Y

n
:

1
n
log

P
(1)
n (x;y)

P
(2)
n (x;y)

��
n

P
(2)

n (x;y) exp(�n
n)

�
X

(x;y)2Xn�Yn:

P
(2)

n (x;y) exp(�n
n)

� exp(�n
n): (4.20)
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Then, by using (4.19) and (4.20), we obtain

P
(1)

n

(
(x;y) 2 X n � Yn :

1

n

log
1

P

(1)

n (x;y)
� 
n �

1

n

log
1

Pn(x;y)

�
1

n

log
1

P

(1)

n (x;y)
+
c0

n

)
a

= P

(1)

n

(
(x;y) 2 X n � Yn :

1

n

log
1

P

(1)

n (x;y)
� 
n �

1

n

log
1

Pn(x;y)

)
b

� P

(1)

n

(
(x;y) 2 X n � Yn :

1

n

log
1

P

(1)

n (x;y)
� 
n � �n(x;y)

)

= P
(1)

n

(
(x;y) 2 X n � Yn :

max

�
1

n

logP (1)

n (x;y);
1

n

logP (2)

n (x;y)

�
�

1

n

logP (1)

n (x;y) + 
n

�
= P

(1)

n

�
(x;y) 2 X n � Yn :

1

n

logP (2)

n (x;y) �
1

n

logP (1)

n (x;y) + 
n

�
c

� 1� exp(�n
n); (4.21)

where a
 and b
 follow from (4.19); c
 follows from (4.20). Similarly, we

have

P
(2)

n

(
(x;y) 2 X n � Yn :

1

n

log
1

P

(2)

n (x;y)
� 
n �

1

n

log
1

Pn(x;y)

�
1

n

log
1

P

(2)

n (x;y)
+
c0

n

)
� 1� exp(�n
n):(4.22)

De�ne a subset of X n � Yn as

B
(i)
n =

(
(x;y) 2 X n � Yn :

1

n

log
1

P

(i)
n (x;y)

� 
n �
1

n

log
1

Pn(x;y)

�
1

n

log
1

P

(i)
n (x;y)

+
c0

n

)
(i = 1; 2):
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Then, (4.21) and (4.22) imply

Prf(Xn
(i); Y

n
(i)) 2 B

(i)
n g � 1� exp(�n
n) (i = 1; 2): (4.23)

Hence, by using (4.23), we obtain

P
(i)
n

�
(x;y) 2 X n � Yn :

���� 1
n

log
1

Pn(x;y)
� �

���� � "

�
= P

(i)
n

�
(x;y) 2 X n � Yn :

����1
n

log
1

Pn(x;y)
� �

���� � " and (x;y) 2 B(i)
n

�
+P (i)

n

�
(x;y) 2 X n � Yn :

����1
n

log
1

Pn(x;y)
� �

���� � " and (x;y) =2 B(i)
n

�
� P

(i)
n

�
(x;y) 2 X n � Yn :

����1
n

log
1

Pn(x;y)
� �

���� � " and (x;y) 2 B(i)
n

�
+Pr

�
(Xn

(i); Y
n
(i)) =2 B

(i)
n

	
� P

(i)
n

�
(x;y) 2 X n � Yn :

����1
n

log
1

Pn(x;y)
� �

���� � " and (x;y) 2 B(i)
n

�
+exp(�n
n)

= P
(i)
n

�
(x;y) 2 X n � Yn : �� " �

1

n

log
1

Pn(x;y)
� �+ " and

1

n

log
1

P

(i)
n (x;y)

� 
n �
1

n

log
1

Pn(x;y)
�

1

n

log
1

P

(i)
n (x;y)

+
c0

n

)
+exp(�n
n)

= P
(i)
n

(
(x;y) 2 X n � Yn :

�� " �
1

n

log
1

Pn(x;y)
�

1

n

log
1

P

(i)
n (x;y)

+
c0

n

and
1

n

log
1

P

(i)
n (x;y)

� 
n �
1

n

log
1

Pn(x;y)
� �+ "

)
+exp(�n
n)

� P
(i)
n

(
(x;y) 2 X n � Yn : �"�

c0

n

�
1

n

log
1

P

(i)
n (x;y)

� � � "+ 
n

)
+exp(�n
n);
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which is the left-hand side in equality of (4.5). Similarly, by using (4.23) we

obtain

P
(i)
n

�
(x;y) 2 X n � Yn :

���� 1
n

log
1

Pn(x;y)
� �

���� > "

�
� P

(i)
n

�
(x;y) 2 X n � Yn :

���� 1
n

log
1

Pn(x;y)
� �

���� > " and (x;y) 2 B(i)
n

�
+Pr

�
(Xn

(i); Y
n
(i)) =2 B

(i)
n

	
� P

(i)
n

�
(x;y) 2 X n � Yn :

���� 1
n

log
1

Pn(x;y)
� �

���� > " and (x;y) 2 B(i)
n

�
+exp(�n
n)

= P
(i)
n

n
(x;y) 2 X n � Yn :�
1

n

log
1

Pn(x;y)
> �+ " or

1

n

log
1

Pn(x;y)
< �� "

�
and

1

n

log
1

P

(i)
n (x;y)

� 
n �
1

n

log
1

Pn(x;y)
�

1

n

log
1

P

(i)
n (x;y)

+
c0

n

)
+exp(�n
n)

� P
(i)
n

n
(x;y) 2 X n � Yn :

�+ " <

1

n

log
1

Pn(x;y)
�

1

n

log
1

P

(i)
n (x;y)

+
c0

n

or
1

n

log
1

P

(i)
n (x;y)

� 
n �
1

n

log
1

Pn(x;y)
< �� "

)
+exp(�n
n)

� P
(i)
n

(
(x;y) 2 X n � Yn :

1

n

log
1

P

(i)
n (x;y)

> �+ "�
c0

n

or
1

n

log
1

P

(i)
n (x;y)

< �� "+ 
n

)
+ exp(�n
n)

= 1� P
(i)
n

n
(x;y) 2 X n � Yn :

�" + 
n �
1

n

log
1

P

(i)
n (x;y)

� � � "�
c0

n

)
+ exp(�n
n):
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This implies that

P
(i)
n

�
(x;y) 2 X n � Yn :

���� 1
n

log
1

Pn(x;y)
� �

���� � "

�
� P

(i)
n

(
(x;y) 2 X n � Yn : �"+ 
n �

1

n

log
1

P

(i)
n (x;y)

� � � "�
c0

n

)
� exp(�n
n);

which shows the right-hand side inequality of (4.5). This completes the proof

of Lemma 2. 2
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