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Abstract

Present explicit constructions of universal codes for the following
multiterminal source coding system
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* Fixed-to-fixed length (FF) and fixed-to-variable length (FV)
lossless coding schemes are considered.

* Key technigues: type theory, graph theory
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Introduction

* Coding problems for correlated information sources were
originally investigated by Slepian and Wolf [SW73]

Decoded sequence 1

Input sequences

N

X” » Encoder 1 — X”

Decoder 1

Y” » Encoder 2

j}n

Decoded sequence 2

* The problem of universal coding for this systems was first
investigated by Csiszar and Korner [CK80].

* Subsequent work has mainly focused on the Slepian-Wolf
coding system

© Since it appears to be difficult to construct universal
codes for most of the other coding systems.
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Main contributions

Construct universal codes for the complementary delivery
coding system
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® Our previous report [KUO6]: Considered the lossy
configuration and clarified the rate-distortion function.

* This report: Consider a lossless configuration and construct
universal codes.
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Preliminaries (1/2)

* X.Y:. finite alphabets, B: a binary set,
B*. a set of all finite sequences in B,
| X|:  cardinality of X.

°* 2" = (21,22, -+ ,Ty): Member of X".

o When the dimension is clear from the content, vectors
will be denoted by boldface letters, i.e., x € X"

* M(X): the set of all probability distributions on &,
M(X|Py): the set of all probability distributions on X
given a distribution Py € M())

* X:. adiscrete memoryless source taking values in X with
a generic distribution Px € M(X)
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Preliminaries (2/2)

° H(X), H(Px): entropy of X,
H(X|Y), H(Pxy|Py): conditional entropy of X given Y,
D(Px||Py): divergence between Px and Py.
* T the set with sequences of type @,
TV;(x): the set of sequences with conditional type
V.:X — Yforagivenx € X",

* P,(X): the set of types of sequences in X",
Vin(V|Q): the set of conditional types of sequences in )"
for a given Q € P, (X) s.t. Ty} (x) # 0 for any = € T75.
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Minimum achievable rate

Theorem 1. [WWWO02]

Rr(X,Y) = max{H(X|Y), H(Y|X)}
= max{H (Pxy|Py), H(Pyx|Px)}
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FF Coding scheme (1/4)

1. (Type selection)
For a given coding rate R > 0, select joint types
Qxy € Pn(X x )) that satisfy

max{H(W|Qy), H(V|Qx)} < R,

where Qx € P, (X), Qy € Pn(Y), V € V,(V|Qx) and
W e V,(X|Qy) that satisfy QxV = QyW = Qxy.

If max{H(W|Qy),HV|Qx)} > R
—— codewords will not be assigned.
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FF Coding scheme (2/4)

2. (Table creation)
Create a coding table for each joint type @) xy selected in
Step 1. Each row of the coding table corresponds to a
sequence x € 1 , and each column corresponds to a

sequence y € 1, .

Ow | M V2 V3 W4 ysCTQnY
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FF Coding scheme (3/4)

3. (Cell marking)
Mark cells that correspond to sequence pairs (x,y) € TCSXY

Codewords will be given only to sequence pairs that
correspond to marked cells.

Ow | M V2o Vs Vi Vs
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Coding scheme (4/4)

4. (Codeword assignment)
Fill the marked cells with exp(nR) different symbols such
that each symbol occurs at most once in each row and at
most once in each column.

5. Foragiven (z,y) € X x ), the codeword is

Vi Yo Vs Vs s
 NORONC©)
Index assigned tothetype+ x, |(@ ORO
of the sequence pair X, G (1 (@
@ @ ©
X5 @ @ @

SITA2006 in Hakodate 2005.12.1 — p. 13



Lemmas that support the coding scheme (1/3)

Lemma 1. For a given coding table of a joint type () xy € Pn(X X y),

® the number of marked cells in every row of the coding table is a constant

N; st. N < exp(nR),

® the number of marked cells in every column of the coding table is also a
constant N, s.t. N, < exp(nR)

both of which depend solely on the joint type () xy .

Sketch of the proof.
For a given type Q xy and (z,y) € T, both N, = |T7}(x)| and
N, = |17}, (y)| are constant. O
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Lemmas that support the coding scheme (2/3)

Lemma 2. For given positive integers 1y, 1My, N, and 1, that satisfy
Mg > Ny and my, > ny, there exists a m, X m,, table filled with

max(n, n,) different symbols such that

® at most n, cells are filled with a certain symbol for each row (blank cells

are possible),

® at most n, cells are filled with a certain symbol for each column (blank
cells are possible),

® each symbol occurs at most once in each row and at most once in each
column.
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Lemmas that support the coding scheme (3/3)

Sketch of the proof.

i Vo Vi Vi Y5 XX, XX, X
5|00 O T RR A AT
x, | @ ® ®
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s @e0 Booo¥ ¥ oy )

The following lemma ensures the existence of the above bipartite graph.

Lemma 3. (Konig [K16])

If a graph G is bipartite, the minimum number of colors necessary for edge
coloring of the graph & equals the maximum degree of (5.
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FF coding theorems (1/2)

Theorem 2. (Direct part)
For a given real number R > 0, there exists a sequence of universal FF
codes { (", @?1), @7(12))}%0:1 such that for any integer n > 1 and any

source (X,Y)

log M,

VAN

nR+ |X x Y|log(n + 1),

pX) 4 o) < 9+ 1)V exp {—n min D(QXyHPXy)} :
QRQxyESL(R)

where

Spn(R) = {Qxy € Po(X x)Y) max{H(V|Qx), HW|Qy)} > R,
Qx € Pn(X),Qy € Pn(Y),
VeV,(Q|Qx), W €V, (X|Qy),
Qxy = QxV = QyW}.
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FF coding theorems (2/2)

Theorem 3. (Converse part)
Any sequence of FF codes {(¢", @?1), @?2)) 0, for the source (X, Y)
must satisfy

1
(X) 4 () > - i D P
o TP 2 S ) eXp{ " oy ety e, D @xv XY)}

for any integer n > 1 and a given coding rate K = l/n log M,, > 0, where
€n, — 0 (n — 00).

This theorem implies that the error exponent obtained in Theorem 12/is
asymptotically optimal.

SITA2006 in Hakodate 2005.12.1 — p. 19



Conclusions

Investigated a universal coding problem for the complementary
delivery coding system.
* Presented an explicit construction of universal FF codes
° The proposed coding scheme can achieve the optimal
error exponent.
* Can apply the FF coding scheme to construction of FV
universal codes
© Codeword lengths converge to the minimum achievable
rate almost surely.

Future work

* Extend the results to other classes of information sources
* Construct universal codes for the lossy configuration
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Thank you
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Appendix
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Variable-length coding

Basically the same as the FF coding scheme. The codeword is

Yi Vo Vi Vi Ys

x |© @ G
x, |(@ ORO
X3 ONORO

| ® @ @
Xs @ G @

Index assigned to the type +

* Coding tables are created for every type @@ € P(X x Y), and
therefore codewords are assigned to every seguence pair.

* max{exp(nH (V|Qx)),exp(nH(W|Qy))} different symbols
are necessary to fill the coding table with.
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FV coding theorems (1/2)

Theorem 4. (Direct part)
There exists a sequence of universal FV codes { (", @?1), @”’é)) 5° | such

that for any integer n > 1 and any source (X, Y) the overflow probability is
bounded as

2n(R) & Pr{l(o"(X™,Y™) > n(R+en)}
- IR {_ 0 D(OxlIP }
< (n+1) R (Qxv]||Pxy)

where €, — 0 (n — o0). This implies that there exists a sequence of

universal FV codes { (", @"&), @?2)) o0 | that satisfies

1
limsup —I("(X™,Y")) < Rp(X,Y) as

n—oo N
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FV coding theorems (2/2)

Theorem 5. (Converse part)

Any sequence of FV codes { (¢", @?1), @?2))}3021 for the source (X, Y)
must satisfy

En(R) > (n - 11)|X><y| exp {—n min D(QXYHPXY)} :

QXY ESn (R+€n)

for a given real number K > 0 and any integer n > 1, where ¢,, — 0
(n — 00).
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