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We demonstrate that a tight-binding Hamiltonian with nearest- and next-nearest-neighbor hopping
integrals can be decomposed into bulk and boundary parts for honeycomb lattice systems. The
Hamiltonian decomposition reveals that next-nearest-neighbor hopping causes sizable changes in the
energy spectrum of surface states even if the correction to the energy spectrum of bulk states is negligible.
By applying the Hamiltonian decomposition to edge states in graphene systems, we show that the next-
nearest-neighbor hopping stabilizes the edge states. The application of Hamiltonian decomposition to a

general lattice system is discussed.
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The energy band structure is of central importance in
understanding the electronic properties of material. A
tight-binding (TB) model is a versatile approach to study
the electronic, magnetic and transport properties of a solid
since the TB model describes the qualitative features of the
energy band structure [1]. The long-range hopping terms
such as next-nearest-neighbor (NNN) hopping are often
added to the TB model with nearest-neighbor (NN) hop-
ping to improve the energy band structure. In many cases,
the NNN correction to the energy band structure is not a
matter of particular importance. In this Letter, we show
that the NNN hopping can change appreciably the energy
spectrum of surface states which appear near the boundary
of a system even when the correction to the energy spec-
trum of bulk states is negligible. We explain this by decom-
posing the NNN TB Hamiltonian into two parts: bulk and
boundary parts. This Hamiltonian decomposition is essen-
tial to understanding the stability of surface states.

We wuse graphene systems to demonstrate the
Hamiltonian decomposition for the following reasons.
(1) Graphene is known to have both bulk and surface states.
The bulk states exhibit a “relativistic’” energy band struc-
ture called the Dirac cone [2,3], and the surface states
called the edge states appear near the zigzag edge [4].
(2) The edge states have been observed by several experi-
mental groups [5-8], and a theoretical understanding of the
experimental results is called for. In fact, the NNN hopping
is important to explain the experimental results [9]. (3) The
edge states have a large density of states (DOS) near the
Fermi energy, which is responsible for the Fermi instabil-
ities. Since the DOS depends on the energy spectrum or
bandwidth of the edge states, the NNN hopping is impor-
tant for the appearance of many-body effects of the edge
states [10,11]. Thus, graphene is a good testing system for
the Hamiltonian decomposition not only from a theoretical
but also from an experimental point of view.

We study the NN (NNN) TB Hamiltonian, Hyy (Hann)s
which is defined as
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where ¢; (c:r) is the annihilation (creation) operator of an
electron at the ith site, vy, (7y,) is the NN (NNN) hopping
integral, and the matrix element [ H yn1i; ([H aanlij) is 1
when the ith site is a (next) NN site of jth site and is zero
otherwise. In the following, we will show that Hyyny can be
decomposed into bulk and boundary (edge) parts for a
graphene with zigzag edge.

Suppose that we put an electron on the central site
denoted by the empty circle in Fig. 1(a). The initial state
is labeled as |¥,) = cg |0). We operate on |W,) with
Hyn/(=70), then H \y transfers the electron to three
NN sites denoted by the solid circles in Fig. 1(a). This
state is written as () = Y icallH anlioc 10). The num-
bers associated with the solid circles in Fig. 1(a) indicate
the matrix element of FH \y. The successive operation of

)

(a)

FIG. 1. (a) An electron at the central site, |W,) = cg [0), is
transferred to three NN sites by Hyn/(—7¢). The resultant state
is [W)) = Yical H anlioc0). (b) H %y transfers the electron
to the NNN sites. At the same time, JH g returns the electron to
the original site. The matrix element of [ H %y ];; that returns the
electron to the original site is given by 3 because there are three
NN sites around the central site. (c) The matrix element for the
return process [ ZxJii depends on whether the site is a bulk site
((HZnJii = 3) or a zigzag edge site (H ], = 2).
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Starting from the initial site, the electron reaches the NNN
sites as shown in Fig. 1(b). Thus, the two successive NN
hopping processes relate to the NNN hopping process. This
indicates that JH %y includes H \ny. However H %y and
JH \nn are not identical because in H %y there is a diago-
nal matrix element that returns the electron to the original
site, that is, |W{) of Eq. (2) contains the term with j = 0.
Since there are three NN sites around the original site, the
amplitude of this return process is 3 as shown in Fig. 1(b).
H Zx and H ynn become identical if we subtract the
corresponding diagonal matrix element from Zn- This
matrix is proportional to the unit matrix, [1];; = &;;.

For a periodic system, since the number of bonds of
every site is three, we have H ywn = H % — 31. Putting
this into Eq. (1), we see that Hyny can be rewritten as

Hyw = ~vn D, cl[Hiy — 31, 3)

i,jE€all

The matrix FH \y can be diagonalized by a unitary matrix
as [UJ{NNUT]M = E,/(—70)8 4. where E, is the energy
eigenvalue of an eigenstate |E,,). Then, from Eq. (3) we see
that Hyy and Hyny can be diagonalized simultaneously by
the basis of |E »). and the energy eigenvalue of the total
Hamiltonian, Hyy + Hnnn, 1S given by

Ep 2
E, - vn( ) T 3y, @)
Yo

for IEI,). In Eq. (3), Hynn contains the on-site potential

part, 3ynzi€anc;rci. This on-site potential can be ignored
since it changes only the origin of the energy band struc-
ture, as shown by 3y, in Eq. (4) [2]. This statement is
correct for a periodic system without boundary, but is not
approved for a system with boundary. It is because of that
the number of bonds of the edge sites is different from that
of a bulk site and the corresponding on-site potentials at the
edge sites are different from those at the bulk sites.

To show this explicitly, we put an electron on the zigzag
edge site labeled as 2 in Fig. 1(c). The electron is trans-
ferred to the NNN sites by FH %y. For this time, however,
the matrix element of the on-site potential term that we
need to subtract from FH 2\ in order to get H oy is 2
because the number of bonds is 2 for the edge site. It is
different from 3 for a nonedge (bulk) site. Thus, we obtain
the formula for Hyny as

Hyaw = —Va Z HIHANT — glllife;, (9
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where g; is the number of bonds of the ith site. Since we
can shift the origin of the energy by 37, without a loss of
generality, Eq. (5) can be written as

HxNN = —Va Z C;r[}[lz\IN]ijCj + Y Z (gi — 3, (6)

i,jE€all i€all

where 71; = ler ¢, is the number operator of the ith site. The
first term in Eq. (6) [or the second term of Eq. (4)] shows
that Hyny breaks the particle-hole symmetry of Hyy be-
cause H \nn contains the square of JH yy. The second
term in Eq. (6) represents quantum well potentials at the
edge sites with potential depth of —y,, because g; = 2 fora
zigzag edge site. The quantum well potential appears only
at an edge site whose number of bonds is different from
those of a bulk site. Therefore, a surface state appearing
near the boundary is strongly affected by this potential. For
bulk states, only the first term of the right-hand side of
Eq. (6) is important. In fact, if a system has no boundary (if
a system is periodic), the second term of Eq. (6) disappears
and the NNN Hamiltonian is given only by the first term.
Therefore, the first term can be considered as the bulk part
and the second term is as the edge part of the NNN

. . . d
Hamiltonian, i.e., Hyny = HRAK, + Hypins Where

HYK =~y > cIH e
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The edge state is labeled by the wave vector along the
zigzag edge, k, as |E(k)). Here E(k) denotes the energy
eigenvalue of Hyy. Since E(k) of the edge state is very
close to zero [4], the energy shift due to HRK,
—(y,/v3)E(k)?, is negligible. Thus, the energy correction
to the edge state arises from Hyny as

AE(K) = =y, Y. (E®)|A;|E(K)). (8)

i€edge

It is only the density at the edge sites that determines
AE(k). The energy bandwidth (W) of the edge states can
be calculated in the following way. As k approaches
the Fermi point, i.e., ka — 27/3 or 47/3 (a is lat-
tice constant), the edge state changes into a bulk state
since the localization length &(k) — co [4,12]. Then
Y icedge{E(R)|A|E(K)) is negligible and AEQ2w/3a) =
AE(47/3a) = 0. On the other hand, the k = 7/a state is
the most localized state satisfying &(7r/a) = 0. For this
state, we have Y40 (E(K)| ;| E(K)) = 1 and AE(7r/a) =
—1v,. It shows that the k = 7/a state (the Fermi point) is
located at the bottom (top) of the energy band and W = v,
for the edge state. This result of W = vy, reproduces the
energy bandwidth that is numerically calculated for the
zigzag edge shown in Fig. 2(a) [9]. The quantum well
potential of Hies, lowers the edge state’s energy if 7, is
a positive value. We adopt y,, = 0.3 eV. A similar value is
obtained by a first-principles calculation with the local
density approximation [13].

It should be mentioned that Egs. (5) and (6) include
NNN hopping between sites which are connected by two
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FIG. 2. (a) The energy band structure of graphene system with
the zigzag edge. This plot is obtained by diagonalizing Hyy +
Hynn — 37, numerically. We adopt yy = 3.0eV and vy, =
0.3 eV. The horizontal axis is a wave vector along the zigzag
edge (k) multiplied by the lattice constant (a). (b) The lattice
structure of the Klein edge. The NNN hopping between NNN
edge sites (i and j or i and j') is not represented by the double of
the NN hopping. (c¢) The energy band structure of a graphene
system with the Klein edge. (d) A graphene system with a
boundary and a lattice vacancy. Hﬁf}%ﬁl gives an on-site potential
energy shift of —v,, at carbon atoms denoted by solid circles.
There is a disconnected NNN Hamiltonian at the dotted lines
around the lattice vacancy.

successive NN hopping processes. Two successive NN
hopping processes do not include disconnected NNN hop-
ping process. The disconnected NNN process is relevant to
the Klein edge as shown in Fig. 2(b) [14]. Because 12\IN
cannot transfer an electron at the edge site (i) to the NNN
edge site (j or j'), we have to add " de x> Which represents
the NNN hopping between disconnected sites, to the ma-
trix of the right-hand side of Eq. (5) in order to get a
complete HH . Thus we have

Hyww = — s Z C,T{[g'[ﬁw]ij —glll; + [H%CNN]U}C/'-
i,jE€all

€)

Since [ H {1 is not zero only when i and j are both the

edge sites, the disconnected NNN Hamiltonian is written
as

NNN
dc = _ dc - _ t
H{zw = —Va Z Ci[}[NNN]ijCj Vn Z ¢ Cj
i,jE€all i,jEedge

(10)

H{ can be classified into the edge part of the NNN
Hamiltonian since HES, is given by the creation and
annihilation operators at the edge sites. If we represent
the wave function using the density n and phase 0 as | V) =

Dical \/n_ieiafc;r |0), then we have

NNN
(PIHENIY) = —y, > ymm; @0, (1)
i,jEedge

This result shows that not only the density (,/n;7;) but also
the relative phase (6; — ;) of the localized wave function
is important for the energy shift. This is contrasted to the
fact that the quantum well potential couples only to the
density of a quantum state. If there is a lattice periodicity
along the edge, we can set §; = (ka)i and n; = n;. Then
Eq. (11) becomes

(WIHEN W) = =27, cos(ka) D n;. (12)

i€Eedge

Since g; = 1 for the Klein edge sites, the edge part of the
NNN Hamiltonian is written as

NNN
d; ~
HOSR = =2y, D =¥, D cle; (13)
i€edge i,jEedge

Using Eq. (12), we get AE(k) ( = (E(k)|HSE | E(k))) for
the Klein edge as

AE(k) = =2y,[1 + cos(ka)] Y ni(k), (14

i€edge

where n;(k) = (E(k)|A;|E(k)). The energy bandwidth for
the Klein edge states is calculated as follows. Near the
Klein edges, the edge states appear for 0 < k < 27/3a and
417/3a < k = 27 /a [see Fig. 2(c)]. It can be shown that
the wave function of the most localized state is given by
k = 0 state, and the sum of the densities at the Klein edge
sites is given by 3 ;ecqee2i(0) = 3/4 [12]. Then, by putting
k = 0 into Eq. (14), we have AE(0) = —37,. Thus, W for
the Klein edge is 37y, (=0.9 eV). This result also repro-
duces the energy bandwidth that is numerically calculated
for the Klein edge shown in Fig. 2(c). Half of W comes
from the quantum well potential and the other half of W is
due to the disconnected NNN hopping process.

Here let us summarize the formula for the NNN
Hamiltonian: Hyny can be decomposed into bulk and

edge parts as Hyny = HRUK + HSE with

bulk — t 2
HYNN =~V Z Ci [}[NN]ijer
i, jE€all
edge __ N d
HNI\%N = 771 Z (gl - g)ni - 711 Z C;‘r[g-[NCNN]ijCj.
i€Eedge i,jEedge

(15)

g is the number of bonds of a bulk site. The first term of the
right-hand side of HES, in Eq. (15) represents quantum
well potentials at the edge sites. It is only the number of
bonds at the edge site which determines the depth of the
quantum well potential. As a result, the quantum well
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potential appears at the edge sites, regardless of the edge
shape. For example, in the case of graphene, g; # g(= 3)
not only for the zigzag (or Klein) edge sites but also for the
armchair edge sites. Thus, for a finite system of graphene
shown in Fig. 2(d), the quantum well potentials of —v,, are
denoted by the solid circles. The quantum well potential at
the armchair edge may not be of as much importance as the
zigzag edge because the edge state of a graphene is absent
from the armchair edge [4—6]. It is also interesting to note
that g; # g for the three sites around a lattice vacancy. In
addition to the quantum well potentials at the three sites,
the disconnected NNN hopping appears between them.

We remark on other effects that can modify the energy
spectrum of the edge states. First, it is naively expected that
the orbital energy at an edge carbon atom is different from
that at a bulk atom when a functional group attaches to the
edge atom. The attachment of a functional group gives rise
to an additional change of the energy bandwidth of the
edge states. However, this energy shift may be a positive or
negative value depending on the type of functional group.
This can be distinguished from the energy shift due to the
NNN Hamiltonian because it is always a negative value.
Second, W can be modified by the electron-electron or
electron-phonon interactions because they give rise to a
self-energy correction to the edge states. A theoretical
calculation of the self energy for the edge states is given
in Refs. [10,15].

We note that Eq. (15) is not restricted to graphene
systems but is applicable to other two-dimensional systems
like the square lattice, and three-dimensional systems. Let
us consider the application of Hamiltonian decomposi-
tion to a square lattice system. On a square lattice, two
applications of a NN hopping produces hopping not just
to NNN, but even to the 3rd NN sites. Thus we need to
subtract hopping between 3rd NN sites (FH 3,4) from FH %y

in order to get H yyn. This modifies H2X in Eq. (15) as

HYK = =7, > cHHW — [Hsalde.  (16)

i,jE€all

On the other hand, HS:, does not change even for the
square lattice system. The NNN Hamiltonian stabilizes
surface states in a general system through the quantum
well potentials. The energy dispersion relation of surface
states is observed below the Fermi level by high-resolution
photoemission studies of the (111) surfaces of copper,
silver, and gold [16]. We speculate that the observed
stability of the surface states is due to the edge part of
the NNN Hamiltonian.

In conclusion, Hyny can be decomposed into the bulk
and edge parts as shown in Eq. (15). If the energy spectrum
of Hyy is symmetric with respect to E = 0, then HY4K
breaks this symmetry. If Hyy has a localized energy eigen-

state near the edge of a system, then Hﬁﬁﬁ; is relevant to
shifting the energy eigenvalue through the quantum well
potential and the disconnected NNN edge Hamiltonian.
The quantum well potential couples only to the density,
whereas the disconnected NNN edge Hamiltonian couples
to the phase of the localized wave function. Although the
Hamiltonian decomposition is proved for two-dimensional
graphene systems, it works for other systems like a one-
dimensional chain of atoms and a three-dimensional lattice
system as well.
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