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Optimization of evaporative cooling towards a large number of Bose-Einstein-condensed atoms
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We study the optimization of evaporative cooling in trapped bosonic atoms on the basis of quantum kinetic
theory of a Bose gas. The optimized cooling trajectory for87Rb atoms indicates that the acceleration of
evaporative cooling around the transition point of Bose-Einstein condensation is very effective against loss of
trapped atoms caused by three-body recombination. The number of condensed atoms is largely enhanced by the
optimization, more than two orders of magnitude in our present calculation using relevant experimental pa-
rameters, as compared with the typical value given by the conventional evaporative cooling where the fre-
quency of radio-frequency magnetic field is swept exponentially. In addition to this optimized cooling, it is also
shown that highly efficient evaporative cooling can be achieved by an initial exponential and then a rapid linear
sweep of frequency.

DOI: 10.1103/PhysRevA.67.023601 PACS number~s!: 03.75.Kk, 05.20.Dd, 32.80.Pj
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I. INTRODUCTION

Evaporative cooling is an essential experimental te
nique in the recent demonstrations of Bose-Einstein cond
sation~BEC! with magnetically trapped atomic vapor@1–5#.
This cooling method is based on both the selective remo
of energetic atoms through evaporation and collisional
thermalizations among remaining atoms@6,7#. The success-
ful utilization of interatomic elastic collisions makes evap
rative cooling highly efficient. A real system, howeve
involves other atomic collisions, such as elastic collisio
with background gas, inelastic collisions due to dipolar
laxation and three-body recombination processes. These
desirable collisions result in a loss of the trapped atoms
seriously reduce the effectiveness of evaporative cooling

For alkali-metal atoms, such as87Rb and 23Na, three-
body recombination becomes a dominant loss mechan
during evaporative cooling@6#, and limits the final number o
condensed atomsN0 in the experiments. It is known tha
87Rb atoms suffer much severer losses than23Na atoms due
to their much large rate coefficient of three-body recombi
tion process@8,9#. BEC experiments have clearly reflecte
this fact: the reportedN0 value in 87Rb is 106 at most@10#,
while that in 23Na is up to 53107 @11#. The small BEC of
87Rb is a great disadvantage with respect to its future ap
cation as an ‘‘atom laser’’@12# and has to be overcome.

In this paper, we report the theoretical optimization
evaporative cooling, focusing on BEC experiments w
87Rb atoms. Several theoretical works have considered
optimization of evaporative cooling to increase the cool
efficiency @13,14,6#. Especially, Ref. @14# optimized the
evaporative cooling in atomic hydrogen not only theore
cally but also experimentally. However, these studies
based on kinetic theory of a classical gas which fails aro
the BEC transition point and, therefore, do not give us a
information on the number of condensed atoms produced
evaporative cooling. Our analysis is based on quantum
netic theory of a Bose gas@15# and can provide quantitativ
results on the increase in the number of condensed atom
1050-2947/2003/67~2!/023601~6!/$20.00 67 0236
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optimizing the evaporative cooling. We optimize the temp
ral frequency sweep of the radio-frequency~rf! magnetic
field under a fixed trapping potential by following the vari
tional method developed by Sackettet al. for evaporative
cooling in a classical gas system@13#. We show that an ac-
celerated sweep of the rf-field frequency around the B
transition point can largely enhance the final number of c
densed atoms compared with conventional cooling with
exponential sweep of the frequency. It is also demonstra
that highly efficient evaporative cooling can be achieved
an initial exponential and then a rapid linear sweep of f
quency. Our present results provide a useful guideline to
perimentalists aiming to achieve large condensates in87Rb
atoms.

II. KINETIC THEORY OF EVAPORATIVE COOLING

A. Thermodynamics of trapped bosonic atoms

We begin with a review of our theoretical formulatio
@15#. During evaporative cooling, a magnetic potentialU(r )
is truncated depending on the frequency of the applied
magnetic field. The thermalized distribution of nonco
densed atoms in such a truncated potential is well appr
mated by the truncated Bose-Einstein distribution funct
such that

f̃ ~r ,p!5
1

exp~ep /kBT!/ j̃~r !21
Q~Ã~r !2ep!, ~1!

whereT is the temperature,ep5p2/2m is the kinetic energy
of atoms with momentump and massm, andQ(x) is a step
function. In this paper, we add tilde to the notations of t
quantities evaluated through this truncated distribution fu
tion. j̃(r ) denotes the local fugacity including mean-fie
potential energy; j̃(r )5exp$@m2U(r )22vñ(r )#/kBT%,
wherem is the chemical potential,v54pa\2/m is the inter-
action strength of atoms in proportional to thes-wave scat-
tering lengtha, andñ(r ) is the density profile of atoms. Th
©2003 The American Physical Society01-1
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step function eliminates the momentum states whose kin
energy exceeds the effective potential heightÃ(r )5e t

2U(r )22vñ(r ), where e t is the truncation energy of a
magnetic potential. We calculate the density profile of ato
using this truncated distribution function in a self-consist
way such that

ñ~r !54ph23E f̃ ~r ,p!p2dp, ~2!

and the internal energy density similarly as

ẽ~r !54ph23E epf̃ ~r ,p!p2dp1vñ2~r !1U~r !ñ~r !.

~3!

The spatial integrations of these density functions give
total number of atoms,Ñ5* ñ(r )dr , and the total interna
energy,Ẽ5* ẽ(r )dr , respectively.

After the BEC transition, the atom density in the co
densed region is obtained by the sum of a condensaten0(r )
and saturated noncondensed atomsñn such that ñ(r )
5n0(r )1ñn . The condensate is described by the Thom
Fermi distributionn0(r )5np2U(r )/v with the peak density
of the condensate at the center of potentialnp , while ñn is
evaluated through the truncated Bose-Einstein distribu
function with the conditionj̃(r )51.

B. Dynamics of evaporative cooling

The dynamics of trapped atoms during evaporative co
ing is investigated on the basis of quantum kinetic theory
a Bose gas, developed previously by the present authors@15#.
Trapped atoms are removed from the potential by not o
evaporation but also undesirable collisions, as mentione
the introduction. The change rates~i.e., loss rates! of the total
number of atoms and the total internal energy are calcula
respectively, as the sum of the contributions of all proces
such that,

dÑ

dt
52E ṅev~r !dr2(

s51

3

GsE Ks~r !@ ñ~r !#sdr

1S ]Ñ

]e t
D

T,m

ė t ,

dẼ

dt
52E ėev~r !dr2(

s51

3

GsE Ks~r !ẽ~r !@ ñ~r !#s21dr

1S ]Ẽ

]e t
D

T,m

ė t . ~4!

The ratesṅev andėev denote the evaporation rates of dens
functions derived from a general collision integral of a Bo
gas system@15,16#. The parametersG1 , G2, andG3 are the
decay rate constants of trapped atoms due to the backgr
gas collisions, dipolar relaxation, and three-body recomb
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tion, respectively.Ks represents the correlation functio
which describes thesth order coherence of trapped atom
and we assume the expressions ofKs for an ideal Bose gas
system@17,8#. The terms proportional to the change rate
truncation energy,ė t5de t /dt, give the contribution of extra
atoms ‘‘spilled over’’ whene t changes continuously in th
forced evaporative cooling@18,14#. The dynamics of the
evaporative cooling including the loss of trapped atoms
described by the coupled differential equations in Eq.~4!. In
our theoretical framework based on truncated Bose-Eins
distribution function, all thermodynamic quantities are giv
as the complicated functions of three independent variab
temperatureT, chemical potentialm, and truncation energy
e t . We derive here the useful thermodynamic relations
terms of the change rates of these variables:

dÑ

dt
5S ]Ñ

]T
D

m,e t

Ṫ1S ]Ñ

]m
D

T,e t

ṁ1S ]Ñ

]e t
D

T,m

ė t ,

dẼ

dt
5S ]Ẽ

]T
D

m,e t

Ṫ1S ]Ẽ

]m
D

T,e t

ṁ1S ]Ẽ

]e t
D

T,m

ė t , ~5!

whereṪ andṁ are the change rate of temperature and tha
chemical potential, respectively. Substituting these relati
into Eq. ~4!, we clearly see that the terms proportional toė t

are canceled out and bothṪ and ṁ are determined by three
variablesT, m, ande t .

C. Optimization of cooling trajectory

The optimum cooling trajectory in the evaporative coo
ing process is obtained approximately by following the
stantaneous optimization procedure investigated in Ref.@13#.
We determine the optimized cooling trajectory so as
achieve the maximum increase in phase-space densityr̃ with
the smallest decrease in the number of trapped atomsÑ. In
the nonuniform gas system, the phase-space density is e
ated at the peak position and given byr̃5ñ(0)l3 with the
thermal de Broglie wavelengthl5h/A2pmkBT. At each
time, we calculate the optimum truncation energye t* by

maximizing the derivative,2d(ln r̃)/d(ln Ñ), which de-
scribes the efficiency of evaporative cooling@13,6#. We use a
more useful form of this derivative rewritten in terms
change rates of temperature, chemical potential, and tru
tion energy as,

2
d~ ln r̃ !

d~ ln Ñ!
52

S ]r̃

]T
D

m,e t

Ṫ1S ]r̃

]m
D

T,e t

ṁ1S ]r̃

]e t
D

T,m

ė t

S ]Ñ

]T
D

m,e t

Ṫ1S ]Ñ

]m
D

T,e t

ṁ1S ]Ñ

]e t
D

T,m

ė t

S Ñ

r̃
D .

~6!

In the optimized evaporative cooling, the truncation para
eter h5e t /kBT changes more slowly than the variablesT,
m, and e t . We neglect the change rate of this truncati
1-2
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parameter, and consequentlyė t is related to Ṫ as ė t /e t

5Ṫ/T in Eq. ~6!. The value of optimum truncation energ
e t* is given as a function of both temperatureT and chemical
potentialm. Substituting thise t* into Eq. ~4!, we obtain the
coupled differential equations describing the dynamics of
optimized evaporative cooling. The time-evolution calcu
tions are carried out numerically by repeating a series
steps consisting of instantaneous optimization and dynam
short-time evolution of Eq.~4! with the temporal value of
e t* . Furthermore, we assume quick rethermalization, wh
the system is always described by the truncated distribu
function @15,7#. The obtained functione t* (t) corresponds to
the optimized sweeping function of the rf-field frequency.

In the following section, we will show the numerical re
sults calculated by using relevant experimental parame
and discuss the experimental possibility of making large c
densates in87Rb atoms.

III. NUMERICAL RESULTS AND DISCUSSIONS

A. Optimized evaporative cooling

In our numerical calculations, we employed paramet
corresponding to the experiments performed at the Univ
sity of Tokyo @19#. The cloverleaf magnetic trap with
bias field B0, radial gradient B8, and axial curvature
B9 was modeled by the magnetic field of Ioffe-Pritcha
type such thatB(r ,z)5A(ar )21(bz21B0)2, where a
5AB822B9B0/2 andb5B9/2. We used the typical value
adopted experimentally, such asB050.9 G, B8
5180 G/cm, andB95170 G/cm2. The corresponding trap
ping frequencies arev r52p3171 Hz in the radial direc-
tion, andvz52p311.8 Hz in the axial direction. The colli
sional parameters for the trappedF51, mF521 state were
set as follows@8#: s-wave scattering lengtha55.8 nm, loss
rate constants due to background gas collisionsG1
50.01 s21, dipolar relaxationG251.5310216 cm3 s21, and
three-body recombinationG354.3310229 cm6 s21. We
choose the temperatureT5150 mK, the peak densityñ(0)
54.031011 cm23, and the number of trapped atomsÑ
51.03109 as the initial evaporative cooling conditions.

The exponential sweep of the rf-field frequency is usua
adopted in BEC experiments@19#. We also performed calcu
lations assuming that the frequencyn is swept exponentially
from 35 to 0.67 MHz in 60 s as in Ref.@19#. The comparison
between the different sweeps of rf-field frequency, optimiz
or exponential, will clarify the merit of the present optimiz
tion procedure.

Figure 1 shows each sweep of the rf-field frequency.
see that the sweeping time~i.e., the cooling time! in the
optimized case is about half that of exponential-sweep c
ing for 60 s. The shorter sweeping time in the optimiz
cooling is advantageous for BEC experiments since the lo
time evaporative cooling easily becomes inefficient due
the instability of the magnetic trap. Furthermore, it is fou
that the optimized frequency sweep becomes rapid at
final stage of the cooling process, i.e., after about 27 s,
such a sweep is quite opposite to the exponential one w
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slows down over time. As shown in the inset of Fig. 1, t
optimization procedure accelerates the evaporation aro
the BEC transition point. Similar acceleration of evaporati
at the final stage of optimized cooling has been also dem
strated by the previous studies based on kinetic theory
classical gas@13,14#.

In Figs. 2~a! and 2~b!, we show the time evolution of the
number of trapped atomsÑ and that of temperatureT, re-
spectively. In the optimized cooling, bothÑ and T rapidly
decrease at the final stage of cooling due to the rapid eva
ration mentioned above. On the other hand,Ñ andT decrease
monotonically in the exponential cooling case. At the BE
transition point indicated by the dots in the figure, both t
number of trapped atoms and temperature are calculate
be Ñ57.23107 andT51.2 mK at 29.01 s for the optimized
cooling, andÑ57.13106 andT50.56mK at 48.9 s for the
exponential cooling.

FIG. 1. Sweeps of rf-field frequency in the optimized ca
~solid! and in the exponential case~dashed!. The inset shows the
last part of the optimized sweep using an expanded scale. The a
in the inset indicates the point at which the BEC transition occu

FIG. 2. Time evolution of~a! the total number of trapped atom

Ñ and ~b! temperatureT, for optimized cooling~solid! and for
exponential-sweep cooling~dashed!. The dots indicate the points a
which the BEC transition occurs.
1-3
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Next, we show how the optimization affects the cooli
efficiency in the whole evaporative cooling process. In F

3, the cooling trajectories of both cases are plotted in theÑ-r̃
plane and several corresponding time values are also a
to the cooling trajectories to demonstrate the time evoluti
At the early stage of cooling, where the loss due to ba
ground gas collisions is dominant, both trajectories are q
similar, indicating that the exponential sweep of rf-field fr
quency is sufficiently good. However, the difference b
comes larger as the trajectories approach the quantum de
erate region where the phase-space density exceeds
critical value ofrc52.612 and Bose statistics of atoms b
comes dominant. Clearly, more atoms are lost in conv
tional exponential-sweep cooling than in the optimized ca
For example, we have ten times larger number of atom
the optimized cooling at the BEC transition point when t
trajectory reaches the horizontal line ofr̃/rc51. Note that
the point where the two trajectories split up in Fig. 3~i.e.,
r̃/rc.0.01) corresponds to the time of around 28 s, wh
the rf-field frequency curves cross in Fig. 1. The sudd
increase in phase-space density just after the BEC trans
in both trajectories reflects the rapid growth of condens
due to bosonic stimulation.

The number of condensed atomsN0 is largely increased
by the optimization. In the optimized cooling,N0 increased
monotonically and we obtainedN052.13107 after 29.04-s
cooling. In the exponential-sweep cooling, on the other ha
N0 had the maximum value of 1.743105 at 57.0 s and then
gradually decreased. We finally obtainedN051.653105 for
60-s exponential sweep cooling. More than a 100-fold
hancement of the number of condensed atoms was achi
in our present calculations. The lifetime of such a large c
densate is evaluated to be less than 100 ms due to the
mous three-body recombination loss, as we will see in Fig
However, it is possible to resolve this problem by adiaba
cally expanding the trapping potential. We also add that
value ofN051.73105 quantitatively agrees with the exper

FIG. 3. Cooling trajectory through phase space for optimiz
cooling ~solid! and for exponential-sweep cooling~dashed!. The

phase-space densityr̃ is normalized by the critical valuerc

52.612. The BEC transition occurs when each trajectory passe

horizontal line, wherer̃/rc51. The arrow indicates the direction o
time. Several corresponding time values are added to the traje
ries to demonstrate the time evolution of the system.
02360
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mental results reported in Ref.@19# and confirms the validity
of our numerical calculations.

The undesirable loss of trapped atoms during the coo
process gives us the physical origin of the rapid freque
sweep in the optimized cooling. Figure 4 shows the tim
evolution of loss rates of total number of trapped atoms
the final stage of the optimized cooling. It is seen that
loss due to the three-body recombination greatly increa
and selectively removes atoms with high density~i.e., atoms
with lower energy!. This means that the serious heating
the system is caused by three-body recombination loss
order to get a large number of condensed atoms, evapora
cooling should, therefore, be accelerated to compensate
such undesirable heating.

Here, we briefly discuss the validity of the quick rethe
malization assumption in the rapid evaporation necessary
optimized cooling. The evolution of the system in the evap
rative cooling process is well scaled by the characteri
time t given by the inverse of normalized loss rate

t5(2Ṅloss/Ñ)21. The thermalization of the system, on th
other hand, is characterized by the elastic collision ti
tcoll5(nsv)21; n is the mean atom density,s58pa2 is the
elastic collision cross section, andv54AkBT/pm is the
mean velocity of relative motion of the atoms@20#. At the
BEC transition point in the optimized cooling, these chara
teristic times are calculated to bet5140 ms andtcoll

50.4 ms, respectively. The relationt@tcoll confirms that
quick rethermalization is still valid during the rapid evap
ration that occurs for optimized cooling.

B. Efficient evaporative cooling based on general sweeping
functions of rf frequency

The optimized frequency sweep in Fig. 1 is the comp
cated function of the experimental parameters such as
temperature, the density of gas, the atomic collisional par
eters, the magnetic trapping potential, and so on. This me
that we need to calculate the optimized cooling for each B
experiment depending on its experimental conditions. He
we try to demonstrate the efficient evaporative cooling ba

d

he

to-

FIG. 4. Time evolution of loss rates at the final stage of op
mized evaporative cooling, loss due to the background gas colli
~dot-dashed!, the dipolar relaxation process~dashed!, and the three-
body recombination process~solid!.
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on general sweeping functions of rf-field frequency, which
useful for many experimentalists who want to achieve la
condensates.

From the results in Figs. 3 and 4, the exponential swee
highly efficient until the three-body recombination loss b
comes dominant. The rapid frequency sweep at the fi
stage of the optimized cooling in Fig. 1 might be appro
mated by a linear function. Thus, it is expected that a co
bination of an exponential sweep of rf frequency and a ra
linear one realizes the high cooling efficiency. To test t
cooling method, we carried out the time-evolution calcu
tion by applying the same numerical parameters used in
optimization calculation of the proceeding section. As sho

FIG. 5. ~a! Sweeps of rf-field frequency consisting of two se
ments: an identical exponential sweep for 27 s and a seque
linear sweep for three different times which are 1, 5, and 10
respectively. The exponential sweep is equal to the correspon
part of the dashed line in Fig. 1. The inset shows the linear-sw
region with an expanded scale.~b! Cooling trajectories through
phase space for the evaporative cooling using the sweeping f
tions in ~a!. The results of both optimized cooling and exponent
cooling in Fig. 3 are also plotted for comparison. The phase-sp

density r̃ is normalized by the critical valuerc52.612. The BEC
transition occurs when each trajectory passes the horizontal

wherer̃/rc51. The arrow indicates the direction of time.
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in Fig. 5~a!, the frequency is first swept exponentially fro
35 MHz to 2.26 MHz for 27 s and then swept linearly to 0.
MHz for three different times of 1 s, 5 s, and 10 s, resp
tively. The exponential curve in Fig. 5~a! is in conformity
with the corresponding part of the dashed line in Fig. 1.

Figure 5~b! shows the cooling trajectories in theÑ-r̃
plane for the evaporative cooling using the sweeping fu
tions of Fig. 5~a!, together with those for the optimized an
exponential cooling plotted in Fig. 3. We can see that
linear frequency sweep at the final stage of the evapora
cooling strongly improves the cooling efficiency as expect
Especially, the cooling trajectory in the case of 27-s exp
nential and 1-s linear frequency sweep~dashed line! is very
close to the optimized one~solid line!. The final number of
condensed atoms in this cooling method is calculated to
N051.83107 and comparable to the value in the optimiz
cooling such asN052.13107. One can achieve the evapo
rative cooling with sufficiently high efficiency by an initia
exponential and a sequential rapid linear sweep of rf-fi
frequency.

C. Experimental realization of efficient evaporative cooling

Recently, a group at Gakushuin University performed
efficient evaporative cooling for87Rb atoms withF52,
mF52 trapped state@21#. They applied a frequency swee
similar to the optimized one which we calculated accord
to their experimental situations. The time of evaporat
cooling was divided into three segments and in each segm
the optimized sweeping function was approximated by
linear one: the frequency was swept linearly like 32→13
→2→1.1 MHz for 10, 10, and 5 s, respectively. A larg
number of condensed atomsN051.43106 were finally ob-
tained after this 25-s evaporative cooling starting from
experimental conditions such as initial temperatureT
5380 mK, initial total number of atomsN543108, and
initial phase-space densityr55.831028.

On the other hand, we theoretically investigated t
evaporative cooling. It was found that the cooling trajecto
through phase space is close to that of optimized cooling
the final 5-s linear sweep of rf frequency enhances the ph
space density more than four orders of magnitude. The n
ber of condensed atoms for this 25-s evaporative cooling
calculated to be 1.73106. Our calculated results agree we
with the experiment at Gakushuin University.

IV. CONCLUSION

We have theoretically studied the optimization of evap
rative cooling on the basis of quantum kinetic theory of
Bose gas, focusing on BEC experiments with rubidium
oms. The calculated results indicate that the acceleratio
evaporative cooling around the BEC transition point is ve
effective against serious three-body recombination loss.
number of condensed atoms is expected to be largely
creased by this optimization procedure. Furthermore, i
shown that highly efficient evaporative cooling can
achieved by an initial exponential and then a rapid line
sweep of frequency. These results are consistent with
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experiments and provide a useful guideline to experimen
ists aiming to achieve large condensates in87Rb atoms.

In the present work, we optimized the sweeping funct
of the rf-field frequency only. A more complete optimiza
ontogether with the adiabatic change of trapping poten
curvature might produce a large and long-lived condens
On the other hand, our theory neglects the influence of g
ity which reduces the cooling efficiency at low temperatu
@6#. An interesting future work would be to include the gra
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ity in our present kinetic analysis and study how the op
mized cooling trajectory is modified by it.
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