Seaching an odered list
with a qguantum computer

Andrew Childs
W aterloo

based on joint wrk with Andrew Landahl and Pablo Piw
(quant-ph/060816PRA 0§ and withTroy Lee arXiv:0708.3396


http://arxiv.org/abs/quant-ph/0608161
http://arxiv.org/abs/quant-ph/0608161
http://arxiv.org/abs/0708.3396
http://arxiv.org/abs/0708.3396
http://arxiv.org/abs/0708.3396
http://arxiv.org/abs/0708.3396

Query complexity

Problem:Compute a functiori : S! |
Input set:S! {0,1}"  Output set: !

Fix some (unknayn) inputx ! S. Given a black bw for the
bits of x, how mary gueries ae required to computef (x)?



Query complexity

Problem:Compute a functiori : S! |
Input set:S! {0,1}"  Output set: !

Fix some (unknayn) inputx ! S. Given a black bw for the
bits of x, how mary gueries ae required to computef (x)?

ExampleUnstructured seach (aka OR)
S={01}" = {0,1}

0 x=00...0
f(X) = .
1 otherwise



Query complexity

Problem:Compute a functiori : S! |
Input set:S! {0,1}"  Output set: !

Fix some (unknayn) inputx ! S. Given a black bw for the
bits of x, how mary gueries ae required to computef (x)?

ExampleUnstructured seach (aka OR)
S={01}" = {0,1}

f (x) = O x=200...0

1 otherwise

Deterministic classical gugicomplexityn
Randomized classical gyesomplexityi( n)
Quantum quey complexity! ( n)
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Ordered seach

Given asotedlist of n items,pnd the position of a desd item.

his algrithm (binary seach) uses aboutog, n queries.
his Is optimal.(One bit of inbrmation per quey.)

ExampleSeach for 54 in the list

Query complexity ormulation: f : S1 |

~S

S= strings of thedrm P g | aad with k= 0,...,n N1
Kk

n! k
I = S,andf (x) = x (l.e,this Is anorade identibcationgtrlen)

In the abae examplewe have x =
o|0|jo0jo0o|jofofofofofjojojoj1j1j1]1
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Theorem|[C.,Lee 07] This Iis
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Symmety
Intuitively, symmetries of should mak it easier to deal with.

DebPnition:An automorphismof f : S! | Is a permtation! ! S,
satisfying

1(S)=S and f(z)= fly)! f((2)=fC1) " "zy#S.

The automorphisms df form a goup, Aut( f). This goup structue
can be exploited both when designingaaiithms for computingf and
when poving laver bounds shwing thatf is had to compute
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Symmetrizing afered seach

Recall odered seach functione.g.for n = 4,the inputs ae
S=4{11110111 0011 000%
The automorphism gwup is trivial! No pernutation butid PxesS.

Extend to a cicle of 2n bits:e.g. for n = 4,

S = {11110000011110000011110000011110
0000111110000111110000111110000}

Now we just try to identify the input modulan.

Now the automorphism gyup Is the diect product of
¥Cyclic gpoup with 2n elements (cyclic shift of the input)
¥Cyclic goup with 2 elements (negation of the input)

Note that an algrithm for this problem gies an algrithm for the

original odered seach problem. | |
FarhiGoldstone GutmannSipser 99
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FGGS painomials

Consider exact algrithms for ordered seach that ae translation-
Invariant (no loss of generalityyjth no workspace and with n@uill
gueryO (possible loss of generality).

A k-query algrithm corresponds to a solution of thelowing:

Find Lauent polynomials of degren" 1, Q(z) = | .n:I !1n! G Z,

that are symmetc (4 = g ;) andnon-negati@; (€'’ ) ! 0),satisfying

Qo(2) = inz!!l(n! (1! L)z
Qi (z) = Qu 1(2) at Zn:(! 1)t, t=1,2,...,kK
) Qu(z) =1
1 2
= Qi )d" =1 t=0,1,...,k
2



Q:(e”)
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SemidebPnite mgramming

In asemidebPniteggyram we optimize a linear objec&vfunction
subject to matrix positivity constraints.

Two Important features:

¥There are fast (classical) algthms to sohe semidebnite
programs mmericaly (using so-callenhteror point methojls

¥From a primal SDP (ga minimization psblem),we can
construct a dual SDP (a maximizatiommplem).
The mininum value of the primal SDP equals the mamm
value of the dual SDP
A particular solution of the primal gas an upper boundy
particular solution of the dual ga&s a laver bound.
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SDP eformulation of FGGS atgithms

The existence of an exa&tquery quantum algrithm for ordered
seach (with no workspace and noull quely) is equivalent to an SDP:

Findn # n symmetric positig semidePnite matricé3y, ..., Qk" 1
satisfying

Qo = E/n
T,Q; = T, Qu 1 t=12,...,kK
= |/n
tr Q; =1 t=01,...,kK

where E Is the matrix with eery entry equal tol, and
n! t

TtQ ZQ||+t"’(I 1)tZQ||+nlt-

Proof: Uses EjZrRiesz theoem to relate non-negate/polynomials to
positive semidePnite matrices.
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Results

K n k/log,n"
2 6 0.7737
3 56 0.5166
4 605 0.4329
5 > 5000 ?

For eachk, the SDP is irasible if w replacen by n + 1 (but this does
not Imply that thisn Is best possibleven among the FGGS class of
algrithms).

However, for k= 2,3 we know these ae best possible (bsolving a
different SDP that characterizegneal quantum quey algrithms
[Barrum,SaksSzegedy 03]
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The quantum agrsary method

I
ADV(T) = M3
| 0

where # Is an|S|# |S| matrix
entries#[x, y] correspond to pairs of inputg,y! S

#[X,y]= 0iff(x) = f(y)
0 Xi =Y

P o ey

Theorem [Ambainis 00](Q. query complexity off )| 2ADV(f).

Proof ideaDebPne a pogress measur for algorithms. It starts at0 and
must reach$#$ for the algrithm to succeedthe maxinum change
per query is2 max; $#;3$.
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ADV( 1) Is a semidebnite pgram

ADVIO) = B v
| =0

(Maximizec subject to constraintg ! "!'" and ;! " 1 with linear
constraints ondrm of # and elationship of#; to #.)

Solving this SDP can be simpliPed using syngmetr

Automorphism principldH¢ yer, Lee 'palek 07} If: Is an
automorphism of ,then we can choose an optimal agrgaly matrix#
satisfyind [x,y] = ! [! (X),! (y)] dr all pairs of input«, V.
Furthermore, if the automorphism gwup is transitie, then the unibrm
vector Is a principal eigemctor of #,and all' ! ;! ae equal.
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Symmetric odered seach! Ordered seach

Now consider the poblem of identifying the input in the
symmetrized odered seach problem on2n bits (not just modn).
Then the automorphism gup Is simpf cyclic with2n elements.
We call this poblem OSP..

This pioblem looks similar to the original dered seach problem,but
maybe its quey complexity is dramaticgldifierent!

In factthe query complexity di#rs by at mostl.
Reductionpriginal® symmetric: X' = X1Xs...Xn %1 %5 ... %,

Reductionsymmetric’ original: X' = " n
Xn+]_ Xn+2 A X2n Xn p—

/

| o . one extra quey
Asymptoticay, this is negligible
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Adwversary SDP dr ordered seach

By the automorphism principleve can assume

- - - - — — — —
- - - — — — — -)
- ) — — — — - -
— i i — - - - -
— i — - - - -) —
— — - - - - — —
— - - - - — — —
0 7 Y3 Y4 Y3 Y1 | 11110000
7m0 m Y3 V4 V3 01111000
v 0 7 Y3 74 7Y3| 00111100
N ok 71 0 m Y3 74| 00011110
Y4 Y3 1 0 m v | 00001111
Y3 Y4 Y3 v 0 7 10000111
Y3 4 Y3 v1 0 71| 11000011
V1 Y3 V4 73 v1 0 | 11100001

lp! 1
Spectral norm achwed by unibrm eigemwector: !, + 2 .
i=1



Adwversary SDP dr ordered seach

Also by the automorphism principlé sufpces to consider

o o o (@) — — — —
o o o — — —i —i o
o (@) —i — —i — o o
o i i i —i (@) o o
—i —i —i —i o o o o
— — —i o o o o —
— — o o o o — —i
| — o o o o —i — rl$
O O O O | 5 1 11110000
" 0]
w0 0 O 0 Iy 1111000
O O O O | 5 fonlloo
0 0 0 0 Iy | 3 foonllo
8T 3 ', 0 0 O Oﬁooouu
wlg | 5 O O O O (é}oooonl
#l, g s 0 0 0 01000011
|4 | 5 O O O O 11100001

In general] I'sq! = ' Toeplitz(!n, 't 1,..., 1 1)!.
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Adwversary SDP dr ordered seach

Primal:
m! 1

maxy, + 2 ~i  subjectto !Toepltz(v,...,v)!" 1, % # O
=1

1 o i=1,2....1n/2
H¢ ver, Neerbek Shi:Let!; = ' o
25 | 0 otherwise

/2" 1 5
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Adwversary SDP dr ordered seach

Primal:
m! 1

maxy, + 2 ~i  subjectto !Toepltz(v,...,v)!" 1, % # O
=1
Ll oi=12...,n/2"

H¢ ver, Neerbek Shi:Let!; = '! |
24 | 0 otherwise

n/ 2"

L . 1 2
Objective function: 2 — | - Inn

o

I 1 1 LAA ]

1 5 3z aaa

g1 L g
Hilbert matrix: ;@i ’ % = |

3 |

| |



Adwversary SDP dr ordered seach

Primal:
m! 1

max%+2' ~vi  subject to ! Toeplitz(v,,...,
=1



Adwversary SDP dr ordered seach

Primal:
m! 1

maxy, + 2 ~vi  subject to ! Toeplitz(v,,..., )"

1=1
Dual:
mintr(P) subjectto P! 0, trjy(P)" 1fori =0



Adwversary SDP dr ordered seach

Primal:
m! 1

maxy, + 2 ~i  subjectto !Toepltz(v,...,v)!" 1, % # O
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Dual:
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Theorem.

no1 P2 ,
ADV (OSPzm) = 2 -~ = p(n16m+ ")+ O()
=0 '
" 0 n 0
no1 #2i$/02 #, $70
ADV(OSPami) =2  —— +

1=0
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Optimal ordered seach adersaly:dual

Dual:
mintr(P) subjectto P! 0, trj(P)" 1fori=0,...,n# 1
2
4I
b= ("o, "1,--» 011, 201,045 "1, " 0)
P:= LU’
}1 1
Thentr(P)=2 !? asclaimed.
=0
n! i n! i ny it 1
tri(P) = Uj Ui+j = Uj Unt it j+1 ! Litarinjr 1 =
=1 =1 ] =0

Primal Is moe technical but uses similar ideas.
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The negatig adwersary

111
Recall debnition of adwsaly: ADV(f) := max ——

11o maxi !! ;!
I =0

Negatie adersaly: ADV*® (f ) := max

' £0 max; ]

Theorem[H¢ yer, Leg !palek 07}
(Quantum quey complexity off )! ZADV* (f)! ZADV(f).

Furthermore, there are functions ér which the negate adwersary
gives a signibcagtbetter lower bound.
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Negatie adwersaly for ordered seach

n! 1
Primal: max!, + 2 i subjectto !Toeplitz(!'n,...,')!M" 1
=1

Dual: mintr(P + Q) subjectto P,Q! O, tri(P" Q)=1

Theorem. ADV™* (OSP,)! ADV(OSP,,) + 1

ldeaGiven R = P N Q satisfyindr; R = 1, objectiwe istr |R].
With v .= ("o."1, ... "1 1), W= ("nr 1y eoh "1, "0)s
the matrix VW' has corect aboe-diagnal traces.

Replace bel-diagpnal entries with the abee-diagnal ones.
We gie a general angdis of the spectra of such matrices.
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Summay

Quantum computers can sedr ordered lists faster than classical
computerspy a constant factor beteen2.3 and4.6.

To bnd that constantye will have to

¥Find a better algrithm, and/or
¥Prove a better laver bound ty a non-adersaty technique

Open problems

¥What is the constant?

¥ Can we use insights @ém the optimal adersary to bnd a better
algrithm?

¥ Can we Pnd optimal adrsaty lower bounds 6r other problems?
(Element distinctness?)
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Recalll; := T
)
Proposition. For any j, i = L.
o
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. | [
1=0
Proof.
! | 1
GFbr{!i}: 9(z) := 12 = L=
. 1
1 =0
y A A
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ADV(OSP,) = 2 T
1=0

2
Asymptoticall, we hare ADV (OSP,) = I—(In n+" +In8)+ O(1/n)

28 F1(3,3;1;2)
1! z

Result ollows by anayzing the logarithmic singularity a& 1
using DarbousOnethod.

Proof. GF of{ ADV(OSP 5,)} IS

For comparisonthe HNS bound sgs

ADV (OSP,) ! %(m n+~" In2)+ O(1/n)



